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In 2000, Diir, Vidal and Cirac indicated that there are infinitely many SLOCC classes for
four qubits. Later, Verstraete, Dehaene, and Verschelde proposed nine families of states
corresponding to nine different ways of entangling four qubits. And then in 2007 Lamata
et al. reported that there are eight true SLOCC entanglement classes of four qubits up
to permutations of the qubits. In this paper, we investigate SLOCC classification of the
nine families proposed by Verstraete, Dehaene and Verschelde, and distinguish 49 true
SLOCC entanglement classes from them.
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1 Introduction

Recently, many authors have exploited SLOCC (stochastic local operations and classical com-
munication ) classification. Diir et al. showed that for pure states of three qubits there are
four different degenerated SLOCC entanglement classes and two different true entanglement
classes [1], and for pure states of four qubits, there are infinitely many SLOCC classes. Their
proof is briefly described here. A general state of n qubits depends on 2 x 2™ — 2 real pa-
rameters in [1]. In [1], the invertible local operator o was fixed to that det(«) = 1. Hence,
the local operator o depends on six real parameters. Thus, the set of SLOCC classes of n
qubits depends on at least 2 x 2™ — 2 — 6n real parameters. Then, it was asserted [1] there
exist finite SLOCC classes for three qubits while infinite SLOCC classes for n > 4 qubits.
The argument is not complete due to the following two reasons. (i). By the definition, for
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any invertible operator «, det(«) # 0. The operator a with det(a) # 0 still depends on
eight real parameters because we can image to remove a hyperplane det(a) = 0 with six real
parameters from a space with eight real parameters. That is, the set of SLOCC classes of n
qubits depends on at least 2 x 2™ — 2 — 8n real parameters. By the argument in [1], this lower
bound allows for a finite number of SLOCC classes for n = 4. (ii). In Sec. 7.1 of this paper,
we show that two different true SLOCC entanglement classes constitute a continuous Family
L,, in [2]. The state Ly, with a = 0 and the state L,, with a = 1 represent these two classes.
Clearly, the latter class including the state L,, with a # 0 can be labeled by a continuous
parameter a # 0. It means that finite parameters may allow for finite SLOCC classes. In
other words, it cannot be asserted that there exist infinite SLOCC classes for four qubits even
though the set of SLOCC classes of four qubits depends on at least six real parameters.

Verstraete et al. [2] proposed that for four qubits, there exist nine families of states
corresponding to nine different ways of entanglement. They gave a representative state for
each family and claimed that by determinant-one SLOCC operations, a pure state of four
qubits can be transformed into one of the nine families up to permutations of the qubits.

In [3][4], the authors used the partition to investigate SLOCC classification of three qubits
and four qubits. The idea for the partition was originally used to analyze the separability of
n qubits and multipartite pure states in [5]. In [4], the authors reported that there are 16
true SLOCC entanglement classes of four qubits, where permutation is explicitly included in
the counting. Up to permutations of the qubits, there are eight true SLOCC entanglement
classes of four qubits. We can show that this classification is not complete. For example, for
Span {O; ¥, 0¥} in [4], the canonical states are

|0000) + |1100) + a|0011) + b|1111) and

|0000) + |1100) +a|0001) + |0010) + b|1101) + b|1110),
where a # b [4]. It was pointed out in [6] that for the former canonical state, a = —b
and a # —b represent two different true SLOCC entanglement classes, while for the latter
canonical state, ab = 0 and ab # 0 represent another two different true SLOCC entanglement
classes. It says that the partition approach cannot classify the two subfamilies represented
by the above canonical states under SLOCC. Using the method in this paper, we can classify
each Span {.....} in [4]. In total, the eight Spans {...} in [4] include more than 16 true SLOCC
entanglement classes.

Miyake proposed the onionlike classification of SLOCC orbits [7]. The simple criteria for
the complete SLOCC classification for three qubits were given in [8]. In [9], we proposed
the SLOCC invariants and semi-invariants for four qubits. Using the invariants and semi-
invariants, it can be determined if two states belong to different SLOCC entanglement classes.
In [6], in terms of invariants and semi-invariants we distinguished 28 distinct true entanglement
classes of four qubits, where permutations of the qubits are allowed. That classification is not
complete. The invariants and semi-invariants only require simple arithmetic operations. In
this paper, we will investigate SLOCC classification of each family in [2] by means of invariants
and semi-invariants. We want to know how many SLOCC entanglement classes there are for
each family by the definition in [1]. For example, in this paper we show that Family L,, only
has two SLOCC entanglement classes: L,, with a = 0 and L,, with a # 0, which both are
true entanglement classes. The class L,, with a # 0 includes a continuous parameter of SL
(determinant-one SLOCC) classes. We also show that Family Lg,0,,, only has two SLOCC
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with @ = 0 and L with a # 0, and the latter is a true
entanglement class. As well, we demonstrate that the class Lq,0,,, With a # 0 includes a
continuous parameter of SL classes, and can be labeled by a continuous parameter a # 0.

entanglement classes: Lq,0,4, 2031

In this paper, we distinguish at least 49 true SLOCC entanglement classes from Verstraete
et al.’s nine families. For example, Family Gapcq, 13; Family Lope,, 19; Family Lo,p,, 4; Family
Lap,, 8; Family Ly, , 2; Family La,044,, 1; Family Lo, 1; Family Lo,.,, 1; Family Lo, 0,
0. We give the complete SLOCC classifications for families Lq,, Las0s5:5 Losgs> Lorg:, and
Lo,,0,,;- But we cannot guarantee that the SLOCC classifications for other families are
complete.

In Sec. 3 of this paper, we exploit the classification for Family G,pcq- In Sec. 4 of this
paper, we discuss the classification for Family Lgpe,. In Sec. 5 and Sec. 6 of this paper,
we study the classification for families Lg,p, and Ly, , respectively. For the classifications of
other families, see Sec. 7.

For the readability, we list the definitions of invariants and semi-invariants in Sec. 2 of
this paper.

2 SLOCC invariants and semi-invariants

The states of a four-qubit system can be generally expressed as
15
) = aili). (1)
i=0

By definition in [1], two states |¢) and |¢)') are equivalent under SLOCC if and only if
there exist invertible local operators «, 8, v and ¢ such that

W) =a®Bey®iY), (2)

where the local operators «, 3, v and § can be expressed as 2 x 2 invertible matrices

o1 _( B B M e (& b6
e=(m @)oo= B)o=(% 2)e=(5 &)
2.1 SLOCC invariant

Let [¢) = S22 alli) in Eq. (2). If [¢') is SLOCC equivalent to |¢), then the following
equation was derived by induction in [9].

Z(y') = Z(1)) det() det(S3) det(v) det(9), (3)

where

Z(¢) = (aga1s — a1a14) — (a2a13 — asai2) — (asa11 — asaio) + (agag — arag) (4)

and

I(y') = (azats — azaly) + (ahaty — asai) — (agats — aran) — (agag — azag). (5
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Notice that Z(¢) does not vary under SL-operations, i.e., determinant-one SLOCC op-
erations, or vanish under non-determinant-one SLOCC operations. It is easy to see that if
[¢v") and |¢) are equivalent under SLOCC, then either Z(¢') = Z(¢)) = 0 or Z(¢')Z(¢)) # 0.
Otherwise, the two states belong to different SLOCC entanglement classes. Especially, if
Z(W') #Z(v) , then |9) and [¢)") are inequivalent under SL-operations. Eq. (3) implies that
each SLOCC entanglement class has infinite S'L-classes. This is also true for n qubits.

By solving matrix equation in Eq. (2), we obtain the amplitudes a} of [¢'). By substituting
a; into the above Z(¢') in Eq. (5), we obtain the values of Z()) in the Tables of this paper.

2.2 Semi-invariants D, Dy and D3

In [8][6], we defined D;(v)) for the state [¢)) as follows.

) = (a1a4 — agas)(a11a14 — arpais) — (azas — azar)(agaiz — agais), (6)
1)) = (asar — asag)(agair — agaio) — (apas — araz)(aiza1s — a13a14), (7)

Ds3(¢) = (agas — arar)(ar0a12 — agaia) — (a2a4 — apas)(@11a13 — agais). (8)

Let |¢) be the representative states in Tables in this paper. By solving matrix equation
in Eq. (2), we obtain the amplitudes a; of |[¢)'). By substituting a} into Dy, D, and D3 in
Eqgs. (6,7,8), we obtain the values of Dy, Ds, and D3 in these Tables. If D; = 0 for some
class in these Tables, then it implies that D; = 0 for for all the states of that class. If D;
is A for some class in these Tables, then it means that D; = 0 for some states of that class
while D; # 0 for other states of that class. For example, for the class A1.2 in Table I, Dy is
0, Do is A, and D3 = 0. It says that for some state of the class A1.2 in Table I, Dy # 0 while
D, = D3 = 0 for each state of the class A1.2.

2.3 Semi-invariants F;

Fy(¢) = (apar — azas + arag — azas)? — 4(azay — apag)(azas — ajar),

Fy(¢) = (aga1s — ar1a12 + agais — a10a13)* — 4(a11a13 — agais)(a10a12 — agais),
F5(¥) = (apar1 — agag + ayaro — azas)® — 4(azas — apaio)(azag — arair),
Fy(¥) = (asa15 — agars + asais — azain)? — 4(asaiz — asars)(ararz — asais),
F5(¢) = (apa13 — agag + araia — asag)? — 4(asas — apar2)(asag — arass),
Fs(¢) = (aza15 — agaiy + azais — a7a10)2 —4(aga10 — azais)(ararr — azass),
Fr(¢) = (apars — agaro + azai2 — agas)?® — 4(agas — aparz)(asaio — azais),
Fs(¢) = (a1a15 — asay1 + azaiz — agag)?® — 4(asag — ara13)(agaiy — agass),
Fy(v) = (apars — aza13 + a1a14 — a3a12)2 —4(apa14 — azaiz)(a1a15 — azais),
Fio(¥) = (asa1r — aras + asaig — asag)?® — 4(arag — asaq1)(asas — asaip)).

Let |1¢) be the representative states in Tables in this paper. By solving matrix equation
in Eq. (2), we obtain the amplitudes a} of |¢'). By substituting a/ into the above F;, we can
obtain the values of F;. Thus, we can derive the properties of F; for a SLOCC class.

Denotation. Let P = det?(8)det?(d)det*(7), Q = det*(a)det?(y)det?(d),
R = det?(a) det?(3) det®(8), S = det? () det?(7) det*(8), T = det(c) det(5) det(7y) det(d).
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3 Family Gabcd
The representative state of this family is G peq = 252 (]0000)+[1111))+ 252 (|0011) +[1100)) +

bEe(10101) +1010)) + 252(|0110) +[1001)). Ggpea becomes a product state of two EPR pairs

for the following cases:

a=b=c=dir=y=z=0andu#0;z=y=2=—u;r=y=—2= —u, where z, y,
z, uw are distinct and x, y, z, u € {a,b, c,d}.

When either b=c=0and a =+d # 0 or a =d = 0 and b = £c # 0, the states obtained
from Gapeq belong to the class |GHZ).

The state Ggpeq satisfies the following equations.

T=(a®+b*+c*+d*)/2,

Dy = (ac+ bd)(ab + cd) /4,

Dy = (a® + b* — ¢ — d®)(—a® + b* — ¢* + d*)/16,

D3 = —(—ac + bd)(ab — cd) /4,

Fi = (b — ) (a® — d?)/4,i =1 to 8,

Fy = a®d?, Fyo = b2, (9)

We consider the following four subfamilies and list the true SLOCC entanglement classes
of each subfamily in Tables I (1), I (2.1), I (2.2) and I (2.3).

3.1 Subfamily Gapcq with x =y =0 and zu # 0, where different x, y, u, v € {a, b,
¢, d}

(1). Gapeq with a = d =0 and be # 0 is equivalent to Gypeg with b = ¢ = 0 and ad # 0 under

SLOCC 0, ® I ® I ® 0, where I is the identity matrix.

(2). Gaped with ¢ = d =0 and ab # 0 is equivalent to Gapeq with a = b =0 and ¢d # 0
under SLOCC I ® oy ® 0y @ 1.

(3). Gapea with b =d = 0 and ac # 0 is equivalent to Gypeq with a = ¢ = 0 and bd # 0
under SLOCC I ® 0, ® [ ® 0.

(4). Gapeqg with b = d = 0 and ac # 0 is equivalent to Ggpeq With ¢ = d = 0 and ab # 0.
This is because a(|0000) + |1111) 4 [0011) + [1100)) + ¢(|0101) + [1010) — [0110) — [1001))

=a®fRv®4(—a(]0000)+|1111) +]0011) +]1100)) +¢(|0101) +|1010) +]0110) +|1001))),
where a = v = diag{i, 1}, 8 = diag{—i, 1} = 4.

Hence, we only need to consider the subfamily Ggpeq with b = ¢ = 0 and ad # 0. In this
subfamily G pcq with b = ¢ = 0 and ad # 0, there are three true SLOCC entanglement classes,
denoted as Al.1 (ie., |GHZ)), A1.2, and A1.3.

For the class Al.1, it includes states Ggpeq With b = ¢ = 0 and a = +d # 0, which are
equivalent to |GHZ).

For the class Al.2, it includes states Gapeq With b = ¢ = 0 and a®> + d?> = 0. Al.2
is a true SLOCC entanglement class. We can argue this as follows. It is straightforward
to verify Gapea(b = ¢ = 0,d = tai) = a® &7 ® I Gupea(b = ¢ = 0,a = 1,d = +1),
where o« = 6 = diag(v/a,1) and § = v = diag(1l,+/a). Also, Gapea(b = ¢ = 0,a = 1,d =
—)=a®BR®Y®6Gapea(b = c =0,a =1,d = i), where a = diag(i,1), 8 = diag(1, —1),
v =diag(—1,1), and § = I.



D.-F. Li, X.-R. Li, H-T. Huang, and X.-X. Li 783

Verstraete indicated that Family G gpcq includes the state |¢4) = (|0000) +|0011) +|1100) —
[1111))/2. Now, we can exactly say that the state |¢4) is in the class A1.2 whose representative
is the state Gapea(b = ¢ = 0,a = 1,d = 4). This is because the representative state is equivalent
to |¢4) under SLOCC a ® 8 ® v ® §, where a = diag(i, 1), 8 = I, v = diag(l — i,1) and
d = diag(1, —(1 +17)).

For the class A1.3, it includes states Gapeq With b = ¢ = 0 and a? + d? # 0. We cannot
classify A1.3 further.

The three classes Al1.1, A1.2 and A1.3 are different by the values of Z, Dy, Dy, and D3 in
Table I (1).

For each state of this subfamily, the following equations hold.

T=(a?+d?)/2+T, Dy =0, Dy = (a® — d?)/16 % (...), D5 = 0,

Fy = a?d*a3a3 * P, Fy = a?d?a3al x P, F3 = a>d*B363 x Q, Fy = a?>d*B363 = Q,

F5 = a?d*y3~v3 « R, Fs = a®’d*y3v3 « R, Fr = a?d?6263 x S, Fy = a®d?636% x S,

F9 = a2d2 (()é1ﬂ10[4ﬂ4 — 63&352042)2 det2(5) det2(7),

Fip = a?d? (—Oélﬁg()qﬁg + ﬂ1a3ﬂ4a2)2 det2(6) det2(7).

From the above equations, we have the following property.

Property 1.1.

For each state of this subfamily Ggpeq with b =c=0and ad # 0, if F1Fo, =0A F3F; =0
then ng 0A F‘107’é 0 or F‘g;"é 0A F10: 0.

By computing, we obtain the Table I (1). For the first row of Table I (1), each state of the
class |GHZ) must satisfy Z # 0, D; = Dy = D3 = 0. A in this paper may be zero or not.

Table I (1) The true SLOCC entanglement classes in the subfamily Gapeq with b = ¢ = 0 and
ad #0

classes criteria for classification | Z D1 | Dy | D3
Al (e, |GHZ)) | a = =+d 2010 0 0
A1.2 (ie., |¢4)) a#+d,anda®+d*=0[=0[0 |A [0
A1.3,* a#+d,anda® +d*>#0 | #£0] 0 A |0

Note that “*” means that we cannot show that it has only one true SLOCC entanglement
class.

3.2 Subfamily Gupeq with © = ty # 0 and u = v # 0, where different z, y, u,
v € {a, b, ¢, d}
3.2.1 Subsubfamily Gapeq with a =+d #0 and b= +c#0

(1). The state Ggpeq With a = —d and b = ¢ is equivalent to Gapeq With a = d and b = —¢
under SLOCC I ® 0, ® IQ 0.

(2). The state Ggpeqg with a = —d and b = —c is equivalent to Gapeq with a =d and b= ¢
under SLOCC I ® I ® 0,®Q 0.

Therefore we only need to consider the subsubfamily Gapcq with @ = d and b = +c¢ but
a # +b as follows.

This subsubfamily has four true SLOCC entanglement classes denoted as A2.1, A2.2, A3.1
and A3.2.

For the class A2.1, it includes states Gapeq With a = d, b = ¢, a # +b, and a® + b? =
0. That is, A2.1 includes a(]0000) + |1111)) £ aé(|0101) 4 |1010)). A2.1 is a true SLOCC
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entanglement class. We can argue this as follows. It is straightforward to verify a(|0000) +
1111)) = @i(]0101) + [1010)) = a ® 8@~y ® & (|0000) + [1111) % i(|0101) + |1010))), where
a =40 = diag(y/a,1) and 8 = v = diag(1,+/a). We can also show that two states (|0000) +
[1111) £4(|0101) + |1010))) are equivalent under SLOCC. This is because (|0000) + |1111) —
i(|0101) + [1010))) = a® B®y® 6 (|0000) + [1111) + i(|0101) + [1010))), where v = § = T
and a=0=o0,.

For the class A2.2, it includes states Gupeq With a = d, b = ¢, a # £b, and a? + b* # 0.
We cannot classify A2.2 further.

For the class A3.1, it includes states Gapeq With a = d, b = —c¢, a # +b, and a? + b% = 0.
That is, A3.1 includes a(]0000)+]1111))+ai(|0110)+|1001)). We can show that A3.1 is a true
SLOCC entanglement class as follows. It is plain to verify that a(]0000)+|1111)) +a4(|0110) 4+
[1001)) = a® B®y®4 (]0000) 4 [1111) £¢(]0110) + [1001))), where o = 8 = diag(y/a, 1) and
v = = diag(1,+/a). Furthermore. we can demonstrate that (|0000) 4+ [1111) + ¢(|0110) +
[1001))) = a®BRy®4(]0000) 4+]1111) —4(]0110) +|1001))), where y = d = [ and o = 3 = 7.

For the class A3.2, it includes states Gapeq With a = d, b = —c¢, a # +b, and a? + b #£ 0.
We cannot classify A3.2 further.

The four classes are different by the values of Z, Dy, Ds, and D3 in (2.1).

Table I (2.1). The true SLOCC entanglement classes in the subsubfamily Ggpcq with a = d and
b= +4cbut az#+b

classes | criteria for classification | Z D1 | Dy | Ds
A2.1 b=c,a?+b>=0 =0]A [0 |O
A22, % [ b=c,a> +b>#0 Z0]A [0 |0
A3.1 b=—c,ad®>+b>=0 =0]0 [0 |[A
A32, %[ b=—c,a®>+b>#0 Z20]0 [0 |A

Let us show that this subsubfamily is different from the subfamily Ggpeq with z =y =0
and zu # 0 as follows.

The representative state of this subsubfamily is Ggpeq with a = d and b = +c¢. From
Eq. (9), this representative state satisfies F; = 0, i = 1 to 8, Fy = a*, and Fyp = b*. This
violates property 1.1. Therefore this subsubfamily is different from the subfamily Ggpcq with
r=y=0and zu # 0.

By calculating, each state of classes A2.1 and A2.2 satisfies the following equations.

7= (a2+62) Dy =—abx(...), Do = D3 =0,

F = ( b )a3a3 x P, Fy = (a® — b*)a3ad * P,

By = (a2 = )01« Q, Fu = (a® = )3307 5 Q.

Fs = (a® = V)37 * R, Fo = (a®> = )37 * R,

Fr = (a® — b%)6262 % S, Fy = (a® — b?)0305 * S,

We omit Fy and F}y because they are too complicated. From the above F;, we can derive
the following property 1.2.

Property 1.2.

(1). For each state of the subsubfamily Ggpeq with a = d and b = ¢ but a # +b,

(i). if Z = 0, then Fy = Fi,
(ii). if F1Fy =0A F5F, =0, then Fy# 0 A F1p# 0,
(iii). if Z # 0 and F1F5 =0 A F3F, = 0, then Fo# Fq,.
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(2). For each state of the subsubfamily Gupeq with a = d and b = ¢ but a # +b, if
FlFQZOAF3:F4:00r F3F4:0/\F1:F2:07 thenD1 #O

3.2.2  Subsubfamily Gapeq with a = +b#0, and c=+d # 0

(1). When a = bA ¢ =d or a = —bA ¢ = —d, and a? + ¢? = 0, the states are in A2.1.
(2). When a =bA ¢ =d or a = —bA ¢ = —d, and a? + ¢* # 0, the states are in A2.2.
(3). When a =bAc=—dora=—bAc=d, and a® + ¢? = 0, the states are in A3.1.
(4). Whena=bAc=—dora=—bAc=d, and a® + ¢* # 0, the states are in A3.2.

3.2.83 Subsubfamily Gapeq with a = +c#0 andb=+d #0

The states Gapeq With a = +c and b = +d are equivalent to the states Gupeq With a = +b,
and ¢ = +d in the above subsection 3.2.2 under SLOCC. For example, the state Ggpecq With
a = c and b = d, denoted as Gupeq(a = ¢ and b = d), is equivalent to the state Ggpeq with
a = b, and ¢ = d, denoted as Ggpea(a = b and ¢ = d). This fact can be verified as follows.
Let a« = 6 = diag{i, 1}, 8 = v = diag{—i, 1}. Then, it is easy to see that Ggp.q(a = b and
c=d)=a® 7R IGupci(a =cand b=d).

3.3 Subfamily Gupeq with either a = +d#0 and b # tc, or b=+c# 0 and a # +d

Note that

(1). The state Gupeq with b = ¢ and a # +d is equivalent to state Gapeq with a = d and
b# tcunder o, ® [ QR o, ® I.

(2). The state Gypeq With b = —c and a # £d is equivalent to the state Gupeq with a = d
and b # +cunder 0, @ I ® I ® 0.

(3). Furthermore, the state Gapeq With a = —d and b # =£c is equivalent to the state Gupea
with a =d and b # tcunder I ® [ ® 0, ® 0.

Therefore, we only need to consider the subfamily Ggpeq with @ = d and b # +c as follows.

This subfamily has four true SLOCC entanglement classes denoted as A4.1, A4.2, A4.3
and A4.4.

For the class A4.1, it includes states Ggpeq With a = d, either ¢ = +b or +¢, and 2a? +
b+ =0.

For the class A4.2, it includes states Ggpeq With a = d, either a = +b or ¢, and 2a2 +
b2+ c2 £ 0.

For the class A4.3, it includes states Gapeq With a = d, a # +b, a # +c, and 242 +b% +c% =

For the class A4.4, it includes states Gapeq With a = d, a # +b, a # +c, and 2a%2 +b% +c? #

We cannot classify A4.1, A4.2, A4.3 or A4.4 further.

Table I (2.2). The true SLOCC entanglement classes in the subfamily Gapeq with @ = d and
b+# +c

classes | criteria for classification A D, | Dy | D3
A4.1,* | either a=4bor £c,and 2a> + 02+ =0 | =0 | A |A | A
A4.2, % | either a =Fbor £c,and 2a2 + 02+ 2 #0 | A0 [ A | A | A
A43, % | a#+b,a# *c, and 26> +b*> + 2 =0 = A A | A
Add * | a# +b,a+# *+c, and 2a% +b% + 2 #0 #0| A |A | A
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We demonstrate the following properties of this subfamily.

When a = d, Gapeq becomes Gapeq(a = d) = a(]0000) 4 [1111)) + %ﬂOlOl) +11010)) +
£=¢(]0110)+|1001)). Any state connected with Gapea(a = d) by SLOCC satisfies the following:
T =1/2(2a> +b* + A)T,

Fi = (a®> = b*)(a® — ) ?a3a3P, Fy = (a* — v*)(a® — *)?a3aiP,
B o= (a®=b*)(a® = #)?B105Q, Fa = (a® = b*)(a® — c?)? ﬂ3ﬁ4@a
Fy (a* = b?)(a® = *)*23iR, Fs = (a2 —b)(a® = ) 3R,
Fr = (a® —b*)(a® — ?)%62038, Fs = (a® — b?)(a® — ¢*)%6253S. (10)

We omit the complicated expressions of Dy, Dy, D3, Fg and Fig.

From Eq. (10), we have the following property 1.3.

Property 1.3.

(1). From Eq. (10), each state of the subfamily Gapeq with a = d, b # *c, and either
a = +b or +c satisfies F; =0, i = 1 to 8, and when b + ¢® £ 0, |Fy| + |Fio| # 0.

(2). From Eq. (10), for each state of the subfamily Ggpeq with a = d, b # +¢, a # +b and
a # +e, if Fy = F» = F3 = F4 = 0, then one can obtain (i) Fy # 0 and Fjy # 0 whenever
abed # 0, and (i) Fy # Fio whenever a* # bc?.

From Eq. (10), F; # 0, ¢ = 1, ..., 8 for some states of the subfamily Gapeq with a = d,
b # +c. Therefore, classes A4.1, A4.2, A4.3 and A4.4 are different from each other. Also see
Table I (2.2).

Let us argue that this subfamily is different from the subfamily Gqpc.q with x =y = 0 and
zu # 0 and the subfamily Ggpc.q with a = £d and b = +c¢ as follows.

The representative state of this subfamily is Gapeq with a = d and b # +ec. From Eq. (9),
this representative state satisfies F; =0, i =1 to 8, Fy = a*, Fig = b%c?, D1 = a®>(b+¢)?/4 #
0, Dy = (b% — ¢?)2/16 # 0, D3 = —a?(b — ¢)?/4 # 0. These F; violate property 1.1. Hence,
this subfamily is different from the subfamily Ggpcq with © = y = 0 and zu # 0. These D;
also violate the criteria for D; in Table I (2.1), therefore this subfamily is different from the
subfamily Ggpeq with a = +d and b = +c.

3.4  Subfamily G.pcq with © # t+y, or x # +y but only one r = s, where z, y € {a,
b, ¢, d}, r € {£a, £d}, and s € {£b, +c}

Class A4.5 includes states Ggpeq With a2 4+ b2 + ¢ + d%2 = 0. The class A4.6 includes states

Gabea With a? +b% + c? + d? # 0. We cannot classify A4.5 or A4.6 further.

Table I (2.3). The true SLOCC entanglement classes in the subfamily Gapeq with x # +y

classes | criteria for classification | Z Di | Dy | Ds
A5 * [ a2+ 0>+ +d>=0 =0|A [A |A
AL, * [ a2+ 02+ +d>#0 0| A [A [ A

For this subfamily, Z = 1(a® + b® 4+ ¢® + d®)T. The two classes are different because of
their different values of 7. See Table I (2.3).

4 Family L.,

The representative state of this family is Lape, = %52(/0000)+|1111))+ 252(]0011) +|1100)) +
¢( ]0101) + |1010)) + |0110). When a = b = ¢ = 0, this becomes a full separable state. We




D.-F. Li, X.-R. Li, H-T. Huang, and X.-X. Li 787

divide Family Lgpe, into three subfamilies. They are the subfamily Lgp., with ¢ = 0, the
subfamily Lgp., with abc # 0, and the subfamily Lgp., with ¢ # 0, ab = 0. We list the true
SLOCC entanglement classes of each subfamily in Tables II (1), II (2), II (3), and II (4),
and demonstrate that these classes of each subfamily are distinct true SLOCC entanglement
classes in Appendix A.

4.1 The classtfication for the subfamily L., with ¢ =0

Here the state Lgpe, with ¢ = 0 represents this subfamily. Let Lape,(c = 0) = “7“’(\0000> +
1111)) + %32(]0011) 4 [1100)) + |0110). The subfamily Lase,(c = 0) includes the following
five distinct true SLOCC entanglement classes. The five classes are denoted as B1.1, B1.2,
B1.3, B1.4, and B1.5. See Table II (1).

For the class B1.1, it includes states Lgpe, with ¢ = 0 and a = b # 0. That is, B1.1
includes @(|0000) + [1111)) 4 [0110). B1.1 is a true SLOCC entanglement class because
a(|0000) + |1111)) + [0110) = @ ® B ® v ® 6(/0000) + |1111) + |0110)), where v = § = I,
a = diag(1,a), and 8 = diag(a,1).

For the class B1.2, it includes states Lqpe, with ¢ = 0 and @ = —b # 0. That is, B1.2
includes @(|0011) + [1100)) 4 [0110). B1.2 is a true SLOCC entanglement class because
a(|0011) + [1100)) + [0110) = a ® B ® v ® §(|0011) + |1100) + |0110)), where v = § = I,
a = diag(1,a), and 8 = diag(a,1).

For the class B1.3, it includes states Lgpc, with ¢ = 0 and ¢ # +b and a? + b2 = 0.
That is, B1.3 includes 2“2 (]0000) + [1111)) + “F2(j0011) + [1100)) + [0110). We can
prove that B1.3 is a true SLOCC entanglement class as follows. It is easy to verify that
200 (10000) + [1111)) + 2EFD(J0011) + [1100)) + [0110) = a ® 5 ® v ® §(LE2 (J0000) +
11111)) + LFL(|0011) + [1100)) + |0110)), where o = diag(1,a), 8 = diag(a,1), y = 6 = I.
Also, we can show that 2 (10000) + [1111)) + E52(]0011) +[1100)) 4 [0110) = a © f @y @
5(52(10000)+|1111))+ 152 (10011) 4|1100)) +|0110)), where o = diag(1,4), 8 = diag(—i, 1),
v =diag(—1,1), and § = I.

For the class B1.4, it includes states Lape, with ¢ = 0, a # +b, ab # 0, and a® + b # 0.
We cannot classify B1.4 further.

For the class B1.5, it includes states Lgpe, with ¢ =0, a # b, and ab = 0. B1.5 is a true
SLOCC entanglement class. The following is our argument. §(]0000) + |[1111)) & §(]0011) +
1100)) 4 [0110) = @ ® B ® v © 6(5(|0000) + [1111)) + 1(J0011) + [1100)) + |0110)), where
o = diag(1,a), B = diag(a,1), v = 6 = I. We can also show $(|0000) + |1111)) + $(|0011) +
1100)) 4 [0110) = a ® 8 ® v ® 6(3(]0000) + |1111)) — 1(|0011) + [1100)) + [0110)), where
a=0=0,, f=v=1.

Classes B1.1-B1.5 are distinct because of their different values of Z, Dy, Do, and Ds in
Table II (1).

Table II (1). The true SLOCC entanglement classes in the subfamily Lape, with ¢ =0

classes | criteria for classification T Dy | Dy | D3
B1.1 a=b#0 010 0 A
Bl2 |a=-bZ0 Z0O|A [0 |0
B1.3 a# +b, and a® +b%> =0 =0|A |A | A
Bl4,* [ a#+b,ab#0,anda®> +b2#A0 | Z0 [ A [ A | A
B1.5 a # £b, and ab =0 010 A |0
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4.2 The classification for the subfamily L., with abc # 0

This subfamily has three inequivalent subsubfamilies under SLOCC. They are the subsub-
family Lgpe, with abc # 0 and a = b, the subsubfamily L4, with abc # 0 and a = —b, and
the subsubfamily Lap., with abc # 0, a # +£b.

Table II (2). The true SLOCC entanglement classes in the subfamily Lapc, with abe # 0

classes | criteria for classification T D1 | Dy | Dg
B2.1 a=0ba==c 40| A |0 0
B2.2 a=b,a#*c, and a® +cZ =0 =0|A |A | A
B23,* | a=b,a#+c,and a® +c®> #0 20| A |A | A
B3.1 a=—b,and a = £c #01|0 0 A
B3.2 a=-ba#+c,anda®+c2=0 [=0|A [A [A
B33,* |a=-ba#+c,anda’+c2#0 |#0|A |A [A
B4l,*[a#+ba=c,and (3> +b*) =0 | =0 A [A [A
B42, * |a#+ba=c,and 3a®> +0*)#0 | A0 | A | A [ A

4.2.1  Subsubfamily Lape, with abc #0 and a =b

This subsubfamily has the following three distinct true SLOCC entanglement classes. They
are named as B2.1, B2.2, and B2.3. See Table II (2).

For the class B2.1, it includes states Lgpe, with abc # 0, a = b, and a = +c. That is,
B2.1 includes a (|0000) + |1111)) £ a ( |0101) 4 |1010)) + |0110). We can show that B2.1 is
a true entanglement class as follows. a (]0000) 4 |1111)) &+ a ( |0101) 4 |1010)) + |0110) =
a®B®y®46(]0000)+|1111) £ (]0101)+]1010))+|0110)), where a = diag(1, a), v = diag(a, 1),
8 =0 =1. Also, |0000) + |1111) + |0101) + |1010) 4 |0110) = a® B ® v ® 6(|0000) + [1111) —
(|0101) 4 |1010)) + |0110)), where o = d = 0,, and B =~y = I.

For the class B2.2, it includes states Loy, with abc # 0, a = b, a # +c, and a? + ¢* = 0.
That is, B2.2 includes a (]0000)+|1111))£as ( |0101)+]1010))+]0110). We can also show that
B2.2 is a true entanglement class as follows. a(|0000)+|1111))=4az ( |0101)+]1010))+|0110) =
a®F®y®0(]0000)+|1111)+4 (J0101)+|1010))+]0110)), where o = diag(1,a), v = diag(a, 1),
B =0 = 1. Also, |0000) + |1111) + ¢ ( |0101) 4 |1010)) + |0110) = ¢ ® S ® v ® 4(]0000) +
[1111) — 4 (]0101) 4 |1010)) + |0110)), where « =0 =0, and =~y = 1.

For the class B2.3, it includes states Loy, with abc # 0, a = b, a # +c, and a? + ¢* # 0.
We cannot classify B2.3 further.

Classes B2.1, B2.2, and B2.3 are different from each other by the values of Z, Dy, Do, and
D3 in Table II (2).

4.2.2  The classification for the subsubfamily Lape, with abc # 0 and a = —b

This subsubfamily has the following three distinct true SLOCC entanglement classes. They
are denoted as B3.1, B3.2, and B3.3. See Table II (2).

For the class B3.1, it includes states Lgp, with abc # 0 and a = —b and a = £ec. That is,
B3.1 includes a (]0011) + |1100)) £ a ( |0101) + |1010)) + |0110). We demonstrate that B3.1
is a true entanglement class below.

a (]0011)4]1100)) +a ( |0101)+]1010))+]0110) = a® S®y®46(|0011) +|1100) £ (]0101) +
[1010)) + |0110)), where a« =6 = I, 8 = v = diag(a, 1).
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Also, [0011) + |1100) + [0101) +|1010) +|0110) = a® 8®~y®46(|0011) +]1100) — (|0101) +
[1010)) + ]0110)), where a =y =1, 8 =0, and 0 = —0,.

For the class B3.2, it includes states Lape, with abc # 0 and a = —band a # +c, a®>+c? = 0.
That is, B3.2 includes a (]0011) 4 [1100)) £ a4 ( |0101) + |1010)) + |0110). We can argue that
B3.2 is a true entanglement class as follows.

a (|0011) + [1100)) «+ ai ( [0101) + [1010)) + |0110) = a ® B ® v ® §(|0011) + [1100) +
i (]0101) + |1010)) + |0110)), where a« = § = I, 3 = v = diag(a, 1).

Also, [0011) + [1100) 4 i (J0101) + [1010)) + [0110) = a @ 8 ® v ® §(|0011) + |1100) —
i (]0101) + |1010)) + |0110)), where a =y =1, 8 =0, and § = —0.

For the class B3.3, it includes states Lape, With abc # 0 and a = —band a # +¢, a®+c? # 0.
We cannot classify B3.3 further.

Classes B3.1, B3.2 and B3.3 are different from each other by the values of Z, Dy, Dy, and
D3 in Table II (2).

4.2.8  Subsubfamily Lape, with abc # 0, a # £b, but ¢ = £a or ¢ = £b
Note that the states Lgp, with abe # 0, a # +b, and ¢ = b can be obtained by SLOCC
I®o0,®0,® I from the states Lqp., with abc # 0, a # £b, and ¢ = Fa, respectively.

Furthermore, the state Lape, with abc # 0, a # b, and ¢ = —a is equivalent to the Lypc,
with abc # 0, a # +b, and ¢ = a under SLOCC. The following is our argument. Let p = —a
and ¢ = —b. Then, from the state Z£2(|0000) + [1111)) 4+ 252(]0011) + |1100)) + p( [0101) +
[1010)) + |0110), we can obtain %‘H’(\OOO@ + [1111)) + QT_Z’(|0011> + |1100)) — a( |0101) +
|1010)) + ]0110) under SLOCC (—0,) ® 0, @ I ® I.

Therefore, we only need to consider states Lgpe, with abc # 0, a # £b, a = c¢. This
subsubfamily has the following two different true SLOCC entanglement classes: B4.1 and
B4.2. See Table II (2).

For the class B4.1, it includes states Lgpe, with abc # 0, a # +b, ¢ = a and (3a® +b?) = 0.
For the class B4.2, it includes states Loy, with abc # 0, a # +b, a = ¢, (3a® + b?) # 0.
We cannot classify B4.1 or B4.2 further.

Classes B4.1 and B4.2 are different because they have different values of Z in Table II (2).

4.2.4  Subsubfamily Lape, with abc # 0, and x # +y, where x, y € {a, b, ¢}

We can distinguish two classes B4.3 and B4.4 from this subsubfamily.
For the class B4.3, it includes states Lgpe, With abc # 0 and = # £y and a? 4+ b? +2¢% = 0.
For the class B4.4, it includes states Lgpe, With abc # 0 and x # +y and a? + b2 4 2¢2 # 0.
We cannot classify B4.3 or B4.4 further.

Table II (3). The true SLOCC entanglement classes in the subfamily Lape, with abc # 0 and
T # ty

classes | criteria for classification T D1 | Dy | Dg
B43,* [z #Fy, >+ +22=0|=0|A [A | A
Bad, * [z # ty, a2+ b2 +22£0 | #0 [ A [|A | A

These two classes are different because of their different values of 7.
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4.3 The classification for the subfamily L., with ¢ # 0, ab=10

First we show that the state Lape, with ¢ # 0, b = 0 is equivalent to the state Lgp., with ¢ # 0,
a = 0 under SLOCC as follows. From the state §(|0000) + [1111)) — §(]0011) + [1100)) +
¢('10101) 4-11010)) +]0110), we can obtain §(|0000)+[1111))+ §(|0011) 4-[1100)) +c( [0101) +
|1010)) 4 |0110) under SLOCC a ® 8 ® v ® 0, where @ = 3 = diag{i, 1}, v = ¢ = diag{—i,
1}. Therefore, we only consider Lgpe, with ¢ # 0, a = 0 below.

Furthermore, note that the state Lgp., with ¢ # 0, a = 0, and b = —c is equivalent to the
state Lope, with ¢ # 0, a = 0, and b = ¢ under SLOCC. We can argue this as follows. From
the state 52(|0000) + [1111)) — 52(|0011) + [1100)) — b( |0101) + [1010)) + |0110), we can
obtain 2(|0000) 4 [1111)) — %(|0011> |1100)) — b( |0101) + |1010)) + |0110) under SLOCC
I@I@Uz & (_Uz)'

This subfamily has the following four true SLOCC entanglement classes: B5.1, B5.2, B5.3
and B5.4.

Class B5.1, it includes states Lgpe, with ¢ # 0 and @ = b = 0. That is, B5.1 includes ¢
( 10101) + |1010)) + |0110). B5.1 is a true SLOCC entanglement class because ¢ ( |0101) +
|1010))+0110) = a®F®y®4d( [0101)+]1010)+(0110)), where « = 6 = I, 8 = v = diag(c, 1).

Class B5.2, it includes states Lgpe, with ¢ # 0, a = 0, and b = ¢. That is, B5.2 includes
5(10000) 4 [1111)) — £(J0011) + [1100)) + b( |0101) + [1010)) 4 |0110). B5.2 is a true SLOCC
entanglement class because Lgpe,(a =0,b=¢) =a® 8 ® ¥ ® Lape, (@ = 0,b = ¢ = 1), where
o =0 = diag(1,v/b), and B = v = diag(v/b, 1).

Class B5.3, it includes states Lape, with ¢ # 0, a = 0, b # +¢, and b? + 2¢> = 0. That
is, B5.3 includes %(|OOOO> + |1111)) — g(|0011> + ]1100)) + \l}( |0101) + |1010)) + \Oll()}
We can show that B5.3 is a true SLOCC entanglement class as follows. Lgpe,(a = 0,¢ =
+bi/V2) = a® B ® 7@ 0Lape,(a = 0,b = 1,¢ = +i/\/2), where a = § = diag(1,/b), and
B =7 = diag(v/b,1). Also, Lape,(a = 0,b=1,c =i/V/2) = a® @7 @ Lape,(a = 0,b =
1,c = —i/V/2), where a = 0, 8 = diag(i, 1), v = diag(—i, 1), and § = diag(1, —i).

Class B5.4, it includes states Lgpe, with ¢ # 0, a = 0, b # +c, and b* + 2¢? # 0. We
cannot classify B5.4 further.

Table II (4). The true SLOCC entanglement classes in the subfamily Lape, with ¢ # 0, ab=0

classes | criteria for classification 7 1 5 3
B5.1 a=b=0 #0
B5.2 a=0,and b=c # 0

B5.3 a=0,b#+c,and B> +2c2=0 | =0
B54,* | a=0,b+# tc,and b> +2c2#0 | #0

DD el
i)
]

5 Family L,

The representative state of this family is Lg,p, = a (|0000) + [1111)) + b ( [0101) + |1010)) +
|0110) + |0011). When a = b = 0, this becomes a product state: [01);3 ® (|01) + |10))24. We
can distinguish four true SLOCC entanglement classes in this family, which are denoted as
V1, V2, V3, and V4.

For the class V1, it includes states Lg,p, with a = £b # 0. V1 is a true SLOCC entan-
glement class. The representative state is denoted as Lg,p,(a = b = 1) = |0000) + |1111)+
|0101) + |1010) + |0110) 4 |[0011). The following is our argument. Let a = diag{l, a},



D.-F. Li, X.-R. Li, H.-T. Huang, and X.-X. Li 791

v={a,1}, and B =06 = 1. Then Lyyp,(a =b#0)=a®@ LY ®0Lgy,(a =b=1). Let
a = diag{—i, a}, v = diag{—ai, 1}, and 8 = § = diag{i, 1}. Then Ly,p,(a = —b # 0) =
a®BRYR®ILgm,(a=b=1).

For the class V2, it includes states Lq,p, with a # 4b, ab # 0, and a® + b*> = 0. We
can argue that V2 is a true SLOCC entanglement class as follows. Let « = diag{1l, a},
B =1, v = diag{a, 1}, and § = I. Then, it is easy to verify that L, (with b = +ai) =
a®P®Y®§Lap,(a =1, b= =i). Furthermore, we can demonstrate that L,,p,(a = 1,b =
—i)=a®BR®Y®ILa,p,(a=1,b=1), where a = diag(1,7), 8 = diag(i, 1), v = diag(—i, 1),
and 0 = diag(1, —i).

For the class V3, it includes states Lq,p, with a # £b, ab # 0, and a? + b2 # 0. Each state
of V3 is a true entangled state. However we cannot classify V3 further.

For the class V4, it includes states Lg,p, with a # £b and ab = 0. V4 is a true SLOCC
entanglement class. The representative state is denoted as Lg,p,(a = 1, b = 0) = |0000) +
[1111) + |0110) 4 |0011). We can argue this as follows. We can show that for any a and b,
Ly, with a # +b and ab = 0 is equivalent to the representative state Lq,p,(a = 1, b = 0)
under SLOCC as follows. Let « = diag{1, a}, v = diag{a, 1}, 8 =0 = I. Then Lg,p,(a # 0,
b=0} =a®BRY®J Lap,(a =1, b =0). Let a« = diag{1, b}, v = diag{b, 1}, and
B=086=0, Then, Loyp,(a=0,0#0} =a®@ 8 v® 6Lau,(a=1,0=0).

Note that the state Lg,p, with a =1 and b = 0, and the state L,,p, with a =0 and b =1
are different representative states of the class V4 because |0101) + [1010) + |0110) + |0011) =
I®o, ®I®o,(]0000)+ [1111) 4 |0110) + |0011)).

Table III. Four true SLOCC entanglement classes in Family Lq,u,

classes | criteria for classification T D | Dy | D3
Vi1 Loyp, with a =£b#0 20| A |0 0
V2 Layp, with a # £b,ab#0,and > +0*=0 =0 A | A [ A
V3, * | Loy, witha # £b,ab#0,and a? +02#0 | #0 | A [A [ A
V4 Layp, with a # £b and ab =0 #0 | A |A | A

To demonstrate that the four classes in Table III are distinct true SLOCC entanglement
classes, we only need to show that the class V4 is different from the class V3 due to the
properties of Z, Dy, D2, and D3. For the class V4, each state of the class V4 has the following
Fil

Fi = a*a203P, Fy = a*a3alP, Fy = a*B235Q, Fy = a*B2832Q, Fs = a*y3+3R, Fs = a*
VIVAR, Fr = a*62639, Fy = a*62535S,

Fy = a* (a1 s — azaiza33)? det?(8) det?(v),

FlO = a4 (70410&4ﬂ2ﬂ3 + 0520135164)2 det2(5) detQ(’y)

Clearly, for each state of the class V4, the above F; satisfy Properties 2.1 and 2.2 in
Appendix A. However, in the class V3 the state L,,p, with a # &b, ab # 0, and a? + b* # 0
satisfies the following

F, = 0,i=2,3,4,517,8; (11)
F1 F6 = 4ab, Fg = a4, F10 = b4. (12)

Clearly, these F; in Egs. (11) and Eq. (12) do not satisfy property 2.2 in appendix A.
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Therefore the class V4 is different from the class V3.

6 Family Lg,

The representative state of this family is Lap, = a (|0000) + [1111)) + 2F2( |0101) + [1010))+
47%(10110) + [1001)) + =(|0001) + 0010) + [0111) + [1011)).

Let us consider three subfamilies, which are the subfamily L, with a = £b, the subfamily
Lap, with a # £b and ab = 0, and the subfamily L., with @ # =£b and ab # 0. We
demonstrate that these three subfamilies are inequivalent under SLOCC and there are at
least eight true SLOCC entanglement classes in this family below.

The state Lgp, satisfies

T = —(b*+3a?), D1 = a®(a +b)?/4, Dy = (a®> — b*)?/16, D3 = —a®(a — b)? /4,

Fy = Fy=Fs=Fs=(a*—1")/2,
F, = Fy=F=F =0,
Fg = a4,F10 = a2b2. (13)

Let |¢) in Eq. (2) be the state Lqp,. Let [¢') be any state which is equivalent to |¢)) under
SLOCC. By solving matrix equation in Eq. (2), we obtain the amplitudes a; of the state [¢').
By substituting a; into F;, we obtain the following F;. That is, each state in Family L,
satisfies

Fi = (a®>—=b%)aiP/2,Fy = (a® — b*)a3P/2,
B = (a®=b)p{Q/2,Fy = (a® = °)35Q/2,
Fs = (& =0)%R/2,Fs = (a® = V*)7iR/2,
Fr = (a®—1%)635/2,Fs = (a®> — b*)645/2. (14)

6.1 Subfamily L,,, with a = +£b
This subfamily has the following three classes: R1.1, R1.2 and R1.3.

For the class R1.1, it includes the state Lqp, with a = b = 0. Let Lgp,(a = b = 0) =
|0001) + |0010) 4 |0111) + |1011). Clearly, Lap,(a = b = 0) is equivalent to the state |W)
because Lap, (a=0=0)=1Q I ® 0, @ 0,|W).

For the class R1.2, it includes states Lqp, with a = b # 0. That is, R1.2 includes L, (a =
b) = a(]0000)+|1111)+ |0101>+|1010>)+%(|0001>+|0010>+|0111>+|1011)). A representative
state is Lay, (a = b= 1) = [0000) + [1111)+ [0101) + [1010) + —%5(|0001) + |0010) + [0111) +
|1011)). R1.2 is a true SLOCC entanglement class because Lyp,(a = b) = a®@BRYR0 Lap, (a =
b=1), where o = 8 = diag{l, a}, v = diag{a, 1}, and § = diag{1, 1/a}.

For the class R1.3, it includes states Lqp, with @ = —b # 0. That is, R1.3 includes
Lap,(a = —b) = a(]0000) + [1111)+ |0110) + |1001)) + %(|0001> +(0010) + [0111) + [1011)).
A representative state is Lgp, (@ = —b = 1) = |0000) + [1111)+ ]0110) +|1001) + ﬁ(|0001> +
|0010) + |0111) + |1011)). R1.3 is a true SLOCC entanglement class because Lgp, (a = —b) =
a®pPR&Y®0Lap,(a=—-b=1), where o = 8 = diag{1, a}, v = diag{a, 1}, and 6 = diag{1,
1/a}.
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Classes R1.1, R1.2, and R1.3 are different under SLOCC by the values of Z, D1, Dy, and
D3 in Table IV.

6.2 Subfamily L,,, with a # +b and ab=0

Subfamily L, with a # £b and ab = 0 has two classes denoted as R2.1 and R2.2.

For the class R2.1, it includes states Lgp, with a = 0,b # 0. That is, R2.1 includes Lqp, (a =
0,b#0) = %( |0101) + |1010))— g( |0110) 4 |1001)) + %(|0001> +]0010) 4 |[0111) + |1011)).
R2.1 is a true entanglement class because Lgp,(a = 0,0 #0) = a®@ 7R Lap, (a = 0,b = 1),
where a = 8 = diag{1, b}, v = diag{d, 1}, and 6 = diag{1, 1/b}.

For the class R2.2, it includes states Lqp, with a # 0,0 = 0. That is, R2.2 includes Lqp, (b =
0) = @ (|0000)+[1111))+5( |0101)+[1010) )+ 5 ( \0110>+\1001))+%(|0001>+|0010)+|0111>+
[1011)). R2.2is a true entanglement class because Lgp, (b = 0) = a®BRY®ILap,(a = 1,b = 0),
where o = 8 = diag{1, a}, v = diag{a, 1}, and § = diag{1, 1/a}.

We argue that classes R2.1 and R2.2 are different under SLOCC as follows.

For each state of the class R2.1, F; (i = 1, ..., 8) can be obtained from Eq. (14) by letting
a=0,

Iy = *%bz(awésﬁlﬂs — aqaufifPs — anasfBafBs + arasBiBa)? detQ(’Y) det2(5),

Fig = =10 (asasfifs — araufiBs + arasfefs — arazBifa)? det’ (v) det®(9).

Then, we derive that for each state in the class R2.1, F; satisfy the following;:

Property 7.1. If F; =0 then Fy = Fig, 1 =1, 2, 3, or 4.

Property 7.2. If FiFy = 0A F3Fy = 0 then Fo= F19= 0.

For each state of the class R2.2, F; (i = 1, ..., 8) can be obtained from Eq. (14) by letting
b= 0. Fy and F}( are omitted because they are too complicated. We can derive that for each
state of the class R2.2, F; satisfy the following properties:

Property 8.1. If F; = F5 =0 or Iy, = Fy = 0 then Fy #£ 0 A Fjp = 0.

Property 8.2. If Fy = Fy =0 or F; = F3 =0 then Fy =0 A Fyo # 0.

Classes R2.1 and R2.2 are different under SLOCC by the following argument.

From Eq. (13), the state Ly, (b = 0) in the class R2.2 satisfies F} = Fy = Fg = Fy = a?/2,
Fy=F,=Fs=F;, =0, Fy = a* Fjp = 0. It is obvious that the state L, (b = 0) in the
class R2.2 does not satisfy property 7.2. Therefore, classes R2.1 and R2.2 are different under
SLOCC.

6.3 Subfamily L,,, with a # £b and ab # 0

This subfamily has two subsubfamilies denoted as R3.1 and R3.2.

Subsubfamily R3.1 includes states Lqp, with a # +b,ab # 0,3a® + b*> # 0. Each one of
this subsubfamily is a true entanglement state. However, we cannot classify R3.1 further.

Subsubfamily R3.2 includes states Lap, with a # £b,ab # 0,3a? + b* = 0. This subsub-
family consists of two inequivalent true SLOCC entanglement classes. Their representative
states are denoted as Lap, (a = 1, b = +v/3i) = [0000) + [1111) + LE30( |0101) + [1010))+
Y50 (10110) +[1001)) + 5 (J0001) + 0010) + |0111) + [1011)). We can argue this as follows.
Let o = 8 = diag{1, a}, v = diag{a, 1}, and § = diag{1, 1/a}. Then, it is easy to verify that
the state Lap, (with a # +b, ab# 0 and b = £v/3ai) = a @ & v @ 0 Lap,(a = 1, b = £/30).
Furthermore, we can demonstrate that these two representative states are inequivalent under
SLOCC.
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Subfamilies R3.1 and R3.2 are different under SLOCC because they have different values
of 7 in Table IV.

6.4 Inequivalent subfamilies

Lemma 6.1. The subfamily L, with a # £b and ab = 0, and the subfamily L, with a # b
and ab # 0 are inequivalent to the subfamily L., with a = +b under SLOCC.

Proof. From Eq. (14), it is easy to see that F; = 0, 4 = 1, ..., 8, for any state in the
subfamily Lqp, with a = £b. While F; # 0, ¢ =1, ..., 8, for the state L,p, with a # +b and
ab = 0 and the state Loy, with a # b and ab # 0. Hence, the subfamily L., with a # £b
and ab = 0 and the subfamily L,;, with a # £b and ab # 0 are inequivalent to the subfamily
Lap, with a = £b under SLOCC, respectively.

Lemma 6.2. The subfamily L., with a # £b and ab = 0, and the subfamily L, with
a # +b and ab # 0 are inequivalent under SLOCC.

Proof.

When a # +b and ab # 0, F; in Eq. (13) do not satisfy properties 7.2 or 8.1. Hence,
lemma 6.2 holds.

Conclusively, Family L, has at least eight distinct true entanglement classes. See Table
IV. It means that Family L., does not include any product state.

Table IV. Eight True SLOCC entanglement classes in Family L,

classes criteria for classification A D1 | Dy | D3
R1.1 (i.e., |W)) Lgps witha=0=0 =010 0 0
R1.2 Lap, witha=b#10 #0| A |0 0
R1.3 Lap, with a=—-b#0 #0 1|0 0 A
R2.1 Lab, with a = 0,0 # 0 Z0| A | A | A
R2.2 Lap, with a #0,0=0 0| A | A | A
R3.1, * Laps with a # £b,ab £ 0,36+ £A0 | #0 | A [ A | A
subsubfamily R3.2 (two classes) | Lap, with a # +b,ab#0,3a> +6°=0 | =0 | A [ A [ A

7 Other five families
7.1 Family L,,

The representative state of this family is L,, = a(|0000)+|0101)+]1010)4]1111))+ (¢|0001) 4+
|0110) — 4|1011)). There are two true SLOCC entanglement classes in this family.

(1). The class L,, with a = 0. In this case, L,, reduces to |0001) + |0110) — ¢|1011).
Clearly, this is a true entanglement class.

(2). The class Lo, with a # 0. We show that this is a true SLOCC entanglement class as
follows. Let Ly, (a = 1) = |0000) + |0101) + [1010) + |1111) + (¢|/0001) + |0110) —¢|1011)). Let
a = diag{l, a*}, B = diag{1, a}; v = diag{1, 1/a?}, and § = diag{a, 1}. Then, it is easy to
verify that for any a # 0, Lo, =a® Q7 ® dLg, (a = 1).

Therefore, there are two true SLOCC entanglement classes in Family L,, and these two
classes are different because they have different values of Z. See Table V.

For the class L,, with a # 0, Z = 2a®T. For SL-operations, Z = 2a?. It means that the
SLOCC entanglement class L,, with a # 0 includes a continuous parameter of SL classes. In
other words, the class L,, with a # 0 can be described by a continuous parameter.

Table V. Two true SLOCC entanglement classes in Family L,
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T Dy | Dy | D3
L., witha=0]0 A |0 0
Lo, witha#0 | 20 | A | A | A

7.2 Family Lg,0,,

The representative state of this family is Lq,0,,, = a(]0000)+]1111))+[0011)+-|0101)+]0110).
We argue there are only two SLOCC entanglement classes in this family as follows.

(1). The class Lq,0,4, with a = 0. In this case, Lg,0,,, becomes |0)®(]011)+]101)+[110)),
which is a product state of the one-qubit state |0) and the 3-qubit |W).

(2). The class Lq,04,, With a # 0. We show that this is a true SLOCC entanglement class
as follows.

The state Lq,0,,, With a 7# 0 is a true entanglement state. Let Lg,0,,, (@ = 1) = [0000) +
[1111) 4-]0011) +]0101) +[0110). Let o = diag{+/a, a®}, B = diag{1/+/a, 1/a}, v = diag{/a,
1}, and 0 = diag{\/a, 1}. Then it is easy to verify that L,,0,5,(a # 0) = a @ @7 ®
5La203@1 (CL = 1)'

For the class Lq,0,,, With a #0,7Z = a®T. For SL-operations, T = a?. It implies that the
SLOCC entanglement class Lg,0,4, With a # 0 includes a continuous parameter of SL classes.

It says that the class Lg,0,,, With a # 0 can be characterized by a continuous parameter.

Table VI. One true SLOCC entanglement class in Family Lay03e,

criterion for classification | 7 Dy | Dy | D3
La,0,e, With a # 0 0| A | A | A

7.3 Family Lo,

The representative state of this family is Lo,,, = [0000) + [0101) + [1000) 4 |1110). This
family is a true SLOCC entanglement class. Each state of this family satisfies the following:

I=0,D1=Dy=D5=0,F =F, =0, |Fs|+[Fa #0, |[F5] +|Fg| # 0, [F7| + [F3] # 0,
Fy = Fuo, F3Fy = (Fy)*.

7.4 Family Lo,
The representative state of this family is Lo,,, = [0000) + [1011) + [1101) 4 |1110). This

family is a true SLOCC entanglement class. Each state of this family satisfies the following:
I=0,D1isA, Dyis A, D3 is A, [Fs| + [Fy| # 0, [F5| + |Fe| # 0, [F7[ + |F5| # 0.

7.5 Family L03+103+1

The representative state of this family is Lo, ;0,,; = [0)(|000) + [111)), which is a product
state of the one-qubit state |0) and the three-qubit |GHZ) state.

8 Summary

Verstraete, Dehaene, and Verschelde proposed nine families of states corresponding to nine
different ways of entangling four qubits [2]. In this paper, we investigate SLOCC classification
of each of the nine families, and distinguish 49 true SLOCC entanglement classes from them.
We give complete SLOCC classifications for Families La,, Lay0s¢, Losgsr Lorg, and Lo, 0, ;-
But we cannot guarantee that SLOCC classifications for Families Gaped, Labess Lagb, a0d Lap,
are complete.
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Appendix A Classification for Family L.,

The representative state of Family L., satisfies the following:
T=—(a®+b*+2c?)/2,

D; = (a+b)2c?/4,Dy = —(a® — b*)?/16, D3 = (a — b)*c/4,
F1 = F4 = F6 = F7 = (a2 — 1)2)07
FQ = F3:F5:F8:0,F9:a2b2,F10:c4. (A].)

8.1 Subfamily L., with c=0.
Lape, becomes Ly, (c = 0) = “E2(]0000) + [1111)) + 252(|0011) + |1100)) + |0110). Each
state of this subfamily satisfies the following:
T = 1(a®+ )T,
Dy = %ab(a — b)ajazyoys det(a) det?(3) det(v) det?(9),
Dy = = (a? — b?) det(a) det(3) det?(v) det?(5)
(26136185 + 2b% a3 81 B3 + a?anasBafBs — bPanasfafBs + a?anaufefs — b2 anaufefs
+a’azasfi By — bPagasfi by + a®araufi By — bParaufBi B + 20° a0 o s + 20z B234)
D5 = —Lab(a + b)asazd 83 det(ar) det*(B) det® () det(d),

P = a2b2a§a§P, F, = aQangaiP, F; = aQbQQ% %Q,F4 = GQbQﬁgﬁfQ,
Fs = d*V*v3yiR, Fs = a*b*yiviR, Fy = a*b%67638, Fy = a*b%6203 5,

2 2
Fy = a’b*(azasB20s — araafiBs)” det(y) det(d),

F1() = a2b2(a1a4ﬂgﬁ3 — a2a361ﬁ4)2 d26t(’y) d2et(6) (AQ)
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From Eq. (A.2), for each state of this subfamily Lup., with ¢ = 0, F; have the following
properties.

Property 2.1. If ab # 0 and F; = 0 then |Fy| 4 |Fi9| #0,i =1, 2, 3, or 4.

Property 2.2. If ab # 0 and FiFy, = F3Fy = O then Fo= 0 A F9# 0 or Fy# 0 A Fi9= 0.

Property 2.3. If ab # 0, a # +b, and F} = F, = F3 = F, =0, then Dy # 0.

Property 2.4. If Iy = F, =0 or F5 = Fg = 0 then D; = 0.

Property 2.5. If Fy = F» =0 or F; = Fg = 0 then D3 = 0.

From the Table IT (1), it is not hard to see that the classes B1.1, B1.2, B1.3, B1.4, and B1.5
are different from each other by the values of Z, Dy, Dy, Ds. Note that the state Lgp., with
¢ =a=0Ab# 0 and the state Lyp., with ¢ = b = 0Aa # 0 are different representatives of the
class B1.5 because these two states are obtained from each other by SLOCC [ ® 0, ® 0, ® I.

8.2  Subfamily L., with abc # 0

This subfamily is different from the subfamily Lyp., with ¢ = 0 under SLOCC. This is because
from Eq. (A.1), it is straightforward that for the representative state Lqp., with abe # 0, F;
do not satisfy property 2.2. It implies that classes B2.1-B2.3, B3.1-B3.3, B4.1 and B4.2 in
Table IT (2) are different from classes B1.1-B1.5 in Table IT (1).

8.2.1 Subsubfamily Lap., with abc # 0 and a = b

Labe, becomes Lype, (@ = b) = a (|0000) +]1111)) +¢ ( |0101) +]1010)) 4 |0110). For any state
which is connected with Lgpe,(a = b) by SLOCC, we obtain the following F; and D;.

F, = (a®* - A)*ala3P, Fy = (a* — *)*a303 P

F3 (Cl2 02> 51ﬁ2Q Fy = (a2 02) ﬁs@;Q’

Fs = (a® = @)P%7iR, Fs = (a® — )*7}3R,

Fr = (a® —c?)%6%2628, Fy = (a® — ¢*)?63535S. (A.3)

Dy = acdet(a) det2(ﬁ) det( )det (0)(a®ayazy1v3+c2arazyiyzt+acasasyeyz+acar cayyeyz+
acaoazy1Vs + acayayyivs + alasasyeys + asasyeya),

Dy = —c(a® — )aias B3y det() det(B) det? () det?(4),

D3 = —a(a? — )13, 05 det (o) det?(5) det? () det(d),

When a # +c¢, from Eq. (A.3) and the above Dy, Dy and Ds, it can be verified that the
following properties 3.1-3.5 hold for each state which is connected with Lgp., with abc # 0,
a =b and a # £c by SLOCC.

Property 3.1. If F} = F5 =0, then Dy = D3 = 0.

Property 3.2. If F3 = F;, =0, then Dy = 0.

Property 3.3. If F; = Fg =0, then D3 = 0.

Property 3.4. If F} = = F; = F5 =0, then D; # 0.

Property 3.5. If F} = Fy = F3 = Fy =0, then Fy # 0 and Fjo # 0.

We argue that property 3.4 holds as follows.

When F} = F» =0 and F5 = Fg = 0, there are following four cases: case 1. a; = a4 =0
and vy =y =0,case 2. a1 =ag4=0and v =73 =0, case 3. as = a3 =0and v =4 =0,
case 4. as = ag3 = 0 and 74 = 74 = 0. From the above four cases, any state, which is
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connected with Lgpe, with abc # 0, a = b and a # +c by SLOCC, satisfies the above property
3.4:

8.2.2  Subsubfamily Lape, with abc # 0 and a = —b
When a # +¢, Lape, becomes Loy, (a = —b) = a (|0011)+]1100))+c ( [0101)+]1010))+]0110).
For any state which is connected with L., with abc # 0, a = —b and a # £c by SLOCC, F;
(1 =1, ..., 8) satisfy Eq. (A.3) and the following D;, D2, and D3 hold.

D1 = —a(a® — ®)aiasyays det(a) det?(3) det(y) det?(4),

Dy = —c(a? — )aias B3y det() det(B) det? () det?(4),

D3 = acdet(a) det?(3) det?(v) det ()

(a2a2a4(5153 + 02a2a451(53 + acapaizdo03 + acoyugd203

+acasazdidy + acayagd10s + a2a1a352(54 + 02041043(5264).

Property 3.5 also holds. We can derive the following properties 4.1-4.4 for each state which
is connected with Lgpe, with abc # 0, a = —b and a # £c by SLOCC.

Property 4.1. If F3 = Fy; = 0, then Dy = 0.

Property 4.2. If F} = F» =0, then D; = Dy = 0.

Property 4.3. If F5 = Fg = 0, then D; = 0.

Property 4.4. If F1 = Fg = F7 = Fg = O, then D3 7é 0.

From Eq. (A.1), for the state Lgpe,(a = —b # 0), F; = 0, ¢ = 1,2,3,4,5,6,7,8, and
Dy = Dy = 0. Therefore, the state Lgpe, (a = —b # 0) does not satisfy Property 3.4. It means
that classes B3.2 and B3.3 are different from classes B2.2 and B2.3, respectively.

8.2.8  Subsubfamily Lape, with abc # 0 and a # £b, but ¢ = ta or c = +£b

By discussion in Sec. 4.2.3, we only need to consider ¢ = a here.

When ¢ = a, Lape, becomes “£2(]0000) + |1111)) + 252(|0011) + [1100)) + a( [0101) +
|1010)) + ]0110). Thus, each state in this subsubfamily satisfies the following equations.

Fi = a(a® — b®)aiP, F» = a(a® — b*)aiP, F3 = a(a® — b?)B5Q, Fy = a(a® — b*)31Q,
Fs =a(a® = V*)V3R, Fs = a(a® — V*)ViR, Fr = a(a® — b*)61S, Fs = a(a® — b*)53S.

We omit the complicated expressions of Fy, Fyg, D1, Do, and Ds.

It is plain to see that F; satisfy the following inequality.

|Fil + |Fia| #0,i = 1,3,5,7. (A.4)

We also have the following properties for each state which is connected with Lgp., with
abc # 0, a # +b, and ¢ = a by SLOCC.

Property 5.1. If F1F5, = 0 and F5Fg = 0, then Dy # 0.

Property 5.2. If F1F5, =0 and F3Fy = 0, then Do # 0.

Property 5.3. If F1Fy = 0 and F;Fg = 0, then D3 # 0.

Property 5.4. If F, = F5 =0, then Fy # 0 and Fyg # 0.

In Eq. (A.1), F; and D, obtained by letting a = +b do not satisfy Properties 5.2. It
implies that classes B2.2, B2.3, B3.2 and B3.3 are different from classes B4.1 and B4.2.

8.2.4 Subsubfamily Lape, with abc # 0, and x© # +y, where z, y € {a, b, c}
Each state in this subsubfamily satisfies the following.
Fy = a?[c(a® — b*)a? + (a® — 2)(b? — ?)a3] P,
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Fy = a3e(a® = 0%)aj + (a® — ) (0* — c?)ad] P,
F3 = B3lc(a® = b°)05 + (a® — ¢*)(b* — ¢*) BT P,
Fy = fi[c(a® = b°)07 + (a® — ) (b* — ¢*) B3] P,
Fs = 3lc(a® = b*)75 + (a® — ) (0° — )7 P,
Fs = 73lc(@® = b*)7i + (a® = &)(b* — )3 P,
Fr = 62[c(a? — b?)67 + (a® — ) (b* — )43 P,

Fg = 03[c(a® — b?)83 + (a® — %) (b — )03] P,

T =1(a®+b+22)T.

We want to show that some states in this subsubfamily violates Eq. (A.4). So, this
subsubfamily is inequivalent to the subsubfamily L,p., with abc # 0 and a # £b, but ¢ = £a
or ¢ = +b under SLOCC. The following is our argument.

For the operator a, let a; = 0, ag # 0, a3 = %ai, and a4 # 0. Clearly,
det(a) # 0, but F; = F» = 0. So, it violates Eq. (A.4).

8.3 Subfamily L.y, with ¢ #0 and ab=0

There are three subsubfamilies. They are the subsubfamily Lgp., with ¢ # 0 and a = b =0,
the subsubfamily L., with ¢ # 0 and ¢ = 0 and b = ¢, and the subsubfamily L., with
bc # 0 and a = 0 and b # +c.

8.8.1 Subsubfamily Lape, with c# 0 anda=b=0

Labe, becomes Lgpe,(a =b=0) = ¢ (|0101)+|1010))+|0110). Each state, which is connected
Labe,(a = b =0) by SLOCC, satisfies the following D; and F;.

D1 = D3 =0, Dy = Aajaz B4 det(a) det () detz('y) det2(6),

F; (i =1, ..., 8) can be obtained from Eq. (A.3) by letting a =b = 0.

Fy = c*arauf2B3 — anas B B4)? det® (v) det?(6),

Fm = c4(a2a352ﬁ3 — 041044ﬁ154)2 detQ('y) det2(5).

It is easy to know that the above F; satisfy Properties 2.1 and 2.2.

Each state, which is connected with Lgp., with ¢ # 0 and a = b = 0 under SLOCC,
satisfies the following Properties 6.1 and 6.2.

Property 6.1. If Fy = F5, =0 or F3 = Fy =0, then Dy = 0.

Property 6.2. If F1F2 =0 and F3F4 = 0, then FgZ 0A F10¢ 0 or F‘97é 0A F10: 0.

Remark 1. Classes B1.5 and B5.1 are different though they have the same information for
I, Dl, l)27 and D3.

We argue remark 1 as follows. From Eq. (A.2), when ab = 0, any state in class B1.5
satisfies F; = 0,4 = 1,...,10. But a representative of class B5.1 is ¢( [0101) + |1010)) + [0110),
for which Fig = ¢! # 0 from Eq. (A.1). Therefore classes B1.5 and B5.1 are different.

8.8.2  Subsubfamily Lape, with c# 0, a =0, and b=—c
This subsubfamily is a true SLOCC entanglement class.

For each state of this class, we have the following F;.

Fy = —b3aiP, Fy = —baiP, F3 = —b*35Q, Fy = —b354Q,

F5 == —bg’ng, F6 == —bs’yiR, F7 = —b3(5115, Fg = —b3(5§15

F; satisfy Eq. (A.4). Therefore, this class is different from the classes obtained from ¢ =0
and the classes obtained from ¢ # 0 A a = +b because the F; (i = 1, ..., 8) of the latter
representative states vanish. See Eq. (A.1). We also have the following properties.
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Properties 5.1, 5.2, and 5.3 hold for this case.

Each state, which is connected with Lap., with ¢ # 0 and a = 0 and b = ¢ under SLOCC,
satisfies the following property 6.3

Property 6.3. If Fo = F5 =0, then Fy = 0 and Fjy # 0.

From Eq. (A.1), it is obvious that the representative state with a = 0 and b = ¢ # 0
does not satisfy property 5.4. Hence, the class B5.2 is different from classes B4.1 and B4.2,
respectively.

For the state Lgpe, with ¢ = 0 and ab # 0, we obtain Fy # 0 and Fi9 = 0 from Eq. (A.1).
Thus, it violates property 6.3. It means that classes B1.3 and B1.4 are different from the class
B5.2.

From Eq. (A.1), the representative state L,p., with abc # 0 does not satisfy property 6.2
or 6.3. Hence, the classes in the subfamily Lap., with abc # 0 are different from the classes
B5.1 and B5.2, respectively.

8.8.83 Subsubfamily Lape, with bc #0 and a =0 and b # +c

Each state of this subsubfamily satisfies the following equations.

T=*+2c?)/2%T,

Fy = —ca?(b?a2 + c(b? — ¢®)a3) * P, Fy = —ca3(b?a? + c(b? — c?)a?) *

F3 = —cB3(b263 + c(b? — ) 2) x Q, Fy = —cB3(b? 57 + c(b® — ¢*)33) * Q,

Fy = =3 (0293 +c(b? — 7)) * R, Fo = —ci (0P9F + (0 — )3) *

Fr = —cd2(b%6% + c(b? — ¢?)63) * S, Fg = —cd3(b%63 + c(b2 —c)67) x S

We can choose a; = 0, g # 0, gy # 0, and a3 = ele bzb )a4 such that det(a) # 0 but
F, = F» = 0. This violates Eq. (A.4). Therefore this subsubfamily is different from the

subsubfamily Lgpe, with ¢ # 0 and a =0 and b = c.




