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We argue that a fundamental (conjectured) property of memoryless quantum channels,
namely the strong superadditivity, is intimately related to the decreasing property of the
quantum relative entropy. Using the latter we first give, for a wide class of input states,
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1. Introduction

The apparently simple concept of distinguishability is at the root of information processing,
even at the quantum level. For instance, it is rather intuitive that the amount of classical
information (symbols encoded into quantum states) that can be reliably transmitted through a
quantum channel will ultimately depend upon the ability of the receiver to distinguish different
quantum states. Unlike classical states, two different quantum states are not necessarily fully
distinguishable. In [1] it was argued that the quantum relative entropy is the most appropriate
quantity to measure distinguishability between different quantum states. Hence it could be a
powerful tool for investigating quantum channels’ properties. The quantum relative entropy
does not increase under physical processes (described by completely and trace preserving
maps) [2]. Thus two states can only become less distinguishable as they undergo any kind of
physical transformation. This result will be central to this paper.

There is a single quantity that completely characterizes a quantum channel for transmit-
ting classical information: its classical capacity [3]. It represents the maximum rate at which
classical symbols can be transmitted through the channel in a reliably way. It should thus
come from the average over a large number (actually infinity) of channel uses. However, it
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was conjectured that memoryless channels possess the additivity property, that is the classical
capacity adds up with the number of channel uses [4, 5]. Hence, it can be simply evaluated by
considering one use (one shot) of the channel, likewise in the classical case due to the Shannon
coding theorem [6]. This has the profound implication that entangled inputs do not matter
for the capacity of memoryless quantum channels. The additive property has been proved for
a class of quantum channels [7, 8, 10, 9] and it was suspected that [,,-norms play a crucial role
for the global proof. Recently it has been shown that this is not the case [11, 12]. Moreover,
the additivity seems not to be a global property of all quantum channels [13] as conjectured
in [14]. Thus the need to devise a powerful method to single out the widest class of quantum
channels for which it holds.

In reality, the additivity property as discussed above, can be traced back to the additivity
of the minimal output entropy of two channels. In contrast, when we consider the minimum of
the average output entropies, we are led to the superadditivity property. That is, the minimum
of the average output entropies for the tensor product of two quantum channels is greater
than or equal to the sum of the minima corresponding to the single channels. This property
was conjectured in [15] and it turns out to be stronger than the simple additive property.“In
fact, if the strong superadditivity property holds, then the additivity property follows [15].

Thus, it is of uppermost importance to prove the strong superadditivity for memoryless
quantum channels. Actually, it has only been proved for entanglement-breaking channels and
noiseless channels [15] and for the quantum depolarizing channel [17] using different methods.

In the present paper we argue that the strong superadditivity is related to the decreasing
property of the relative entropy. Hence we shall give a proof of the strong superadditivity
based on the decreasing property of the relative entropy for a class of quantum channels. This
class not only includes the above mentioned channels (noiseless, entanglement -breaking and
depolarizing), for which the proof turns out to be alternative to those of [15] and [17], but
it also includes the quantum erasure channel, thus resulting as an extension over the already
know results. Remarkably, our proof could pave the way for a unified approach to the strong
superadditivity property.

The layout of the paper is the following. In Section II we recall some basic notions
about quantum relative entropy and classical capacity of quantum channels. Section IIT is
devoted to formalizing the additivity and the strong superadditivity properties. We give some
estimates of the output entropy for the phase damping channels and for a subclass of Weyl
channels in Section IV and Section V respectively . Finally, in Section VII we prove the strong
superadditivity for a class of quantum channels without any restriction on the input states.
Section VII is for conclusions.

2. Basic Notions

The von Neumann entropy of a quantum system described by a density matrix p belonging
to the set of states &(H) (positive unit trace operators) of the Hilbert space H of dimension
d < +o0,

S(p) == —Tr(plogp),

%The strong superadditivity of entanglement of formation discussed in [16] also implies the additivity of Holevo
capacity.
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can be considered as the proper quantum analogue of the Shannon entropy [18].
Moving on from Shannon relative entropy one can consider the von Neumann relative
entropy between two states o, p € G(H) as’

S(allp) :=Tr[o(logo — log p)] .

This measure has the same statistical interpretation as its classical analogue: it tells us how
difficult it is to distinguish the state ¢ from the state p [20]. In particular the following
theorem holds [2]:

Theorem 1 (Decreasing property of relative entropy) For any completely positive,
trace preserving map ® : S(H) — S(H) given by ®(o) = >, A;c A} such that Y ATA; =1,
we have

S(@(o)[|®(p)) < S(allp),

with o, p € 6(H).

We simply present a physical argument as to why we should expect this theorem to hold.
A completely positive map (CP-map) can be represented as a unitary transformation on
an extended Hilbert space.  Unitary transformations do not change the relative entropy
between two states. However, after this, we have to perform a partial trace to go back to the
original Hilbert space which decreases the relative entropy as some information is invariably
lost during this operation. Hence the relative entropy decreases under any CP-map.

A simple consequence of the fact that the quantum relative entropy itself does not increase
under CP-maps is that quantum distinguishability never increases. Another consequence is
that correlations (as measured by the quantum mutual information) also cannot increase, but
now under local CP-maps.

In classical information theory the capacity for communication is given by the mutual
information between sent message and received message [6]. This is intuitively clear, since
mutual information quantifies correlations between sent and received messages and it thus
tells us how faithful the transmission is. If we use quantum states to encode symbols, then
the capacity is not given by the quantum mutual information, but is given by the so called
Holevo bound [3] being achievable due to the quantum coding theorem proved independently
in [4, 5].

The linear map ¢ : S(H) — G(H) is said to be a quantum channel if it is completely
positive [3]. Moreover, the quantum channel ® is called bistochastic (or unital) if ®(% 1) =
%IH, where [ is the identity operator in H.

According to [4, 5] the one shot capacity C(®) of a quantum channel ® is defined by the
formula

C1(®) :=sup |S Zﬂjq’(fﬂj) —ijS(d)(xj)) : (1)

where the supremum is taken over all probability distributions {r;}’_, and states z; € &(H).

b Actually, this quantity was first considered by Umegaki [19] and it is often referred to it as the Umegaki
entropy.
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Notice that

SID m@ay) | =D mS (R(xy)) =D w8 <<I’($j) H qu’(%‘)> :
j=1 j=1 j=1 =1

so that we have a direct link to the relative entropy.
The additivity conjecture states that for any two channels ® and

C1(® ® Q) = C1(®) + C1 (). (2)

If the additivity conjecture holds, one can easily find the capacity C'(®) of the channel ® by
the formula (see [4])

C(®)= lim G

n—-+o0o n

= C1(®). (3)

3. The strong superadditivity

Given a quantum channel ® in a Hilbert space H let us put [15]

k
Ha(p) i=min} 75 S(®(p;), (4)
j=1
k
where p = Y m;p; and the minimum is taken over all probability distributions {m;}¥_, and
j=1

states p; € 6(H).
The strong superadditivity conjecture for the channel ® states that

Haga(p) = Ho(Trc(p)) + Ho(Try(p)), ()

with p € 6(H ® K), for an arbitrary quantum channel €2 in the Hilbert space K.
The infimum of the output entropy of a quantum channel ® is defined by

The additivity conjecture for the quantity Sy, (®) states that [4]

for an arbitrary quantum channel . It was shown in [15] that if the strong superadditivity
holds, then the additivity follows. Hence, the conjecture (5) is stronger than (7).

The additivity property (7) was proved for quantum depolarizing channel [8]. The method
was based upon the estimation of [,-norms of the channel. However, [,-norms cannot be a
general tool as it has been recently shown [11]. Thus, the need to devise alternative methods.
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4. Estimation of the output entropy for the phase damping channel

Let {|es)}9Z8 and {\,}?Z} be an orthonormal basis in the Hilbert space M of dimension d
and a probability distribution, respectively. Then, one can introduce the unitary operator

“! 2ms
V = | —— s s
;exp (z g ) les){es]
so to define the phase damping channel as
d—1 ‘ ‘
O(p) =Y M\VIpV, (8)
j=0
where p € G(H). Furthermore, the completely positive map defined as
= d—1
E(p) = d ZVJPV*J = Z les)(es|ples)(es],
§=0 5=0

represents the conditional expectation on the algebra of fixed elements of ®.
We shall call a pure state p = |f)(f|) € &(H) unbiased with respect to the basis {|es)} if

—~

, 0<s<d-1. 9)

Ul

Tr(ples)(es]) =

The above condition is equivalent to the property

(fledl = 5 0<s<d-1 (10)

Notice that if (10) is satisfied for vectors |f) = |f;), 0 < j < d — 1 forming an orthonormal
basis in H, then the bases {|f;)} and {|es)} are said to be mutually unbiased [21].

Let us denote by A a convex set of states which can be represented as a convex linear
combination of pure states p = |f)(f] being unbiased with respect to the basis {|es)} (eigen-
vectors of the unitary operators introduced in the definition of the phase damping channel
(8)). As a consequence A is a convex set. Moreover the following proposition holds.

Proposition 2 Suppose that p € A, then for the phase damping channel (8) we get
d—1
Hq)(p) < - Z )\j 10g )\j.
j=0

Proof. Proposition 2 Given p € A we can write it as the convex linear combination
P = TPk, Pk = |fx){fr] € A such that
k

d—1
S(p) = = 3 A Tow .
j=0

Thus, the result follows from the definition of Hg(p). O.



G. G. Amosov and S. Mancini 599

Proposition 3 Suppose that for p € S(H & K) the following inclusion holds,
Tryc (p) e A

Then,
S(®® Id)(p ZA log \j + éZS(p]), (11)

where p; = dTry((|ej)(e;| ® Ix)p) € G(IC).
Proof. Proposition 3 The proof treads [9] steps. Let us take p € &(H ® K) such that
Tri(p) € A and define a quantum channel Z, : §(H ® K) — &(H ® K) by the formula

d—1
Ep(0) ==Y Tr((les){es] @ Ix)o) (V7 @ Ie)p(V @ Ix),
=0

with 0 € 6(H ® K). Then, let

d—1
o = Ajlej) (el @y,
7=0
v = S Heelov= "t
T = —lej)(e; ==
jzod ¥ ] y d H y7

with y € &(K) an arbitrary fixed state. It follows that

p(0) = (2 ® 1d)(p),

(1]

1« N -
32 (Vi@ Ix)p(V* @ Ix) == E(p).
j=0
Here and throughout the paper Id denotes the identity map. Also notice that E = (F®Id)is
the conditional expectation to algebra of the elements being fixed with respect to the action
of the cyclic group {V/ @ Ic, 0 < j <d—1}.
Now, on the one hand, Theorem 1 gives us

d—1
S (E,(0)||2,(@)) < S(ol7) =D Ajlog A; +logd. (12)
7=0
On the other hand, it is
S(2,(0)|2,@) = Tr((® @ Id)(p)log(® ® Id)(p)) — Tr((® ® Id)(p)log E(p))
= —5((@@1d)(p)) — Tr(E o (® @ Id)(p) log E(p))
= —S5((@®1d)(p)) + S(E(p)). (13)

In the above equations, we have used the equality Fo (P®1Id) = E which holds because E is
the conditional expectation to the algebra of elements being fixed with respect to the action
of ® ® Id.
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Since, using E(Trx(p)) = 31d,

d—1
. 1
Ep) =5 > leiesl@ps, pj € S(K),
j=0
it follows
- 1 4=
S(E(p)) =logd + - Z (14)

7=0

with p; = dTry((|ej)(e;| ® Ix)p), 0 < j < d—1. Then, combining (12), (13) and (14) we get
the result of the proposition 3. .

We can now single out a class of input states for which the phase damping channels respect
a kind of superadditivity property.

Theorem 4 Suppose that p € G(H @ K) is such that
Tric (p) e A

Let @ be the phase damping channel (8), then the inequality

d—1
S(@@)(p) > =Y Ajlogh; + Ho(Try(p))
j=0
> Ho(Tre(p)) + Ha(Tru(p)),

holds for an arbitrary quantum channel Q : 6(K) — &(K).
Proof. Theorem 4 Defining p := (Id ® Q)(p), we notice that Tri(p) € A and

S((@@Q)(p) = S((®© Id)(p))- (15)

Applying the Proposition 3 we obtain

d—1
1
PN 1 - 1
S((@®Q)(p)) ;;A og\; + dZ (16)
where p; = dTry((Jej)(e;| @ Ix)(Id @ Q) (p)) € &(K). Using Proposition 2 we can rewrite
(16) as

S((® & Q)(p)) = Ho(Trx(p gz

Finally, taking into account that % Z p; = Q(Try(p)), we obtain
¢ 4=

d—

H

S > HQ TI‘H( ))
=0

<.

The result of the theorem 4 then follows. [.
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5. Estimation of the Output Entropy for the Weyl Channels

Let us consider an orthonormal basis |k), k = 0,1,...,d—1 of the Hilbert space H of dimension
d and define the unitary operators
-1
U = > € ¥k & m) (K], (17)
k=0

where 0 < m,n < d—1 and @ denotes the sum modulus d. The operators (17) satisfy the
Weyl commutation relations

Um,nUm',n’ _ e27ri(7rL/n—mn’)/dUm,,n/ Um,n> (18)

hence, we shall call them Weyl operators. Notice that

2mi

Unolk) =|k@®m), Uyplk)=-e"

" k). (19)
We shall consider bistochastic quantum channels of the following form
§:7m”lmnp o (20)
m,n=0

where {Wm,n}fl,;é:o are probability distributions and p € G(H) states. The channels (20) are
called Weyl channels.
NOW let us fix positive numbers 0 < p,,, 7 < 1,1 <n<d—-1,0<m < d—1 such that

d Z Pn + Z rm = 1 and let us consider the Weyl channel
=0

n=1
d—1 d—1 d—1
:ZrmUm,OP O-i-Zan man P Uy s (21)
m=0 m=0n=1

p € 6(H).

Tt is shown in [9] that the channels (21) is covariant with respect to the maximum com-
mutative group of unitary operators. Moreover, if the dimension of the space d is a prime
number, the following decomposition holds

d—1 d—1

Z Z Cm Q‘If]g Um07 (22)

k=0m=0

where p € G(H) and
d—1

\I/k(p) = Z AMUnk mod d,n pU:;k mod d,n>
n=0

are phase damping channels. Furthermore, it is

d—1
N o= 1-d) pn,
n=1
- I'm 0<m<d—1.

Cm d—1 ’
d <1 —d Z pn)

n=1
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We can now single out a wide class (over the totality) of input states for which the Weyl
channels (21) respect a kind of superadditivity property.

Let us denote by A the maximum commutative algebra generated by the projectors
|E)(E|], 0 < k < d— 1. Notice that the states p € A are mutually unbiased with respect
to the eigenvectors of the unitary operators Uy, 0 < k,n < d—1 [9]. Then, the following
theorem holds.

Theorem 5 Let the dimension d of the space H be a prime number. Suppose that p €
S(H®K) is such that
Tric (p) e A

Let @ be the Weyl channel (21), then the inequality

S((@@9Q)(p)) = He(Trr(p)) + Ha(Try(p)),

holds for an arbitrary quantum channel Q : 6(K) — &(K).

Proof. Theorem 5 Using the decomposition (22) we easily arrive at

S((®©0) () > 53 ST o D)) (23)

Then, by applying Theorem 4 to each term of the right hand side of (23) we obtain the result
of Theorem 5. [J.

6. Quantum Channels Respecting the Strong Superadditivity

We shall provide hereafter a class of quantum channels that fully respect the strong superad-
ditivity, i.e. without any restriction on the input states.

6.1. The quantum noiseless channel

The quantum noiseless channel in the Hilbert space H of the dimension d is simply defined
as the identity operation

®(p) == Id(p) = p, (24)
with p € 6(H).
Theorem 6 Let ® be the quantum noiseless channel of Eq.(24), then the inequality

Haga(p) = Ho(Tr(p)), (25)

holds for an arbitrary quantum channel Q@ : S(K) — &(K).

Proof. Theorem 6 Actually this theorem was proved in [15]. Our prove is alternative
and based upon the decreasing property of the relative entropy. Let us take the optimal
ensemble {py} such that

Hagolp) = Y mS((@ @ Q)(pr)).
k

Given a state pr, € G(H ® K), the identity channel can be considered as the phase damping
channel ® with A\g =1, X\; =0, 1 <j < d—1 (see (8)), for which the state Tri(p) € A,
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where A is the convex set generated by pure states unbiased with respect to the basis of
eigenvectors of the unitary operator determining ®. Hence, the result follows from Theorem
4. [O.

6.2. The quantum-classical channel
Let {M;, 1 < j < d} be a resolution of the identity in H consisting of positive operators
d
M; >0, > M; = Iy. The quantum channel ® is said to be a quantum-classical channel
=

(shortly q—(? channel) if there exists an orthogonal basis {|e;)} in H such that [4]:

d

®(p) = Y Te(M;p)le;){ejl. (26)

j=1

The additivity for quantum-classical channels was proved in [4] and the result was extended
to the entanglement-breaking channels in [22].

Theorem 7 Let ® be the g-¢ channel (26), then the inequality

Haga(p) = Ha(Tre(p)) + Ho(Try(p)), (27)

holds for an arbitrary quantum channel Q@ : G(K) — &(K).
To prove the theorem we need of the following lemma.
Lemma 1 Let ® be the g-c¢ channel (26). Then, given a state p € S(H ® K),

S((® @ Id)(p)) > S(®(Trx(p))) + ZA S(p;), (28)

where \; = Tr(M,;Tric(p)), p; = A—lerH((M] ® Ic)p) € 6(K).
Proof. Lemma 1 Let us define a quantum channel ¥, : 6(H) — &(H ® K) by the
formula

d
Eplo) = ZTr(|6j><€j\0)\6j><€jl ® pj, (29)

where the states p; € §(K) are the same as in the formulation of the Lemma 1. One can see
that
2p(@(Trxc(p))) = (@ @ Id)(p), (30)

2, ( ) clizi: Yei| @ pj. (31)

The decreasing property of the relative entropy, Theorem 1, gives us
1 1
5 (2@l |£a510) <5 (a(icto) | 1) (32)

Taking into account Eq.(30) and (31) we get (using same technique as proof of Proposition
3)

s (@(Trw» H j@) —logd — 5 (®(Tre(p)) (33)
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and
1 d
5 (S@(Toco)) | 210 ) = logd+ 3 A5(0) — S(@ & 1)),

from which the result of Lemma 1 follows. .
Proof. Theorem 7 Let ® be the g-c¢ channel (26). Suppose that € is an arbitrary channel
and

k
pP= ijpp (34)
j=1

such that the states p;, 1 < j < k, form the optimal ensemble for the output entropy of
P ®Q,ie.
Hoga(p ZP; (@ ®Q)(p;))- (35)

Applying Lemma 1 to each term in the sum on the right hand side we get

H@@Q(p)ZZPjS( (Trc(py)) +Zp]ZAJkS (Pjk))
- .

where A, = Tr(MyTre(p;)) and pjr = vl_kTrH((M;€ ® Ix)pj) € 6(K). By the definitions
(34) and (4) we obtain on the one hand

ij ®(Trc(ps))) = Ha(Tre(p)). (36)

On the other hand,
d
> 0> AikUpsk) = ATrw(p)). (37)
j k=1

The last formula implies that

ZPJZMS (pjr)) = Ha(Trs(p))- (38)

Then the result of Theorem 7 follows. [J.
Notice that a g-c channel is a partial case of the entanglement-breaking channels considered
in [15]. So our proof is alternative to the one given in [15] for entanglement-breaking channels.

6.3. The quantum erasure channel

Let ‘H and H’ be Hilbert spaces of dimension d and d + 1 respectively. We claim that H C ‘H’
which results in the inclusion &(H) C &(H’). Suppose that |w) € K is orthogonal to H. Fix
e such that 0 < e < 1, then we call quantum erasure channel the CP-map ® : §(H) — S(H’)
defined by

B(p) = el ] + (1 - p, (39)

with p € G(H). Notice that this is a generalization to dimension d of the qubit erasure
channel introduced in [23].
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Theorem 8 Let @ be the erasure channel (39), then the inequality

Haga(p) > Ho(Tri(p)) + Ha(Tru(p)), (40)

holds for an arbitrary quantum channel Q@ : 6(K) — &(K).
To prove the theorem we need of the following lemma.
Lemma 2 Let ® be the quantum erasure channel (39). Then, given a state p € S(H ® K)

S((®® Id)(p)) = eS(Try(p)) + (1 = €)S(p) + S((Trxc(p)))-

Proof. Lemma 2 Denote by Py the orthogonal projection in H’ onto the subspace H.
Given p € 6(H®K) let us define a quantum channel ¥, : §(H') — &(H'® K) by the formula

5p(0) = Tr(|w) (w|o) ) (@] © Ter(p) + Tr(Pro)p, (41)

with o € G(H').
Pick up the orthogonal projection |e){e| from the spectral decomposition of the state
Tric(p). One can see that
5o (@(Tre(p))) = (@ © Id)(p), (42)

x, <;|w><w| + ;|e)(e|> = %|w><w| ® Try(p) + 5 p- (43)

N —

The decreasing property of the relative entropy, Theorem 1, gives us

5 (3, @) || 5, (Slopel + 5l el) ) <5 (@(Tec(o) | 2lwrtwl + 2leeh)
( ( 2 )) ( 2 2

Taking into account (42) and (43) we get

(e+ (1 —e){e[Tre(p)le)) log d — S(P(Trk(p)))
logd — 5(®(Tr(p))),

5 (210l | globe + 5lerel

IA

and
5 (200D || Bl el + 5ledel)) =Togd + €S (Trn(p) + (1 - S(6) = 5((@ 1))

The result of Lemma 2 then follows. [O.
Proof. Theorem 8 Let ® be the erasure channel (39). Suppose that  is an arbitrary
channel and

k
p=" pip; (44)
j=1

is such that the states p;, 1 < j <k, form the optimal ensemble for for the output entropy
of ®®Q, ie.

Hoga(p) = > piS(® @ Q)( ij (@ ® 1d)(5;)), (45)
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with p; = (Id ® Q)(p;). Applying Lemma 2 to each term in the sum on the right hand side
of the above equation we get

Haga(p Z pi [eS(QTry(p;))) + (1 = €)S((Id @ Q)(p;)) + S(2(Trxc(p;)))] -

Notice also that
ij ((Id® Q)(p;)) > Hrasalp) > Ho(Try(p))

because the strong superadditivity conjecture holds for the noiseless channel [15]. Then, the
result of Theorem 8 follows. [J.

6.4. The quantum depolarizing channel

The quantum depolarizing channel in the Hilbert space H of dimension d is defined as [17]

(p) = (L=p)p+ I, (46)

with p € &(H), 0 <p <d?/(d®>—1).
Theorem 9 Let ® be the quantum depolarizing channel (46), then the inequality

Hago(p) > He(Tric(p)) + Ha(Try(p)), (47)

holds for an arbitrary quantum channel Q : 6(K) — &(K).

To prove Theorem 9 we need of some properties of the quantum depolarizing channel.
Following Ref.[8], by choosing an orthonormal basis {|f;)} in H, we can define a set of
orthonormal bases {{|e§> }k . as

ZQXP ( Q;Tfif) exp ( 21J ) | fs)s (48)

with 1 < k < 2d?. Moreover, let
s 27s
vo= Yo (%) 1ns
= 278\ | sk
Vi = gexp (zd) les)(es],

be unitary operators in H. We introduce phase damping channels as follows

d—
wio) = (1-55) s gz VioVi, (19)

with p € 6(H),0<p<land 1<k <2d%
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Then, the quantum depolarizing ® can be expressed in terms of the above phase damping
channels as

2d?
- 1—p 1
» 1 d—1 2d? .
+ 1+ d—1)(1—p) 2B U'k(p)U™,
j=1k=1
(50)
with p € &(H). By defining
=
= 8zvkp ) (51)

the conditional expectations on the algebras of fixed elements for the phase dampings Wy, we

have .
Ex(If{fil) = 51w, (52)

for 1 <k <2d? 0<j<d-—1. This property guarantees that the basis {|f;)} is mutually
unbiased with respect to all the bases {|e*)} defined by (48).

Proof. Theorem 9 Let us take the optimal ensemble corresponding to the state p such
that

Hago(p Zﬂ_s (@ @ Q)(ps))-

In the following we shall estimate S((® @ Q)(ps)) for each fixed s.
Let us consider p instead of a p,. Let us choose a unitary operator T" such that the state

0= TeIx)(IdoQ)(e)(T" © Ix), (53)

satisfies the property
_ 1
B(Te(2)) = D (54)

Using the covariance property ®(o) = T*®(T'ocT*)T, taking place for all states o € G(H),
we can rewrite the decomposition (50) as follows

1— 24>
(b =
(o) 1+ (d— 1 —p)2d Z
» T, 242
T*U'TY TUT*,
Y Iy @-na-p 2d3]21; T (0)TU
(55)
where Wy () = T* WU (ToT*)T are the phase damping channels with the property
~ 1
Tr(Er(Trc(0)) = In. (56)

d
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Here Ey(0) = T*ER(ToT*)T, o € 6(H®K) and 0 € G(H). The above equality guarantees
that the state p is unbiased with respect to all the orthonormal bases which form the unitary
operators determining the action of the phase damping channels ¥y, 0 <k < d —1.

It follows from the decomposition (55) that

d—1
1 -
S(® @) (o) = EZS((‘I’k ®Q)(0))- (57)
k=0
Applylng Theorem 4 to each term of the sum in the right hand side and taking into account
that—Z)\ log \; = He(Tric(0)) for Ag=1—92p, A\; =2, 1< j<d—1dueto (56), w

get
S((@®Q)(ps)) > Ha(Trc(ps)) + Ha(Try(ps)), (58)
hence the result of Theorem 9. [O.

7. Conclusion

By using the decreasing property of the relative entropy, we have proved the strong super-
additivity for a class of quantum channels. This class includes the channels for which the
property was already shown by using other methods (thus giving an alternative proof) as well
as others channels (thus providing an extension of the class).

We guess that the decreasing property of the relative entropy could be a powerful tool for
a further extension of such class of channels. More generally, it could constitute a universal
method to investigate relevant properties of memoryless quantum channels. In fact, as a
consequence of the strong superadditivity property we get the additivity property. Thus for
our class of channels, the additivity results automatically proved.

The perspective of determining the broadest class of channels for which additivity holds
through strong superadditivity seems fascinating and motivate further investigations, espe-
cially in consideration of the limits of other methods [11, 12].
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