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In this paper, we generalize to three players the well-known CHSH quantum game. To do
so, we consider all possible 3-variables Boolean functions and search among them which
ones correspond to a game scenario with a quantum advantage (for a given entangled
state). In particular, we provide two new three-player quantum games where, in one
case, the best quantum strategy is obtained when the players share a GH Z state, while
in the other one, the players have a better advantage when they use a W state as their
quantum resource. To illustrate our findings we implement our game scenarios on an
online quantum computer and prove experimentally the advantage of the corresponding
quantum resource for each game.
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1 Introduction

Quantum games are games where players are allowed to use quantum resources like entanglement
or quantum contextuality in order to set up winning strategies that outperform their classical
counterparts. For instance, the famous prisoner dilemma which is an instance of a nonzero-sum
game ceases to be a dilemma if we allow quantum strategies (seet2M3)  In early 2000, quantum
games such as quantum pseudo-telepathy were introduced by Brassard et al®7. Those games
were exploring, within game scenarios, some paradoxical properties of quantum physics 81226
One of the most famous games in the field is the CHSH game, named after Clauser, Horne,
Shimony and Holt?, that opens the path to the realization of the famous experiences of Aspect
on the FPR paradox and the non-locality of quantum physics. Its game-theoretic version is
what we are focusing on in this paper.

Let us recall the principle of this game: The game is composed of three participants: the
referee and two players: Alice (A) and Bob (B). A and B are not allowed to communicate during
the game. The referee sends a binary question to each player: A receives a question z, B a
question y, with x,y € B = {0, 1}. Then, each player has to provide a binary answer to satisfy a
specific equation. A will send back a bit a to the referee, and B a bit b, without knowing what
the other player decided to play. In the original version of the CHSH game, in order to win
the game, the players must provide answers (a, b) to the questions (x,y) satisfying the following
equation:
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z-y=a®b. (1)

Despite the fact that Alice and Bob can agree, before the game starts, on a common strategy, it
is not too difficult to check that with classical resources and no communication during the game’

they can only win the game with probability prr < 0.75. However, if they are allowed to use

00 11
quantum resources, they can prepare an FPR state, |[EPR) = %, share its components,

i.e. one qubit for Alice, one qubit for Bob and then apply the following strategy when the game

starts:

o If z = 0, A measures her qubit in the Z-basis (standard basis) and returns 0 for a +1
measurement and 1 otherwise,

e If x = 1, A measures her qubit in the X-basis (Hadamard basis) returns 0 for a +1
measurement and 1 otherwise,

4+ X

V2

e If y = 0, B measures his qubit in the basis and returns 0 for a +1 measurement

and 1 otherwise,

V2

e If y = 1, B measures his qubit in the basis and returns 0 for a +1 measurement

and 1 otherwise.

This quantum strategy ensures that Alice and Bob win the game with probability poy =
cos(Z)* ~ 0.85 > 0.75.

Now, that those paradoxical features have been tested experimentally, it is natural to consider
them as resources for the development of quantum information and quantum processing. The
presence on the cloud of online quantum computers and simulators invites us to implement, test,
and generalize these types of scenarios both to check quantum properties by “experiences from
your laptop”, but also to test these early Noisy Intermediate Scale Quantum computers (NISQ)
by considering how they behave when we execute such quantum games (for NISQ implementation
of contextuality-based quantum games see also™®).

In this paper, we try to work in both directions. First, we propose an alternative method to
build CHSH-like scenarios in the three-qubit case. Then, we implement and run the game on a
real quantum computer and observe the violation of classical bounds.

In particular, we are capable of creating two distinct scenarios that admit a quantum strategy
better than any classical one, but for which the quantum resources needed for each scenario are
not the same. More precisely we find first an example of a CHSH three-qubit game where the best

1
quantum strategy is provided with a GHZ entangled state, |GHZ) = ﬁ(\000> +]111)), while
1

in our second example, the best quantum result is obtained with a W-state, |W) = 73

“We will denote those hypotheses by LR for Local Realism. When we will consider instead the hypothesis/rules
of Quantum Mechanics, we will denote it by QM.

(|001) +
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|010) + |100)). In this respect, our approach differs from® where there were no games with better
success for the W-state.

The paper is organized as follows. In Section [2] we expose our approach to generalize the
CHSH game. Our idea is to consider all possible binary equations involving 2n variables, n
variables representing a set of questions (z1,...,2,) € B™ and n variables (aq,...,a,) € B"
representing a set of answers provided by the n players. Given an entangled state as a shared
resource for the n players, one can test if for a given equation one has a quantum advantage
by testing all possible quantum strategies possible with that specific resource. For n = 3, in
Section |3] we perform an exhaustive search to find which games offer a quantum advantage
when the three players share a GHZ state. We identify 2 types of equations (games) where the
three players have a probability of winning with a quantum strategy which is identical to the
probability of winning the CHSH game with a £ PR state for the same classical bound. There are
other types of games where the advantage over any classical strategy is smaller. We also do the
search when the resource is a W state and provide examples of games where the use of a strategy
based on W beats the classical strategy and the quantum strategy obtained with a GH Z state.
In Section [4] one discusses the relation between our approach and the family of games known as
GHZ Mermin games™. In Sectionwe implement on the IBM Quantum Platform two of our new
games: one game showing an advantage using a GH Z state as a resource for the players, and
one game based on W. For each game, we prove that the experimental results produced by the
online quantum computer beat the classical bound and allow us to distinguish the two resources
according to the outcomes of the measurement. Finally, Section [f] is dedicated to concluding
remarks and possible extensions of our work.

We provide the Python source code, as well as resources and results in a dedicated repositoryf

2 Generalization of the CHSH game

In this subsection, we adapt the original CHSH game to provide a general n-player version of the
game. Our idea is, for a given n, to list all possible binary equations and compare all classical
strategies and their probabilities of winning the game to a quantum strategy based on a shared
n-qubit entangled states. We also detail the method used to evaluate and determine classical and
quantum strategies for several setups of the generalized CHSH game. As an illustrative example,
we recover for n = 2 several games equivalent to the CHSH game. Among other generalizations
of the CHSH game for n players let us mention"#*22 where the game is generalized to n players
by classes of equations, but not all of them.

2.1 Definition of the game

We denote by Aj, As, ..., A, the n-players. Each player i € [1,n] receives a question z; € B
from the referee and has to provide an answer a; € B. To win the game, the players have to
satisfy the following general equation:

flay,xa, ... xy) = glar,az,...,ay) . (2)

Yhttps://github.com/ColibrITD-SAS/publications_material/tree/main/three_qubit_CHSH_game
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with f,g : B — B, boolean functions such that each term x;, respectively a;, appears at
least one time in the expression f, respectively g (to assure that every player is fully involved in
the game).

We denote by h the strategy that the players will apply to win the game, defined as

B — B
h: {(xl,xg,...,a:n)H(al,ag,...,an) ’ (3)

which tells us what players will give as answers, depending on their questions.
In other terms, the goal of the players is to determine a strategy h that satisfies as much as
possible the equation

flar,xe,. . xn) = g(h(z1, 22, ..., 20)) - (4)

2.2 Finding the best classical strategy

In the case of a classical deterministic strategy, each player will decide in advance the answer to
give to the question he receives. Therefore, the strategy h can be decomposed as follows:

h(xl,aa, . .,a:n) = (h1(x1),h2(a:2), sy hn(xn)) (5)

with h; the strategy for the i-th player. For each player ¢, defining a deterministic strategy
requires to define h;(0) and h;(1). Therefore, we need 2n bits to encode any n-player strategy
h, and this implies a total of 22" possible classical strategies. To determine the best strategy,
we generate all of them, evaluate for each the probability of gain, and keep the strategies that
provide the best performance to the game.

2.3 Finding the best quantum strategy

In the case of a quantum strategy, the players share a n-qubit quantum state |¢,). To leverage
the advantage of quantum mechanics, |¢,,) has to be an entangled state, otherwise, we fall back
in the case of a stochastic classical strategy. Each player can manipulate his qubit by applying
unitary operations. Depending on the question one player receives, he will apply one of two
possible operations defined by his strategy. We denote by U, , the unitary gate applied by the
player i on his qubit when he receives the question z;. After all the players applied their strategy,
they measure their qubit and answer the result of the measure. We summarize this process in

Figure [T}

apply strategy measure
(T1, 22,00y Tp) — Uz, ® - Q@Unpa, |wn> — (a1,a2,...,a,)

Fig. 1. Overview of the application of a n-player quantum strategy

Any unitary operator U; 5, acting on one qubit can be parametrized by three angles 6; .,
@iz, and A; ., such that:

0; 2. i\ . 0i,x,
cos ( L’;’) —edNi=i sin ( ““)
L i,xi (Gl,wl b) (bi,mi b) )\Z7ZL)

2
ed%ie: sin (9;) ed(Biz; +Xi2,) cos (9;>

(6)
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with 7 the complex imaginary unit.

To compute the performance of a quantum strategy, one has to look at the probability
of measuring each basis state, after applying all the unitaries to the state |¢,,). For a given
question, we apply the corresponding unitaries, and we look at the analytic expression of the
resulting state. Then for each basis state, we transform it into an answer by taking its binary
notation, and we check if it satisfies the game’s equation. We do that for each basis state, and
we sum up the probabilities of winning. This gives us the probability of winning the game for a
specific question. We repeat the same process for each question, and we take the mean value of
probabilities of winning for all questions (we supposed that the questions are generated following
a uniform distribution). This gives us the probability of winning for the overall n-qubit CHSH
game.

Therefore, finding the best quantum strategy consists of finding the angles defining the uni-
taries that provide the best probability of winning. For each player, 6 angles have to be found
(three for each unitary), leading to 6n angles to optimize. We chose to reformulate the problem
into a minimization problem, where the objective function F' is defined as :

— —
F(0)=1-P(9) (7)

with 6 = (010,01,0,A1,05---+0n1,Pn1, n,1) the vector of all angles to optimize, and P
the function used to compute the probability of winning the game for the angles in parameter.
We leverage the scipy.optimize.minimize Python function for numerical optimizations, using

BFGS and Cobyla methods?#25,

2.4 Example: other 2-qubit CHSH games

In this section, we apply the method presented in previous subsections to study a more general
definition of the 2-qubit CHSH game. More precisely, we want to determine all the games (i.e.
equations) allowing the players to reach a probability of gain of (at least) | cos(%) |2 ~ 0.8536 with
a quantum strategy, and for which the best classical strategy still gives 0.75 chance of winning.

We recall that, in this context, the two boolean functions f and g defining the equation to
solve are functions from B? to B. Thus, we count 2* = 16 possible functions for each of them,
leading to a number of equations equal to 16 x 16 = 256. However, not all these equations
are useful in the context of a CHSH-like game, and we need to filter them. For that, we list
all possible combinations of f and g and only keep the ones letting all game variables z,y and
a,b appear in the equation. In the case of 2-qubits, this is equivalent to removing the constant
functions and the functions f(z,y) = z,y,7,% and g(a,b) = a,b,a, b.

We then determine the best classical and quantum strategies of these remaining games, and
only keep the ones for which quantum strategies can provide an advantage. We found a total of
16 equations providing a quantum advantage, where the user increases his probability of winning
from 2 (classical) to | cos(%)[* (quantum) (including the original CHSH game). Note that there
is no strategy with a better probability of winning. We regroup all these equations in Table [T}
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Equation
z-y=a®db
rz-y=a®db
- y=adb
z-y=adb
T-y=adb
T-y=adb
T-y=adb
T-y=a®b
r+y=a®b
rT+y=adb
T+y=adb
r+y=a®db
T+y=a®b
T+y=adb
T+y=adb
T+y=adb

Table 1. List of all equations leading to a winning probability of | COS(%) |2, for a classical maximum
at 3.
4

One can reconstruct these equations by taking the four monomials xy, 2y, Ty and T -y for
the left-hand side, and the expression a @ b for the right-hand side. This provides four different
equations. Then one can take the conjugate of the left-hand side, to generate four other equations,
take the conjugate of the right-hand side to generate four more, and take both left-hand and
right-hand side conjugates. This leads us to 16 equations in total. In the case of n = 2, our
approach didn’t produce any new game. Moreover all equations of Table [I| can be deduced from
the initial CHSH equation z - y = a @ b by using the logical conjugate z — Z. In other words,
one concludes that there is no other 2-qubit CHSH-like game with the same quantum advantage
as the original one.

3 The 3-qubit CHSH game

In this section, we propose two new, non-equivalent, versions of the CHSH game for three players.
We recall the setup of the game in the case of three qubits, and then we present our two non-
equivalent games that lead to the same quantum advantage, over classical strategies, as in the
2-qubit game.

3.1 Recalling the setup

Let us call Alice (A), Bob (B), and Charlie (C) the three players. In the literature, people have
mostly studied the 3-player adaptation of the CHSH game by playing three different original
CHSH games (A with B, B with C, and A with C) at the same time®"28, We can also mention a
variant called the GHZ-game, where, unlike our approach, the set of possible questions is selected
(see Section . Here, as explained in the general case in Section [2| the three players play the
same game, share a unique 3-qubit state, and try to satisfy the same equation.

The referee sends respectively the binary questions x, y, and z, to A, B, and C, they apply
their strategy, and they answer respectively a, b, and ¢ (see Figure . The gain is then deduced
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Referee 4

Q0
(1]

Alice Charlie

Bob

Fig. 2. CHSH game setup with 3 players: The Referee sends a question = to Alice, y to Bob,
and z to Charlie. The players win the game if and only if their answers (a, b, ¢) satisfy the binary
equation f(a,b,c) = g(z,y, z) that defines the game.

from the satisfaction of the equation of the game, which should take the following form:

f(.T, Y, Z) = g(a’ b, C) (8)

As recalled in Section[2.4] one needs to filter the useful equations among all the possible ones.
We listed all the 28 = 256 possible functions from B? to B and removed 38 non-relevant ones.
We ended up with (256 — 38)% = 47524 possible games to explore in the 3-player setup.

3.2 Reproducing original gains with |GHZ)

Each equation in the form of Equation defines a problem to solve in a CHSH 3-player game.
After studying all the possible equations, while restricting ourselves to the case where the three
players share the |GHZ) state, and computing both the best classical and quantum gains, we
particularly focus on games that provide the largest gap between classical and quantum gains.
We found out that this largest gap is obtained in the three qubit game when the probability
of winning with the best classical strategy is 0.75 and = 0.8535 for the best quantum strategy.
Note that this gap is the same as the one obtained in the orignial CHSH game.

For all useful problems, we computed the best classical and quantum strategies, looked at the
corresponding gain, and kept only the wanted ones. We counted in total 80 problems leading to
the same gains as in the CHSH game. We distinguish two types of equations as follows :
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First type : zyz+7T - y-Z2=a®bDc

9
Second type : zy+ (z D y)z=aDbdc ©)

For the first type of problem, the left-hand side is the sum (logical disjunction) of a monomial
in x, y, and z with the complement monomial (take the opposite of how z, y and z appear in
the first monomial). There exist 8 possible monomials, and thus only 4 possible pairs. The
right-hand side is the exclusive disjunction (XOR) of the three answers a, b and ¢. The quantum
and classical gains of a problem still hold if we take the negation of one of the two sides of the
equations, or both at the same time. Therefore, on the left side, if we take the negation of the 4
possible sum pairs, we have 8 possible expressions. On the right side, the exclusive disjunction
(a ®b @ c) and its negation (that can be written @ @ b @ ¢) constitute 2 expressions. Therefore,
there are 16 possible problems of the first type.

For the second type of problem, we count 64 equations in total. Starting from the 16 equations
listed in Table [2] one can take the negation of the left-hand side of each equation to generate 16
other equations. Then, one can also take the negation of the right-hand side of each of these 32
equations, retrieving all 64 equations.

Y+ (2®Y)z=adb®c | zy+ (2ByY)z2=aDbdc
2+ (x@2)y=adb®c | 2i+ (TD2)y=a®bdc
xy+(y€9z)m—a@b€9c Ty+ (P z)r=adbdc
W+ (x@®2)=adb®c | 2+ (TBY)z=aDbDc
Zz+ YD z)r=a®b®c | T2+ (TD2)zr=aDbDc
2+ (YD 2)T=adb®c |22+ YD 2)T=adbDc
2ZZ+ YD z)T=adbBc | 2+ (yd2)z=aDbdc
Ty+ (T®Y)z=adb®c | Ty+ (2@ 2)J=aDbdc

Table 2. List of 16 equations that can be used to generate all 64 equations of the second type.

We present in Table [3|an example of optimal quantum strategies for one example of each type
of equation. We first observe that, in both of these examples, the three players can apply the
same quantum strategies to reach the maximum gain. This can be explained by the symmetry
present in both equations, but also in the |GHZ) state. We also point out remarkable values for
strategies’ angles: V(i,j) € {0,1,2} xB, 0; ; =%, ¢;; =0and Vj € B, |\jo— 1| = 5.

|

Equation example | Uio | U1 | Uyo | Us 1 | Uso | Us,

TYz+T-Yy-Z2=adbdc

) 12 > 12 ) 12 ) 12 ) 12

(5.0.75) | (5.0.5) [ (505 | (.05 | 5.0.5) (07?5

)

2y+ (z®yY)z=a®bdc

(5,0, =) (S,Off’r) (5,0, =) (’2“,0,’2”) (5.0.55) | (3,0, =7)

Table 3. Quantum strategies for two different scenarios (Equations @D) of three players game
where the maximum advantage is achieved for a |GHZ) state. With the quantum strategy, the
players win with probability ~ 0.85 compared to 0.75 for all classical strategies.

3.3 Performance with |W) state

In the 3-qubit case, we know that there exist two non-equivalent classes of genuinely entangled
states!) represented by the |GHZ) and |W) states. A natural question is then to study the
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performance of the players when they share a [W) state instead of a |GH Z) one, and to compare
the corresponding gains.

We thus explored all possible equations where the classical gain is fixed to 0.75, and for
which sharing the state |W) provides an advantage. We then compute the performance with the
|GHZ) for the same game. For several equations of the same type, we retrieve the same results
with both quantum states. We report in Table [4 only a single example for each game, with the
corresponding gains for both |W) and |GHZ).

] Equation example \ gaiNclagsical \ gain‘w \ gain|G HZ) ‘
yz + xZ = abc + abc + abe 0.75 0.75442 0.69887
(zdy)z+zy=adbdc 0.75 0.77216 0.85355

z(ydz)=(adb)c 0.75 0.77523 0.80177

Tyz + xyZ = abc + abc 4 abc + abc + abc 0.75 0.77674 0.70266
(rhy)z+ay=(a®b)c+ac 0.75 0.78726 0.75

zyz + zyz = a(b® c) 0.75 0.79219 0.80177

Tyz + xyz = abc + abc + abe 0.75 0.79665 0.82766

(dy)z+rz2=adbdcC 0.75 0.80046 0.85355

Table 4. Example of equations for which the best quantum strategy with the |W) state outperform
the best classical strategy (0.75 of gain). The best quantum strategy with |GH Z) is also presented
to compare.

In most cases listed in the table, sharing a |GH Z) state allows the players to reach a higher
gain than with the |W) state, while still outplaying all classical strategies with both states.
However, for some games, at least three of them, |IW) shows better performance than |GHZ)
state, with |GHZ) providing a gain that is lower or equal to the classical gain. This allows one
to detect a |[W) state by detecting a violation of the classical upper bound and thus provides a
way to characterize and differentiate between 3-qubit genuine types of entanglement.

Equation example Ui Ui
(2.3177324,0, =27=2) | (2.3177324,0, ==2)
Uz 0 Us1
xyz +T Y- Z = abc + abc + abé + abe | (0.8238602,0, T=2) (—0.8238602,0, ==2)
Us,o Us1
(0.79655904, 0, ==2) | (—0.79655904, 0, ==2)

Table 5. Quantum strategies for three players game where the maximum advantage is achieved
with a |W) state. With the quantum strategy, the players win with a probability ~ 0.78726
compared to 0.75 with |[GHZ) state and all classical strategies.

4 Connection with Mermin’s inequalities

The CHSH game was first introduced as a possible experimental protocol to test Bell’s inequal-
ities. In this section, we would like to recall the connection between Bell’s operators and the
CHSH game and show how our approach differs from another possible generalization known as
the GHZ-game?1%,



Hamza Jaffali and Frédéric Holweck 447

Recall the following expression of Bell’s operator:

Z+X Z+X Z-X Z-X

From the rules of Quantum mechanics, a straightforward calculation shows that,

(B)ippr) = 2V2. (1)

B=Z(

However, as proven by Bell4, any LR theory attempting to assign pre-definite values to the
Z+X Z-X

observables Z, X, + ,

V2

Bell’s inequalities can be stated as:

would lead to another value bounded by 2. More precisely

VM =22

bLR =92 (12)

(B) < b where {
One recognizes in Eq. the four observables that define the four experimental settings in the
CHSH protocol. To emphasize the connection between Bell’s operator and the CHSH game, let

us recall that for instance when both players Alice and Bob get the question £ = y = 0 they
Z+ X

perform the experiments corresponding to the monomial Z ® . In this case, they win the

game if they both send the same answer to Charlie, i.e. the result of the two measurements
is +1 (either they measure (1,1) and send (a,b) = (0,0) or they measure (—1,—1) and send
(a,b) = (1,1)). If one denotes by p the probability of winning the CHSH game in this case, i.e.
of measuring +1 for this specific monomial one has

Z+X

Ixp—1x(1-p) ={(Z® 7

). (13)

With the FPR states it leads to
Z + X> _ L

p = cos?(%) as claimed by the CHSH game (similar

w-1=(Z® (14)

1
In oth d; = -
n other words p 2+2

1.
W’ ie.
calculation leads to the same conclusion in the three other cases).

Bell’s inequalities can be generalized to n > 3 by the so-called Mermin’s inequalities2%3,
Mermin’s inequalities are based on Mermin’s operators that are defined inductively for any n
and contain Bell’s operator as a particular case. According to the inductive process defined by

Mermin, for n = 3, a Mermin operator has the following form:
Ms=01000200031+01,000210030+011 ®0200030—01,1 ®021 037, (15)

where O; o and O; ; are two distinguished one-qubit observables.

Like Bell’s operator, there are inequalities associated to Mermin’s operators depending on
the description of reality that is chosen. For n = 3 one gets:

pOM — 4

(M3) < b where { pLR _ 9 -

(16)
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However, unlike Bell’s operator, the three-qubit observables involved in Ms are all mutually
commuting. Therefore there exists a common eigenstate. More precisely if O, = X and
Op1 =Y, for k=1,2,3, then the GH Z-like state

1
V2

is an eigenvector of eigenvalue +1 for X@ XY, XY ®X,Y ® X ® X but —1 for the observable
Y ®Y ®Y leading to (the maximum) value:

|GHZ;) = (1000) + j [111))

(M3)\grz,) =4

Based on Mermin’s polynomial M3 one can derive a three-player game known as the GHZ
21 Tn this game, the referee sends his questions (x,y,z) € {0,1}® to Alice, Bob, and
Charlie but one assumes that the number of 1 in each triplet sent is odd (i.e. one only consid-
ers the set of questions S = {(0,0,1),(0,1,0),(1,0,0),(1,1,1)}. To win the game the answer
(a,b,c) € {0,1}3 of Alice, Bob and Charlie should satisfy

game

a®bdc=uxyz.

Now the fact that |GHZ;) is an eigenvector of the observables involved in Ms implies that a
quantum strategy consisting of measuring |GHZ;) in the X-basis for question 0 or in the Y-
basis if the question is 1 will be successful with probability one for the set of question S. Indeed
compared to Eq we have this time

Let us remark here that |GHZ;) is not an eignevector for the M} operator i.e. the one obtained
from M3 by switching the role of O; ¢ and O; 1,

M,=XY®Y+YXY+YRY X -XX®X, (18)

and thus a quantum strategy defined by Mj for the quantum resource |GH Z;) would not
have any advantage compared to a classical strategy.

This detour by the GHZ-Mermin games is useful to emphasize what is different in our ap-
proach. First because one considers all possible questions in our setting, the corresponding oper-
ator would be made of 8 monomials, or in other words, one considers the operator M = Mz + Mj.
Those 8 monomials operators do correspond to two sets of 4 mutually commuting ones. More
precisely one has two sets:

S1={010® 020 ® 031,010 ® 021 ® 030,011 ®020® 030,011 @021 @031}

and So = {011 @021 ® O03,0,01,1 ® O20® 031,010 021 @ 031,010 020 ® O30}

And our quantum resource, |GHZ) or |W) are neither an eigenvector of the first or the second
set but roughly speaking the best candidate to maximize the expectation of a combination of
those two sets.
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Let’s be more specific: if one considers the two games provided by Table 3| that we discovered
by our approach, then one can define for both games the following polynomial operator

Ty = Ms — M}, (19)

with O; ¢ and O;; as in the Table 3] Then a quick calculation shows that
(Tv)\crz) = 4V, (20)

which by construction should be an upper bound. Indeed the fact that |GHZ) is the resource
that provides the maximum winning probabilities for the equation that defines the game implies
that it also achieves the maximum of (T37). Note that the classical bound for this operator is 0.

Now if one looks at the W-game provided in Table [5] then one can show that the operator
associated with our strategy is:
Ty = M3 + Mg/, (21)

A straight calculation shows that (T3) |y ~ 3.7922.

It is interesting to point out here that our approach based on an exhaustive search of binary
games with a quantum advantage has led us to the expression of operators T7 and T3, defining
Bell-like type inequalities but for different resources. Let us mention here that, from a different
perspective, other new types of Bell’s inequalities with peculiar properties are derived in4 from
CHSH-like games.

5 Playing the three-qubit CHSH games with a quantum computer

In this section, we propose to play two of our different 3-qubit CHSH games on real quantum
devices. The first motivation is to observe the violation of classical bounds by playing our
adaptation of the CHSH games. The second one is to assess the performance of the quantum
protocol in a noisy setup and on a real quantum device. We selected two different games, one
where the |GHZ) state provides an advantage over the classical gain, and a second where the
|W) beats the classical limit and reaches a higher score than the |GHZ) one. In both settings,
the classical bound is beaten by the quantum strategies in agreement with the theory. In the
second setting, our game allows us to distinguish between the |GHZ) and the |W) state.

5.1 First experiment

The first game we play is defined by Equation , and corresponds to the second type of
equations presented in Equation @D Recall that, in that case, one can outperform the best
classical strategy (0.75 of gain) with a quantum strategy given in Table |3| involving the |GH Z)
state (0.8535 of gain).

ry+(x@y)z=adbd®c (22)

To play the game, we first generate the |GHZ) state by applying a Hadamard gate on the
first qubit and a cascade of CNOT gates. Each player then applies a unitary transformation on
his qubit, depending on the received question, with angles determined in previous sections. Each
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0
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C) U37z

Fig. 3. Quantum circuit used for applying the quantum strategy. The optimal angles of the local

unitary transformations depend on the question sent to the players and are reported in Table E|
(second line).

N

A
\

qubit is then measured in the computational basis and the result is returned to the referee. The
executed circuit is represented in Figure

We execute the game on the 5-qubit IBM_LAGOS device. We report in Figure [ the percent-
age of gain for each question, in the form of a histogram, for both best classical and quantum
strategies. We first observe that the classical strategy is either completely winning or losing de-
pending on the question asked. We also remark that every percentage of quantum gain for each
question is higher than the classical limit of 0.75. Finally, we clearly observe that the quantum
strategy with shared |GHZ) state provides an advantage over the best classical strategy.

. Quantum
B Classical

=
=
I

= < o=
. o oo
| 1 1

Percentage of gain

o
[}
1

0.0 -

000 001 010 011 100 101 110 111
Question xyz

Fig. 4. Histogram of the percentage of victory as a function of the question z, y, z sent to the three
players. In green is the percentage of victory when using the quantum strategy of the second line
of Table In purple a classical strategy that achieves the maximum bound of 75% of victory. The
dashed line represents the average victory. The experiment was performed on IBM_Lagos with
10,000 shots on February 21, 2023.
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5.2 Second experiment

For the second experiment, one considers the game where the players Alice, Bob, and Charlie win
whenever their answers (a,b, c) € By satisty the following Equation for a choice of question
(x,y,2) € Ba.

ryz +T -7y - Z = abc + abc + abe + abe. (23)
This equation is nothing but the equation of Table [5| where there is a strategy that achieves

the optimal advantage using a |W) state.

Like for the first experiment, one needs to prepare our entangled quantum resource, i.e. the
|W) state and then for each player performs the unitary corresponding to the measurement the
player has to perform for each question x,y or z (see Figure [5)).

Ry ()
[H | ——® Uay
&

Fig. 5. Quantum circuit modeling the strategy: generating the |W) state, applying the local

rotations, and then measuring, with ¢ = 2 arccos % s

We ran this game on the 5-qubit IBM_LAGOS device. Figure[f] presents our result in the form
of a histogram comparing the percentage of victory when playing the game with a |W) state and
with a |GHZ) state. For one half of the question, the best strategy with the |GHZ) beats the
best strategy with |W). But on average, the percentage of win is higher with |[IW) and beats the
classical bound of 75%. In this experiment, the use of the online IBM quantum computer shows
again that the classical bound can be violated with a quantum strategy but it also allows us to
distinguish |W) from |GHZ). Indeed one knows that for this game the maximum probability of
winning with a |GHZ) strategy is the same as with the best classical strategy. The fact that
one wins with a percentage of 76% shows that the state used as a resource can not be |GHZ).
Besides, with the presence of noise, one only wins with a percentage of 72.3% gives us a worse
gain than the one we can obtain with the best classical strategy.

6 Conclusion

In this article, we investigated the idea of generalizing the CHSH game from the perspective
of the different types of binary equations that can be advantageously solved by players using
an entangled state. Our approach shows that for two-qubit games there are no other equations
than the original equation a & b = z.y for which sharing an EPR state provides a quantum
advantage. However, once we consider three-player games, one can find non-equivalent games,
i.e. non-equivalent binary equations, for which there is a quantum advantage in using genuine
three-qubit entangled states. To illustrate this, one selected two non-equivalent games using
the three-qubit entangled state |GHZ) as the optimal resource and one game using the state
|W) as the optimal resource. These last three games were experimentally implemented using an
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Fig. 6. Histogram of the percentage of victory as a function of the question z,y, z sent to the
three players. In green is the percentage of victory when using the |GHZ) state as a quantum
resource. In blue the quantum strategy involving the |WW) state surpasses the maximum bound of
75% of victory. The dashed line represents the average victory. The experiment was performed
on IBM_Lagos with 20,000 shots on February 21, 2023.

online quantum computer. We showed in particular that those experiments exhibit the quantum
advantage of the games and allow us to distinguish the |GHZ) and |W) states from each other.
In this respect, it confirms the potential of the application of quantum games to self-testing and
device-independent quantum computing222427,

The explicit enumeration of binary equations, and their test as a support of a quantum
strategy based on a given quantum resource, could be used to explore also four-qubit games
and/or games based on two or three-qutrits. In the four-qubit games, this could shed some new
light on the question of the four-qubit classification@ #1617 Those games are all related to some
Bell-like inequalities that can be expressed in terms of operators (as discussed in Section. But
starting from a naive enumeration of all binary equations could bring interesting perspectives
in terms of applications of quantum games. Indeed most of the future applications of quantum
information are unknown today and we believe that the elementary formulation of the quantum
games in terms of binary equations to solve could more easily be translated to other fields for
potential applications.
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