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Quantum computing is carried out based on the working principles of quantum mechan-
ics. Current 2-dimensional quantum computing techniques face major problems such
as noise and information capacity. As such, high-dimensional quantum computing is
leveraged to solve these problems. This study attempts to approximate the pi number
through the multi-global and single-global Quantum Phase Estimation (QPE) algorithms
in high-dimension. This study reveals that pi can be calculated by using fewer quantum
resources in high dimension with at least equal or higher precision than that obtained
by 2-dimensional QPE. In addition, when the number of qudits or the number of dimen-
sions is kept constant, the multi-global QPE in high dimensions yields at least equal or
better results than the single-global QPE. All calculations performed in this study are
implemented on Cirq.
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1 Introduction

Numerical approximation calculations are one of the mathematical methods to calculate the
approximate value of a number [1, 2]. These calculations are based on the iterative approach
of a set of operations depending on the input parameter that changes at each step to the value

“Corresponding author. E-mail: osman.semi.ceylan@gmail.com

425



426  Estimating pi using high-dimensional single and multi-global Quantum Phase Estimation algorithm on Cirq

to be approximated. Examples of these calculations were previously performed by Newton-
Raphson [3], Divide and Conquer [4], Convergent Series [5], and Monte-Carlo [6]. These
algorithms are widely applied in different areas such as engineering, finance, statistics, and
physics [7, 8]. These convergence methods and their variations are encoded as algorithms that
can be run by semiconductor-based processors, which developed rapidly in the 20th century,
or today’s classical computers [9]. Numerical solution methods are also encoded in devices
known as quantum computers [10].

Quantum computers are devices that can perform calculations using quantum mechanical
principals such as superposition and entanglement. The idea of such a device was origi-
nally put forward by Richard Feynman [11]. Later based on his idea, experimental quantum
computers were developed [12, 13, 14, 15]. The superiority of quantum computers over the
classical ones in performance criteria, including speed in running an algorithm, storage, and
security, has been proved by Grover Search Algorithm [16], Deutsch [17], Deutsch-Jozsa [18]
and Shor’s prime factorization [19] algorithm. The superiority of quantum computing [20] has
been shown also by Google. Most of the studies above presented quantum bit “qubit-based”
computing in 2-dimensions. The limitations of today’s technologies cause great challenges in
obtaining both noise and information capacity in qubit-based computations.

Quantum digits (d > 2)—qudits are high-dimensional unit of quantum information. High-
dimensional computation allows to store more information, reduce the complexity of the cir-
cuits used, increase the efficiency of the algorithms, and produce less noise [21, 22, 23]. The
advantages that come with high dimension also boost the improvement of the application
areas of quantum technology. For example, photon [24], nuclear magnetic resonance [25], ion
trapped [26] based quantum computer types can also perform high-dimensional computation.
Using these means of high dimension, Deutch-Jozsa, Berstein Vazirani, Grover Search Algo-
rithm [21], Shor’s algorithm [27] and multi-target Grover Search Algorithm [28] were adapted
to high dimension. Further, the advantages of high dimension are also applicable to quantum
key distribution devices [29, 30, 31, 32, 33, 34, 35]. Teleportation, which is one of the key
techniques of quantum computing, has been adapted to high dimension too [36, 37, 38, 39, 40].
The Quantum Fourier Transform has been similarly adapted to high dimension [41, 42, 43].
The advantages of the high-dimensional computation are also evident in the calculation of
the pi number.

The Quantum Phase Estimation (QPE) algorithm [44], which is significant for quantum
computing such as Order finding [44], Shor’s algorithm [19] for finding the prime factors, is
used to estimate the phase of an eigenvector of a unitary operator. It has not been previously
possible to acquire the digits of the pi number after the comma with high precision by using
the QPE algorithm in 2-dimension systems [45, 46] due to the number of qubits are limited in
the current quantum computer architecture. Different methods other than the QPE algorithm
are used to approximate the pi number based on quantum computing [52, 53].

Our motivation in this work is to examine how effective the advantages of high-dimensional
quantum computing will be in overcoming the difficulties in calculating pi with accuracy. In
this study, we reveal that it is possible to reach the pi number with higher precision by using
the d-dimensional QPE algorithms such as single and multi-global phase. The results obtained
(please see Table 1) show that using high-dimensional quantum computing, the number pi can
be calculated with both high precision and using less quantum resources. Also, all calculations
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are experimentally, implemented on Cirq [47].

This paper is outlined as follows: Section 2 presents the preliminaries and Section 3 and 4,
respectively, offers the results of implementation with single and multi-global QPE algorithms
used to estimate the pi number with high precision. Section 5 concludes with the comparison
of the results of implementation by table. Some remarks are offered in Section 6.

2 Preliminaries

Qudits mathematically express a quantum state in the d-dimensional complex Hilbert space
(H) [48]. The orthonormal d-dimensional bases are as follows: |f)q € {|0),[1), ... ,|d — 1)}.
A d-dimensional quantum state is defined as below:

d—1

[¥)a = axlk) € H™. (1)

k=0

The eigenvalues of the vector |1)4 which describes this quantum state in d-dimension, are:
a € {ag, a1, ... ,aq—1}. As the eigenvalues are considered as Gaussian probabilities in 2-
dimension quantum systems, the eigenvalues must satisfy the equation that is the sum of
their conjugate products:

T
L

AL Oz,t =1. (2)
0

b
Il

Where * refers complex conjugate. Unitary transformations, also known as the d-dimensional
Weyl operators [49, 50], are expressed as follows:

Ze T (k + q)mod d)(k|, p,q € [0, d—1]. (3)

Using Weyl operators, it is possible to obtain the high-dimensional equivalents of quantum
transformations known in 2 dimension. As an illustration, the following matrices are used for
the NOT (X) transformation in 3 dimension:

0 0 1 0 1 0
Up=X=[1 0 0], Up=X*=[0 0 1]. (4)
0 1 0 1 0 0

The general phase transformation required for the high-dimensional QPE (HD-QPE) algo-
rithm used in this study is as follows in d-dimension:

diag(Z®) = (1, w, &*, ..., "1, (5)

27mi

where w = ed .

The d-dimensional formula of the effect of the Quantum General Fourier
Transform (QGFT) algorithm used in this study on an n qudit |j) state is as below:

1 N-1
27r1
Fd.N)lj) = = >0 ¥ k), N =, 0
k=0
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where j € {0, N—1} [42]. Using equation (6), it is possible to obtain the following generalized
Hadamard transform, which is used to generate superposition in quantum computing when
the number of qudits is n = 1:

d—1
HUY) = P d)lj) = = Y-k, g
k=0

3 Estimating pi number on d-dimensional using single-global QPE algorithm

Quantum computing makes it possible to calculate approximate values in quantum computers,
similar to the behavior of numbers in modular arithmetic [51]. In the Hilbert-Schmidt space,
when a phase transformation is applied to the qubits in superposition state, vector amplitudes
are transformed into a series. These phase transformations, which are proportional to the
amount of convergence, are achieved by successively applying quantum gates to the quantum
state. Such calculations can be performed on quantum computers [45, 46, 52, 53].

The superior computational ability of quantum computers due to the superposition prin-
ciple renders it possible to calculate the pi number, which is an irregular number, with higher
precision. No previous study in the relevant literature has attempted to calculate the pi
number in high dimension. Also, thanks to the advantages of high-dimension computing,
approximation of the pi number is more advantageous in high-dimension than in the classical
approach and the qubit-based approach.

=
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Fig. 1. High-dimensional QPE algorithm circuit used to converge to the pi number containing
n + 1 qudits in d-dimension.

The circuit with n + 1 qudit in d-dimension, 1 of which is ancilla qudit, given in Fig.
1, contains the steps of state prepair, amplitude phasing, Inverse QFT and measurements.
Using this circuit with the following initial state:

[inie) = [0)5™ (8)

the convergence algorithm to the pi number takes place in V steps.

Step I (State Prepair): Initially, using the generalized Hadamard gate obtained through
the equation (7), the eigenvectors of n qudits are converted into the superposition state with
equal amplitude, and the ancilla qudit is put into to the |Anc)y = |1) state using the gate
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U¢, given in the equation (4):

N—1
[sp) = (HYE™ U, [thinae) = Tlﬁ > lhea) I (9)

Step IT (Amplitude Phasing): This step involves using the global phase multiplier
of the ancilla qudit to obtain a sequential series specific to the value of approximation to
the quantum state amplitudes. The Amplitude Phasing (AP) transformation that must be
calculated for approximation of the pi number in this step underlying the HD-QPE algorithm,
is as follows:

mAP;{H-l — diag(1, Xlm@=D+0-5)] =11 =142

1, elm(d=1)+(1=5)] RICERS RICESIES

0(d=1)+(d~2)

A Gl

1, et DImd=D+0=s)] o(nt1)(d=1)+1 (nt1)(d=1)+2 n+1)(d*1)+(d*2))_

(10)

When m € {0}, this produces a single-global phase variant; when m € {1}, this creates a

multi-global phased variant. The decomposition of this transformation includes symmetri-

cal repetitive Multi-valued Controlled Phase gates (MVCZ). These gates are the generalized

form of conventional controlled gates that can perform multiple checks and apply quantum
transformation on target qudits, and are shown on the circuit in the figure below:

el

(,2,...,d1) @, .., d1) (d-1)
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Fig. 2. The amount of conversion in radians and the position in the circuit of the MVCZ gates
required for the approximation of the pi number, which forms the step of amplitude phasing for
the d-dimension and n qudits.

Fig. 2 shows the sequential implementation of the MVCZ gates on the ancilla qudit.
The index of the control qudit determines the number of the general phase gates that must
be applied to the ancilla qudit, which is the target of these gates, in radians. At the end
of this step, the quantum state expressing the sequential series in the phase space for the
approximation of the pi number is as follows:

N-—1
Wap) = "APL, | [sp) = Tlﬁ S eklk@) [1), m =0 (for HD-QPE). (11
k=0

Step IIT (Inverse QFT): The Inverse Quantum Fourier Transform (IQFT) is a trans-
form for calculating periods, as Shor [19] utilized in his prime factorization algorithm. This
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study outlines the period for the state [)4p) using the generalized IQFT in d-dimension [21].

Step IV (Measurements): In d-dimension, the measurement operator measures the
probability that a selected basis vector in the complex Hilbert space, as in the 2-dimension
system, is found in areas equally divided by the number of dimensions. The positive-valued
measurement operators in d-dimension are as follows: POVMY € {[],, [, ..., [[} the mea-
surement result of a qudit is in the range [0, d — 1]. The measurements step of this study
measures all the qudits [0, n—1], except the ancilla qudit, based on this principle. This results
in Mg), which refers to the countable period of the eigenvectors forming the quantum state.

Step V (Post-processing): In this study, the measurement results represent the period
in the range of [0, d") € N, which depends on the size and the number of qudits. The study
performed in 2 dimensions obtains the equivalent of this period in the interval [0, 1] through
the calculation of the ratio of the period to the outcome space using the following equation
[45]:

M
o~ Mo, (12)

Since d" is calculated in decimal base in equation (12), the change of base from M) =
M1y is required at the end of the measurement. As can be seen in equation (12), 6 is inversely
proportional to d". Since the measurement result M4 represents the period of one complete
revolution on the unit circle in the phase space, the angular frequency w = 276 ~ 1 must be
satisfied. Through this equation, the following equation expressing the approximation of the
pi number is obtained:

1
T g (13)
The implementation of the quantum circuit required for the approximation of the pi num-
ber with d = 4 dimensions and n = 4 qudits, using the HD-QPE algorithm, on Cirq is shown
in the figure below.
Using the result of Mg = 41 obtained in Fig. 3(b), the value of approximation to the pi
number is acquired from the following calculation:

0= e 0.16015625 L _ 3.12195121951 (14)
=ua=0 , g =3 .

The figure below presents the approximation errors at the logarithmic scale level related
to the solution of the approximation of the pi number through the HD-QPE algorithm for
n = 4,5,6 qudits by different dimensions.

As can be seen from Fig. 4, as the number of dimensions increases, the precision at which
the approximation of the pi number is performed increases. For example, the implementation
result (blue-colored line) with n = 6 qudits shows that a consistent approximation can be
obtained to the pi number in 2 dimensions up to 1 digit, and in 9 dimensions up to 4 digits.

4 Estimating pi number on d-dimensional using multi-global QPE algorithm

A quantum state in high dimension may have more than one global phase, unlike traditional
2-dimension systems. It is possible to rewrite equation (1) considering the phase eigenvalues
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Fig. 3. (a) The approximation circuit of the pi number for d = 4 dimensions and n = 4 qudits
using the HD-QPE algorithm. (b) The implementation result of the approximation of the pi
number using the HD-QPE algorithm for d = 4-dimensional and n = 4 qudits (shot number is set
8192).

as follows [54]:
d—1

[V)a = Ze%k a k) € C. (15)
k=0

Where C' refers set of complex numbers. As equation (15) shows, the eigenvalues of a qudit
in d-dimension has d — 1 global phase, factors. Activating these phases through the HD-QPE
algorithm, one can obtain the multi-global QPE algorithm (HDM-QPE). Using the HDM-
QPE, it is possible to make the approximation of the pi number with higher precision. To
achieve this, if the following matrix transformation for the ancilla qudit, instead of Ugl, is
employed in the step of state preparation:

0o 1 1 1 1
1 0 0 O 0
AncGate? 1 1 0 0 O 0 16
ncGate” = ,
=1 |1 0 0 0 0 (16)
1 0 0 0 ... O
the following state of the ancilla qudit for preparing the multi-global phases is obtained:
=
|Anc) = —— |k). (17)
VT

This is an equal amplitude superposition state that does not contain only the |0)4 eigenvector.
The resulting quantum state in equation (17) is in the following form, instead of equation (9)
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Fig. 4. The approximation errors at the logarithmic scale level related to the solution of the
approximation of the pi number through the HD-QPE algorithm for n = 4,5, 6 qudits by different
dimensions.

in the HD-QPE:

N— d—1

[sp) = ()" AncGate” [yi) = ———me 3 lha)- 219 (19

k=0 s=1

—

Another key difference in the multi-global phased method is that the amount of phases of
the MVCZ® gates applied to the ancilla qudit is d — 1 times more. The resulting quantum
state is expressed as follows instead of equation (11) in the HD-QPE:

d—1

N-1

1 1

[Yap) = "APL, | |Ysp) = —— > el R kg) Y e |s), m =1 (for HDM-QPE).
VN Vd -1 k=0 s=1

(19)
A second difference of the implementation in the HDM-QPE compared to the HD-QPE is
that IQFT and measurement operator are applied to the ancilla qudit as well. Because of
such measurement, the possible outcome space expands d times. For this reason, the value 6
in equation (12) must be recalculated in the step of post-processing using the following:

My
- dn+1 .

0 (20)
Due to the expanding outcome space, the HDM-QPE implementation can perform approx-
imation with at least equal to the pi number calculated or with higher precision using the
equation (13) compared to the HD-QPE.

The figure below shows the quantum circuit required for the approximation of the pi
number with d = 4 dimensions and n = 4 qudits, using the HDM-QPE algorithm on Cirqg.

Based on the result obtained in Fig. 5(b), Mo = 163, the approximate value of the pi
number is obtained through the following calculation:

163

1
0= T = 0.1591796875, m ~ %% = 3.14110429448. (21)
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Fig. 5. (a) The circuit for the approximation of the pi number using multi-global phase for d = 4
dimensions and n = 4 qubits. (b) The result of the implementation of the approximation of the
pi number using the HDM-QPE algorithm for d = 4 dimensions and n = 4 qubits (shot number is
set 8192).

The figure below presents the approximation errors at the logarithmic scale level related to the
solution of the approximation of the pi number in single and multi-global phases for n = 4,5, 6
qudits by different dimensions.
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Fig. 6. Comparison of the approximation errors at the logarithmic scale level related to the
approximation of the pi number obtained through the implementation of the HD-QPE and HDM-

QPE algorithms for n = 4,5,6 qudits and d = 3,...,9 dimensions.

Fig. 6 comparatively shows the error values on a logarithmic scale, where the pi number
is approximated at least equal or higher precision while using the HDM-QPE algorithm,
instead of the HD-QPE algorithm, when the number of qudits (or number of dimensions)
is held constant. For example, the implementation of the HD-QPE algorithm for n = 6
qudits (the blue solid line) results in a consistent approach to the pi number by 4 digits for
d = 9 dimensions, whereas the implementation of the the HDM-QPE algorithm results in a
consistent approach to the pi number by 6 digits in the same dimension when applied on Cirq.
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5 Discussion

The ability to store more information using less quantum resources and to have d — 1 global
phases in high-dimensional computing allows the QPE algorithm to be performed more effi-
ciently. As the presence of d—1 global phases in the d-dimension allows better approximation
to phase estimation in the QPE algorithm. That said, this study leverages the HD-QPE
and HDM-QPE algorithms specifically to approximate the pi number with high precision in
high-dimensional quantum computing.

Table 1. Results of the implementation of the pi number on Cirq® for d = 2 [45, 46] and d = 3,...,9
dimensions and different numbers of qudits. The number that represents the pi is considered to
be pi = 3.1415926535897932 in the table.

Dim (d) ‘ Qudits(n) Single-phase || Multi-phase |e] ‘ Qudits(n) Single-phase |e| Multi-phase |e|
& 4.000000000000000 — 8 3.121951219512195 —
2 4 2.666666666666667 — 9 3.160493827160493 —
5 3.200000000000000 — 10 3.141104294478527 —
6 3.200000000000000 — 11 3.141104294478527 —
7 3.200000000000000 — 12 3.141104294478527 —
3 3.375000000000000  3.115384615384615 | 8 3.142241379310344  3.141238429620172
3 4 3.115384615384615  3.115384615384615 | 9 3.141238429620172  3.141572675037241
5 3.115384615384615  3.142241379310344 | 10 3.141572675037242  3.141572675037241
6 3.142241379310344  3.142241379310344 | 11 3.141572675037242  3.141609817807781
7 3.142241379310344  3.142241379310344 | 12 3.141609817807781  3.141597436786682
3 3.200000000000000  3.121951219512195 | 8 3.141706615532118  3.141556013613920
4 4 3.121951219512195  3.141104294478527 | 9 3.141556013613920  3.141593662739834
5 3.141104294478527  3.141104294478527 | 10 3.141593662739834  3.141593662739834
6 3.141104294478527  3.141104294478527 | 11 3.141593662739834  3.141592486190990
7 3.141104294478527  3.141706615532118 | 12 3.141592486190990  3.141592780328118
3 3.125000000000000  3.156565656565656 | 8 3.141587582435258  3.141597688910049
5 4 3.156565656565656  3.143863179074446 | 9 3.141597688910049  3.141593646312330
5 3.143863179074446  3.141334941696823 | 10 3.141593646312330  3.141592837794034
6 3.141334941696823  3.141587582435258 | 11 3.141592837794034  3.141592676090425
7 3.141587582435258  3.141587582435258 | 12 3.141592676090425  3.141592659920065
3 3.176470588235293  3.145631067961165 | 8 3.141594873540601  3.141592914836509
6 4 3.145631067961164  3.140549273021001 | 9 3.141592914836509  3.141592588386064
5 3.140549273021001  3.141395098303258 | 10 3.141592588386064  3.141592642794467
6 3.141395098303259  3.141606625816443 | 11 3.141592642794467  3.141592651862534
7 3.141606625816443  3.141594873540601 | 12 3.141592651862534  3.141592653373879
3 3.118181818181818  3.142670157068062 | 8 3.141591198663320  3.141592666130632
7 4 3.142670157068062  3.141495327102803 | 9 3.141592666130632  3.141592666130632
5 3.141495327102803  3.141663106173894 | 10 3.141592666130632  3.141592656147857
6 3.141663106173894  3.141591198663319 | 11 3.141592656147857  3.141592653295635
7 3.141591198663320  3.141591198663319 | 12 3.141592653295635  3.141592653499365
3 3.160493827160493  3.141104294478527 | 7 3.141593662739834  3.141592486190990
8 4 3.141104294478527  3.141706615532118 | 8 3.141592486190990  3.141592633259547
5 3.141706615532118  3.141556013613920 | 9 3.141592633259547  3.141592651643118
6 3.141556013613920  3.141593662739834 | 10 3.141592651643118  3.141592653941064
3 3.142241379310344  3.142241379310344 | 7 3.141593309801335  3.141592851248077
9 4 3.142241379310344  3.141572675037241 | 8 3.141592851248077  3.141592647446672
5 3.141572675037242  3.141609817807781 | 9 3.141592647446672  3.141592653107822
6 3.141609817807781  3.141593309801335 | 10 3.141592653107822  3.141592653736838

As Table 1 shows, as the number of dimensions increases, the precision at which the
approximation of the pi number can be performed increases. Also, when the number of the

b As there is no real quantum computer currently available that performs quantum computing in high dimen-
sion, the inability to compare the simulation results performed on Cirq with the results obtained by a real
quantum computer seems to be a disadvantage.
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single-global phase in the HD-QPE algorithm is increased to the multi-global phases and the
number of qudits and dimensions is held constant, the approximation of the pi number takes
place at least equal or higher precision on Cirq. Comparing equation (14) in the HD-QPE
and equation (21) in the HDM-QPE, this study reveals that the HDM-QPE implementation
achieves approximation of the pi number with higher consistency by 1 digit for the same
number of dimensions and qudits. To illustrate in the table, the approximation of the pi
number is consistently by 9 digits after the comma for d = 9 dimensions and n = 9 qudits,
through the HDM-QPE algorithm. If we compare our results with the results of [45, 46]
we have demonstrated that pi is approached equal or more precisely by using less quantum
resources.

6 Conclusion

Quantum computing in high dimension has been attracting more and more attention these
days thanks to its advantages including its ability to store more information using less qudits,
to reduce the circuit complexity, to offer an increased efficiency of algorithms, and to reduce
sensitivity to noise [21, 22, 23].

In this study, HD-QPE and HDM-QPE algorithms are implemented by using single and
multi-global phase in d-dimension for estimating pi. This study concludes that pi can be
approximated by using fewer quantum resources in high dimension with at least equal or
higher precision than that obtained by 2-dimensional quantum computing. Also, when the
number of qudits or the number of dimensions is kept constant, it is seen that the multi-global
phase in high dimensions yields at least equal or better results than the single global phase.
Lastly, proposed methods in this study which calculate the pi number with high precision
may benefit the solutions of a lot of problems from cosmology to corrections in navigation to
all sort of engineering problems, and so forth.
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