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Interacting particle systems studied in this paper are probabilistic cellular automata with
nearest-neighbor interaction including the Domany-Kinzel model. A special case of the
Domany-Kinzel model is directed percolation. We regard the interacting particle system
as a Markov chain on a graph. Then we present a new quantization of the interacting
particle system. After that, we introduce a zeta function of the quantized model and
give its determinant expression. Moreover, we calculate the absolute zeta function of the
quantized model for the Domany-Kinzel model.
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1 Introduction

The interacting particle system (IPS) considered here is the probabilistic cellular automaton
(PCA) with nearest-neighbor interaction on Py = {0,1,..., N — 1}. There are two states
“0” or “1” at each location. Let n(x) € {0,1} be the state of the location = € Py, i.e.,
x=0,1,...,N — 1. The set of configurations is {0, 1}¥~ with 2V elements. For example, if
N = 3, then a configuration (1,0, 1) € {0, 1}*s means that the state“1” at location 0, the state
“0” at location 1, and the state “1” at location 2. In other words, (n(0),n(1),n(2)) = (1,0, 1).
Remark that we sometimes abbreviate 101 instead of (1,0, 1). The IPS includes the Domany-
Kinzel model (DK model) determined by two parameters p and g with p, ¢ € [0,1], which
was introduced in [1]. A special case of the DK model is directed percolation (DP). It is also
called oriented percolation. Then bond (resp. site) DP is defined by ¢ = 2p—p? (resp. q = p).
As for DP, see [2, 3, 4], for example.

Let G = (V(G), E(G)) be a graph, where V(G) the set of vertices and E(G) is the set of
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nonoriented edges uv joining two vertices u and v. One of the typical quantum walks on G
is considered as a quantization of the random walk jumping to one of the nearest-neighbor
vertices, see [5, 6, 7], for example. In the present paper, we propose a new quantization of
our IPS on a graph G by regarding a configuration in {0, 1}~ as a vertex in G. Then the
IPS can be considered as a Markov chain on a graph G, where G = GM UG®), ie., G is a
disjoint union of G and G®. Concerning V(G®) (i = 1,2) for N > 2, we put

V(GW) = {sg %1 ...%xy_20 | % €{0,1} (k=0,1,...,N —2)},
V(GP)={xg %1 ...%xy_21 | % €{0,1} (k=0,1,...,N —2)}.
For example, if N = 2, then
V(GW) ={00,10},  V(GP)={01,11},
and if N = 3, then
V(GM) = {000,010,100,110},  V(G?®) = {001,011,101,111}.

Thus we see |[V(GMW)| = |[V(GP))| = 2N~ where |A| is the number of elements in a set A.
Moreover, each G(*) (i = 1,2) is Kyn—1 with 2V~1 loops, where K, is the complete graph with
n vertices and n(n — 1)/2 nonloop edges. Thus, each G has 2V~1 vertices, 2V=2(2N-1 — 1)
nonloop edges and 2V~ loops. We should note that G(*) has one loop at each vertex of G(*)
for i = 1,2. Therefore, we confirm that G = G U G® has 2V vertices, 2V-1(2N-1 — 1)
nonloop edges and 2 loops. See Section 3 for details. Let PY and P® be transposed
transition matrices of Markov chains on G and G?| respectively. Remark that P(") and
P® are 2V-1 x 2¥—1 matrices. Furthermore, 2 x 2V transposed transition matrix P for
the IPS on G = G U G®@ is expressed as P = P ¢ P(2),

The quantum walk, i.e., quantization of the IPS, derived from our quantization is defined
by two different quantum walks on the above-mentioned graph G. Then, the time-evolution
matrices UM and U® for the quantum walks correspond to P and P, respectively.
Here UM and U® are 22(V-1) x 22(N=1) ypjtary matrices. Furthermore, 22N—1 x 22N-1
time-evolution matrix U on G = G UG® is given by U = UM & U@ corresponding to
P=PY pP®?,

Next we consider a finite connected graph G with n vertices, m nonloop edges and n loops,
where G has one loop at each vertex of G. Note that we consider this G as above-mentioned
G for each i = 1,2. Thus, G is connected. Moreover, D¢ denotes the symmetric digraph
of G, where D¢ has one diloop at each vertex. Let D(G) be the arc set of D¢g. Furthermore,
let p : D(G) — [0, 1] be a transition probability on D(G). Then n x n transposed transition
matrix P is determined by p. Thus we construct a Markov chain (Dg, p) on G. For a Markov
chain (D¢, p) on G, we introduce a new quantization of (Dg,p). In fact, each component
of (n+ 2m) x (n + 2m) unitary matrix U is given by p. Then we call U a quantization of
(Dg; ).

This U can be expressed as U = 2KLT — J, where K and L are (n + 2m) x n matrices
and J is an (n+2m) x (n+ 2m) matrix. Here A7 is the transepose of a matrix A. From this
expression, we show that U is unitary (Proposition 1). Moreover, we present a zeta function
¢(G,U,u) of G for U as follows:

C(G,U,u) = det(L,om — uU) "L
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Then, using an n X n symmetrized matrix S for P, we obtain the following result (Theorem
2):

(G, U u) ™ = (1+u)"(1 —u?)™ " det ((1 +u?)I, — 2uS).

Furthermore, it follows from this that we have the characteristic polynomial which is similar
to the Konno-Sato theorem [8]:

det(A\Ly12m — U) = (A +1)"(A* = 1)™ " det (A\* + 1)L, — 2)S) .

Finally, we treat N = 2 case for the DK model with parameters p, ¢ € [0,1]. The
important point is that the zeta function ((G,U,u) is an absolute automorphic form. Note
that if we consider the corresponding zeta function ((G, P, u) = det(I,, —uP)~! for P instead
of U, then the zeta function ((G,P,u) is not necessarily absolute automorphic form. In
particular, for each of two cases, (p,q) = (1/2,0) and (p,q) = (0,1/2), we compute absolute
zeta functions of our zeta function ((G,U,u). Concerning the absolute zeta function for
zeta functions based on the quantum walk and on quantum cellular automata (QCA), see
Konno [9] and Akahori et al. [10], respectively. One of the motivations for computing the
absolute zeta functions is as follows. The DK model is defined by two parameters p and q
with p, ¢ € [0,1]. In the (p, ¢)-phase diagram of the DK model for N = co case, along the
critical line, the model exhibits phase transition, i.e., from active phase to inactive one. The
phase transition of the DK model has not yet been sufficiently investigated. In fact, from
the mathematical point of view, the critical line of the phase diagram for the DK model is
not rigorously known. Therefore, we would like to know some information on the critical line
by using the functional equation of the absolute zeta function for the zeta function of our
quantization of the DK model.

The rest of this paper is organized as follows. Section 2 presents the definition of the IPS
on Py. In addition, we introduce the DK model as a special case. Section 3 deals with a new
quantization of our IPSs. In Section 4, we propose a zeta function (G, U,w). After that, we
give a determinant expression of ((G,U,u) and obtain eigenvalues of U. Section 5 treats a
quantized model for the DK model. In Section 6, we review the absolute zeta function and
its related results. Moreover, we calculate the absolute zeta function of a quantized model of
the DK model for N = 2 case. Section 7 is devoted to summary.

2 Definition of IPS

According to the notation of our previous papers [10, 11, 12], this section gives the definition
of our IPSs on Py = {0,1,..., N — 1} with N > 2: Z is the set of integers, Z> is the set of
non-negative integers, Z- is the set of positive integers, R is the set of real numbers, and C
is the set of complex numbers.

There are two states “0” or “1” at each location for the IPS. Let n(z) € {0,1} denote the
state of the location z € Py, i.e., # = 0,1,..., N — 1. The set of configurations is {0, 1}¥~
with 2%V elements. In this paper, we put

o =g m=1[3] 1)
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For example, when N = 3, a configuration (0,1,1) € {0,1}"s means the state“0” at location
0, the state “1” at location 1, and the state “1” at location 2. That is, (n(0),n(1),7(2)) =
(0,1,1). Note that we sometimes abbreviate 011 instead of (0, 1,1). We also write (0,1,1) by
|0)[1)]1) = |0) ® |1) ® |1) = |011). By using Eq. (1), we have
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To define our model, we introduce the local operator Q¥) and the global operator Qg\‘?) in

the following way. This definition is based on Katori et al. [13].
We first define the 4 x 4 matrix Q) by

Q(Z): @1 Qo1 Qo1 Qo

where ag € Cfor i, j,k,1 € {0,1}. Let n,(z) € {0,1} denote the state of the location z € Py
at time n € Zs. The element of Q(¥), az, means a transition weight from (1, (x), n,(x+1)) =
(,7) to (Mmt1(x), Mmt1(x + 1)) = (k1) for any  =0,1,...,N —2 and n € Z>. We call “z”
the left site and “x+1” the right site. Throughout this paper, we assume that ag =0ifj #1L
In words, after the time transition, the state of the right site does not change. Therefore,

under this assumption, Q) is rewritten as

o ol -
Q0= | oo M i
aio LS T) :

afi - aif

where - means 0. In particular, if ag € {0, 1}, then the IPS is called cellular automaton. Note
that if we take N — oo, then we should consider the finite size effect. Next we define the
2N x 2NV matrix Qs\?) by

V-(Lehe L") (Loke 0QYaL)
...(12®Q(4)®-~®12®12> (Q(Z)®Iz®"'®12®12)’

where ® is the tensor product and I,, is the n x n identity. For example, if N = 3, then the
23 x 23 matrix Qgg) is

QY = (12 ® Q“)) (Q“) ® 12) :
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If N =4, then the 2* x 2* matrix Qig) is

Q¥ = (LeLeQ") (Lo eL) (QWeLalL).

For example, when N = 4, a transition weight from (1,,(0), 7, (1), 7(2), 7.(3)) = (40,41, i2,13) €
{07 1}4 to (77n+1(0)7 nn-‘rl(l)a Tn+1 (2)v 77n+1(3)) = (k07 k1, k2, k?)) € {O’ 1}4 is a;czzléla;cllllgga;czzlgg for
any n € Zs.

The above-mentioned model is called the IPS in this paper. We consider two typical
classes, one is PCA and the other is QCA. Note that PCA is also called stochastic CA.

A model in PCA satisfies

00 , 00 _ 01, 0l _ 10, 10 _ 11 , 11 _ ij
ago + ayg = ag +aj; = agg +ajg = ag +ay; =1, ag; €[0,1].

That is, Q) is a transposed transition matriz (also called stochastic matriz). Furthermore,
we easily see that ¢ Q) is a transposed transition matrix if and only if Qg\?) is a transposed
transition matrix”.

On the other hand, a model in QCA satisfies that Q) is unitary, i.e.,

lagol* + la%ol* = lagi|® + ladi|* = lagol* + latol® = lagi|* + lag1|* =1,
ol aff + off aff = ot ] + ot alT = 0.

This QCA was introduced by Konno [14]. As in the case of the PCA, we easily see that “
Q" is unitary if and only if Qg\?) is unitary”. The QCA was investigated in [10, 11]. In this
paper, we focus on the PCA. We should remark that the above QCA is different from our
quantization of PCA defined in Section 3.

Here we give the DK model as a typical model of PCA. As for the DK model and its related
topics, see [1, 2, 3, 4], for example. The DK model exhibits a phase transition controlled by
two parameters p and ¢ with p, ¢ € [0,1]. The local operator Qg)K is determined by

1 . 1—p
o _ |- 1=-p - 1-q
DK . ) p .
p : q

for p, q € [0,1]. In particular, if ¢ = p (resp. ¢ = 1 — (1 — p)?), then the DK model becomes
site (resp. bond) DP. When ¢ = 1, the behavior of this model is different from those of the
site DP and bond DP, as the latter ones belong to the so-called DP universality. Moreover,
if (p,q) = (1,0), then the DK model is equivalent to the well-known Wolfram Rule 90.

3 Quantization of IPS

We consider a Markov chain corresponding to the IPS on a graph by regarding a configuration
as a vertex of the graph. Let G be a finite connected graph with n vertices, m nonloop edges
and n loops, where G has one loop at each vertex of G. In this section, we consider G as
G for i = 1,2, so we assume that G is connected. Furthermore, let D¢ be the symmetric
digraph of G, where D¢ has one diloop at each vertex. Let D(G) be the arc set of Dg. Then
we have

D(G) = {(u7u) | u € V(G)} U {(uvv)v (v, u) ‘ uw € BE(GQ), u# 7)}7
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where V(G) is the set of vertices and F(G) is the set of nonoriented edges uv joining two
vertices u and v. For an arc e = (u,v), set o(e) = u and t(e) = v. The arc e~} = (v, u) is
called the inverse of e. Note that, if e is a diloop, then e~! = e. Next, let p: D(G) — [0,1]
be a transition probability function such that for each u € V(G),

> ple)=1. (2)
o(e)=u

Then (Dg,p) denotes a Markov chain defined by p on G. The transition matrizc P =
(Puv)u,vEV(G) is given by

P ple) if e = (u,v) € D(G),
w10 otherwise.

Furthermore, the (n +2m) x (n + 2m) matrix U = (Ucy)e, rep(q) is defined as follows:

2y/ple)p(f~1) if t(f) = o(e) and f # ™",
Volep(f=1) =1 if f=et,

U, = 2
0 otherwise.

Note that U is unitary (see Proposition 1). The matrix U is called the guantization of (D¢, p)
in this paper.

Let K = (Kev)een(@)wev(a) and L = (Ley)een(aywev(a) be the (n + 2m) x n matrices
given by

o [T fe@=u [ e e =,
v 0 otherwise, ev 0 otherwise.

Furthermore, we define an (n +2m) x (n + 2m) matrix J = (Jes)e, fen() by
1 if f =e ! and e is nonloop,

Jey =4 1 if f=eis adiloop,
0 otherwise.

Then we get
U=2KL” —J. (3)
From now on, we show that U is unitary.

Proposition 1: Let G be a connected graph with n vertices, m nonloop edges and n loops,
where G has one loop at each vertex. Furthermore, let (D¢, p) be a Markov chain on G. Then
the matrix U is unitary.

Proof: We begin with
L=JK, K-=JL (4)
Moreover, we get

K'K=1, J=I,.2, J' =1 (5)
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From Egs. (4) and (5), we see
L'L=K"JTJK =K'J’K = K"K =1,,. (6)
Therefore, by using Egs. (4), (5) and (6), we obtain
UU” = 2KL" - J)2LK” - J)
= 4KLTLKT — 2KL"J — 2JLKT + J?2
=4KK” - 2KKT — 2KK” + 1,9,
= In+2m~
Similarly, we get
UTU = 2LK” - J)2KL” - J)
=4LKTKL" - 2LK"J — 2JKL” + J?
=ALLT —4LL” + 1,0
- In+2m-

Hence, U is unitary. U

4 Zeta Function of Our Quantization

First we define a zeta function of G with respect to U as follows:
¢(G,U,u) = det(Itom — ulU) ™!

In this section, we also consider G as G for i = 1,2. Thus, G is a connected graph. Then
U corresponds to U for i = 1,2. From now on, we present its determinant expression. The
n X n matrix 8 = (Suu)uvev(e) is determined by

_ (e)p(e~!) if e = (u,v) € D(G),
S _{ : ple)p

otherwise.

Note that S is a symmetric matrix. Then the determinant expression for the zeta function
¢(G,U,u) is given in the following way. This is one of our main results.

Theorem 2: Let G be a connected graph with n vertices, m nonloop edges and n loops,
where G has one loop at each vertex. Furthermore, let (D¢, p) be a Markov chain on G. Then
we have

(G, U u)™" = (14 u)"(1—u?)™ " det ((1+u*)I, — 2uS).

Proof: At first, we see

¢(G,U,u)"" = det (1,19, — uU)

= det (Iy12m — u(2KL" — J))

= det (Lyy2m + uJ — 2uKL")

= det (Iytom — 2uKL" (L0 +ud) ") det (Lnjom +ud).
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The second equality comes from Eq. (3). Here we should remark that if A and B are an r x s
and s X r matrices, respectively, then we have

det(I, — AB) = det(I; — BA).
Therefore, we have
C(G,U,u)" ! =det(I, — 2uLT (I140m + ud) " 'K) det(I,, 10, + uJ). (7)

Now, let V(G) = {v1,...,v,} and D(G) = {ey,. ..en,fl,ffl, ooy fos ik}, where e; =
(vi,v;) is the diloop at each vertex v; (1 <14 < n). Furthermore, put

M:[(l)é]

Then we have

I, 0
M
J =
0 M
Thus, we obtain
[ (1+uwI, 0 ]
1 u
u 1
det(Ipq2m + uJ) = det ) =(1+u)"(1—-u?)™  (8)
1 u
i 0 u 1 ]
Moreover, we see
Tgom +ud) ™"
[ (1+u)I, 01"
1 u
u 1
1 u
L 0 u 1 |
[ 1/(1 +u)L, 0 ]
/(1 —u?)  —u/(1—u?)
—u/(1—u?)  1/(1—u?)
/(1 —u?)  —u/(1—u?)

i 0 —u/(1—u?)  1/(1—u?)
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The 2m x 2m matrix Jo = (Je(?))e7feD(G);e,f¢diloop is given as follows:

J(o) _ 1 if f= e !,
ef 71 0 otherwise.

Then we have

1 1
In (&) D) (IZm - UJO)7 (9)

Loiom +ud) =
( A —|—u) 1+u 1—u

where A @B is the block diagonal sum of two square matrices A and B. Therefore, combining
Eq. (7) with Egs. (8) and (9) implies

2
CG,Uu) =1 +u)"(1 —u*)™det {In — 1 Y 2LT {1 —w)I, ® Iz —uJo)} K| . (10)
—u
Next, we put
K; Ly
k-l eeln]

where K; and L; are n X n matrices with respect to diloops ey, ..., e, and vertices vy, ..., vy,
and Ky, and Ly are 2m x n matrices with respect to nonloops f1, f{l, ooy fmy £ and vertices
v1,...,V,. Then we have

L"(1-wl,eL,) K= LT L] (1-ul, &) [ Ky }

K>
~[a-wef 1[5 ]
=(1-uwLTK; + LTK,.

Let Q = LK1 = (quv)u,vev(c)- Then we get

| pley) ifey,=(u,v)and u=uwv,
Tuv =19 0 otherwise.

Thus, we see that
L"(1-uwl, ®Ly,)K=(1-uL{K;+LIK; = (1-u)Q+L]Ky, (11)
since the second equality comes from Q = LTK;. Furthermore, we put
T=LTK, +LIK;, = Q+LIK,. (12)
Then we have

bt

Note that (T)y, = p(ey) for e, = (u,u) (u € V(G)). Thus, Eq. (12) gives

LIK,=T-Q. (13)
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Therefore, combining Eq. (11) with Eq. (13) implies
L7((1 - )L, ® Ly)K = (1 - )Q+ (T - Q) = T - uQ.
That is,
LY((1 - wI, ®Iy,)K =T —uQ. (14)

Next, we obtain
T T TT K,
L7(0, @ (—uJo))K = [ LT LI ](0, & (—uJo))

=-u[ 0 LIJ, | [ E; }
= —uLiJoK,.
Thus, we have
LY (0, @ (—uJ))K = —uLl J)K,. (15)
Therefore, combining Eq. (14) with Eq. (15) implies
L™ {(1-wIL, ® Iom —uJo)} K=T —u (Q+L]JK,). (16)

Here, LI JoKj is a diagonal matrix and its (u,u)-entry for each vertex u € V(G) is
> ple).
o(e)=u,e#diloop
Thus,
Zo(e):m p(e) 0
Q+LjJoK; = =1, (17)
0 Zo(e)zvn p(e)

The second equality comes from Eq. (2). By using Egs. (10), (16), (17) and the fact that
S =TT, we obtain

CG,Uu) ™ =1 +u)"(1 —u?)™det |I,, — . f“uz LT {(1 - u)I, ® Iy, —uJo)} K}
=(1+ u)n(l . u2)7” det -In — % {T —u (Q + LgJoKz)}]
= (1+u)"(1 —u?)™det -In — 1377“;2 (T - uIn)]

= (14 u)"(1 —u®)™ "det [(1 + u*)I, — 2uT]
= (14 u)*(1 —u*)™ " det [(1 + u*)I, — 2uS].
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Note that, in general, the transition probability matrix P is not equal to the corresponding
matrix S. Substituting v = 1/X in Theorem 2, we obtain the characteristic polynomial for
the matrix U.

Corollary 3: Let G be a connected graph with n vertices, m nonloop edges and n loops,
where G has one loop at each vertex. Furthermore, let (D¢, p) be a Markov chain on G. Then
we have

det(A\Liiom — U) = (A 4+ 1)"(A2 — 1)™ " det((A\? + 1)I,, — 2A8S).

From Corollary 3, we get eigenvalues for matrix U.

Corollary 4: Let G be a connected graph with n vertices, m nonloop edges and n loops,
where G has one loop at each vertex. Furthermore, let (D¢, p) be a Markov chain on G. Then
eigenvalues of U are given as follows:

(i) 2n eigenvalues: A = p+iy/1 — p2, u € Spec(S);
(ii) m eigenvalues: -1;
(iii) m — n eigenvalues: 1,

where Spec(A) is the set of eigenvalues of a square matrix A.

Proof: By Corollary 3, we get

det(Mniom —U) = A+ 1"\ =)™ [ (2 +1-2p)).
pESpec(S)

Solving A% — 2u\ +1 =0 gives A = p & zm O

5 DK Model
First, we recall the local operator Qg)K of the DK model:

p : q
where 0 < p, ¢ < 1 and the rows and the columns correspond to 00, 01, 10, 11. We construct
a new graph G with four vertices 00, 01, 10, 11 as follows: uv € E(G) if and only if the
(u,v)-entry of Qg)K is not zero. The order of vertices of G is given as follows: 00, 10, 01, 11.
Then the local operator Qg)K becomes

1 1—-p

(Z) _ . p . .

DK - l-p 1-gq
p q
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From now on, we consider N = 2 case. Therefore, we see that P = Q%)K. Then, let G
and G be the complete subgraphs with vertex sets {00,10} and {01, 11}, respectively. It is
clear that G = G UG® or G is a disjoint union of G and G?). In this setting, we see

1 1-p
0 PO gP® = | ° p ’ '
Q . . l_p l_q )
D q

P(l):[l 1—17]’ P(z):[l—p 1—(1}
: p p q

Moreover, U denotes the unitary matrix with respect to the quantization of (Dae,p) for
i =1,2. Remark that U = UM @ U® is the unitary matrix with respect to the quantization
of (Dg,p) and U® corresponds to P(*) for i = 1,2. Then we obtain

1 0
_ 11D @ _ | U 2
u=uWguU [ o, U@)}
. .
. —1 .
Ul = ,
1-2p - 2y/p(1 —p)
2y/p(1=p) - 2p—1
1—2p : 2¢/p(1—p)
u®— | 2 p(1—p) : 2p—1
: 1—2q : 2¢/q(1—-q)
L : 2¢/q(1 —q) : 2 — 1

where O,, is the n X n zero matrix. Furthermore, the symmetric matrix S is obtained by
P= Q%)K as follows:.

1—p p(1—q)
p(1—q) q

The characteristic polynomials for the matrices P, P2 UM and U® can be derived
from the direct computation in the following way.

det(aly — PW) = (z — 1)(x — p),

det(zl; — P?) = (2 —1)(z — ¢ +p),

det(zIy — UW) = (z — 1)(z + 1) (2 — 2pz + 1),
det(zly — UP) = (z — 1) (z + 1)(2® + 2(p — )= + 1).

Thus, we get
det(214 — P) = det(2I, — PW) det(2I, — P?) = (2 — 1)(z — p)(z — ¢ + p),
det(21s — U) = det(zIy — UM) det (21, — U?)
= (z = 1)@+ 1)@ = 2pz + 1)(2® +2(p — @)z + 1).
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In particular, we have
det(zIg — U) = (x — 1) (2 + 1)3(2? — 2pz + 1) (2> + 2(p — q)z + 1). (18)
Furthermore,
det(zly — S) = (z — 1)*(x — p)(z — g + p). (19)
On the other hand, combining Corollary 3 with Eq. (19) implies

det (zIs — U)
= (z+1)*(2? — 1)**det (2 + 1)Ly — 22S)

= (+ 1) @ — 1)"2(22) det (”3221 Ly - s)

= (e + 14— 1)z +1)"2 162 (”32;1 - 1)2 (xQH —p) <x2 +1 —q+p>

T 2 2

= (¢ +1)2(x — 1)%(a? — 2pz + 1)(2? + 2(p — @) + 1).

Then we have the same expression for det (zIs — U) given in Eq. (18). We should remark
that P # S, however det(zIy — P) = det(zI4 — S). One of the future interesting problems
is to consider the relation between det(zI,y — P) and det(zI,n — S) for N > 3, since we
have det(zIss — P) # det(xIys — S) for some (p,q) when N = 3. To be more precise, if
(p,q) = (1/3,1/2), then we see that det(zI2 —P(1)) = det(2I5> —S™M) and det(xIy —P(?)) #
det(xIy2 —S®), where S is the symmetrized matrix of U® for s = 1,2 with S = S @ S®).

6 Absolute Zeta Function

In this section, we briefly review the framework on the absolute zeta functions, which can be
considered as zeta function over Fy, and absolute automorphic forms (see [15, 16, 17, 18, 19,
20, 21, 22] and references therein, for example).

Let f(x) be a function f: R — CU{oco}. We say that f is an absolute automorphic form
of weight D if f satisfies

1
r(3)=co s
x
with C € {—1,1} and D € Z. The absolute Hurwitz zeta function Zy(w, s) is defined by

Zg(w,s) = ﬁ /100 flz) 27" (log )" da,

where ['(z) is the gamma function (see [23], for instance). Then taking z = €', we see that
Z(w, s) can be rewritten as the Mellin transform:

1 oo
Z¢(w,s) = F(w)/o f(et) e st tv=1at.

w—O) '

Moreover, the absolute zeta function (f(s) is defined by

Cr(s) =exp <8(?UZf(w,s)
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Here we introduce the multiple Hurwitz zeta function of order r, (.(s,z, (w1,...,w,)), the
multiple gamma function of order r, T'y(z, (w1,...,w,)), and the multiple sine function of
order r, S.(x, (w1, ...,w,)), respectively (see [15, 17, 18, 20], for example):

Gr(s,a, (Wi .. wr Z Z nwi + -+ npwr + )77,

n1=0 n,-=0
)
5_0)

FT(QL', (wh s 7‘*‘]7")) = exp (igT(svx7 (wla cee ,wT))

Sp(x, (Wi, ywr)) = Doz, (Wi - ooy wp) 7 Towy + - Fwp — 2, (W10 wy)) TV

Now we present the following key result derived from Theorem 4.2 and its proof in Ko-
rokawa [18] (see also Theorem 1 in Kurokawa and Tanaka [20]):

Theorem 5: For £ € Z, m(i) € Z~ (i=1,...,a), n(j) €Zs (j=1,...,b), put

(@™ = 1) ... (2@ — 1)

f(x) = xZ/Q (xn(l) — ]_) ce (q;n(b) - ]_) .

Then we have

Zi(w,s) = Y (=D ¢ (w,s — deg(f) +m(I),m),

I1c{1,...,a}
Gls)= [ Tuls—deg(f) +m(),n) 0",
Ic{1,...,a}
Cr(D—=s)" =¢s(s) Cr(s), (20)

where

el i=1 =1 pr
a b
n=(),....n0), D=C+3 mi)= n(j), C=(1""
er(s) = H Sb(s—deg(f)+m(1)7n)(71)m.
Ic{1,...,a}

We should note that Eq. (20) is called the functional equation.

Finally, we consider N = 2 case of the DK model. Note that for our IPS including the DK
model, the zeta function (G, U, u) becomes an absolute automorphic form for any N > 2,
since U is an orthogonal matrix. This argument can be seen in our previous papers [9, 10]
where we computed the absolute zeta function for zeta functions based on quantum walk [9]
and QCA [10].

If (p,q) = (1/2,0) or (p,q) = (0,1/2), then we can calculate the absolute zeta function of
the zeta function ((G, U, u) by using Theorem 5. From now on, we put (y(u) = {(G,U,u)
for short.
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(i) (p,q) = (1/2,0) case. By Eq. (18), we have
det(zlg —U) = (z — 1)*(x + 1)*(@® —2 4+ 1)(2® + 2+ 1).

Substituting = 1/u in the above equation, we get

1

Cu(u) = det(Is —uU) ™' = W@ 1)

Noting that £ =0, a =0, b =2, n(l) =2, n(2) =6, deg((u) =D = —-8and C =1, it
follows from Theorem 5 that

Zey(w,s) = (o (w,s +8,(2,6)),
CCU (s) =1 (5 +38, (23 6)) )
CCU(_S - 5) =5 (5 +38, (276)) CCU (5)

Thus, by the above functional equation, we have a critical value s = —4, since —8 — s = s.
Then (¢, (s) at s = —4 is given by

CCU(_4) =1y (47 (2’ 6)) :

(ii) (p,q) = (0,1/2) case. From Eq. (18), we see
det(2Is — U) = (z — 1)*(z + 1)%(2® + 1)(2? — z + 1).
Substituting = 1/u in the above equation implies

wd—1
(uw—1)(u* —1)(ub — 1)

Cu(u) = det(Is — wU) ! =

Noting that £ =0, a=1, b=3, m(1) =3, n(1) =1, n(2) =4, n(3) =6, deg(¢y) =D = -8
and C =1, by Theorem 5 we get

Ze(w,s) = Y Ca(s+8+m(I),(1,4,6)),
Ic{1}

Coo(s) = T Ta(s+8+m(D), (1.4,6) D",
1c{1}

Coo(-8—5) =1 T Sa(s+8+m(D),(1,4,6) "} ¢ (s).

Ic{1}
Therefore, the above functional equation gives a critical value s = —4, since —8 —s = s. Then
we have (¢, (s) at s = —4 as follows:

Cou(—4) = m
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7 Summary

In this paper, we considered a new quantization U of the Markov chain determined by P on
a graph G. We introduced a zeta function ((G,U,u) of G for U and gave its determinant
expression (Theorem 2). After that, we applied this quantization to IPSs which are PCA
with nearest-neighbor interaction including the DK model. A special case of the DK model is
directed percolation. Moreover, we calculated the absolute zeta function (¢, (s) of a quantized
model of the DK model for N = 2 case. One of the interesting future problems might be to
determine the critical line of the DK model for N = oo case by using the functional equation
of the absolute zeta function for our zeta function of the quantized model of the DK model.
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