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It was recently suggested that a solution to the separability problem for states that
remain positive under partial transpose composed with realignment (the so-called sym-
metric with positive coefficients states or simply SPC states) could shed light on en-
tanglement in general. Here we show that such a solution would solve the problem
completely. Given a state in My ® M, we build a SPC state in M4, @ M4y, with
the same Schmidt number. It is known that this type of state can be put in the filter
normal form retaining its type. A solution to the separability problem in My ® M,
could be obtained by solving the same problem for SPC states in the filter normal form
within My, ® Mpyp,. This SPC state can be built arbitrarily close to the orthogonal
projection on the symmetric subspace of Ck*™ @ C*+™_  All the information required
to understand entanglement in My ® My (s +t < k + m) lies inside an arbitrarily
small ball around that projection. We also show that the Schmidt number of any state
v € My ® My, which commutes with the flip operator and lies inside a small ball around
that projection cannot exceed |7 |.
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1 Introduction

A discussion on a series of coincidences regarding a triad of quantum states was presented
through the references [1, 2, 3, 4]. Let the right partial transpose of &« € M} ® M}, be denoted
here by ol [5, 6] and the realignment map be denoted by R(«a) [7, 8]. The triad mentioned
in these articles is formed by

e the states that remain positive under partial transpose (a' > 0), the so-called positive
under partial transpose states or simply PPT states,

e the states that remain positive under partial transpose composed with realignment
(R(al) > 0), the so-called symmetric with positive coefficients states or simply SPC
states and

o the states that remain the same under realignment (o = R(«)), the so-called invariant
under realignment states.

These coincidences ultimately led to the claim that there is a triality pattern in entangle-
ment theory [4], where every proven result for one type of such states has counterparts for
the other two. It was also claimed that a solution to the separability problem [5, 6] for SPC
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58 A reduction of the separability problem to SPC states in the filter normal form

states or invariant under realignment states could provide insights for adapting to the most
important type: the positive under partial transpose states.

In this note, we prove that SPC states are indeed extremely important to entanglement
theory, since we can embed the entire set of states into SPC states and, therefore, reduce the
separability problem to them.

We begin with the notion of the Schmidt number of a bipartite mixed state v € M ® M,,
[9, 10]. Consider all the ways to express the state v as Y., v;0}, where v; € C¥ ® C™, and
define its Schmidt number by the following minimum over all these expressions

SN = mi SR i)y = z: s
() mm{ieglaxn}{ ()} Zvv}

""" i=1

where SR(v;) stands for the Schmidt rank of v; € C* ® C™. Recall that + is separable if and
only if SN(vy) = 1.

Then we recall another result proved in item b) of [3, Theorem 2]. It says that if g €
M, ® My, is a state supported on the the anti-symmetric subspace of C* ® C* (denoted here
by C* A CF) then

1

SN ( PE2 b )= Lon

( Sym+6t’r(ﬂ) 2 (ﬂ),

for every e € ]0,¢], where P&2 stands for the orthogonal projection on the symmetric

subspace of C* ® C* and tr () is the trace of 3.
The idea is quite simple now, given any state v € My ® M,,, we must create a state
¥ € Mpim ® Mpip, such that

Im(3) C Ck+m A Ck+m and SN(5) = 25N (7).
Therefore, for every € € }0, %},

k+m,2 ’i :} ) —
SN (Psym +6tr(5)> 2SN(’y) SN(v).

Now, v is separable (SN (v) = 1) if and only if

Pfy%m’Q + eﬁ is separable (SN (Pfy%mﬂ + etr(%)) _ 1).

Next, consider the partial traces of v = >"1" | A; ® B; € My ® M, as
tra(y) = 2o, Bitr(Ai) and  trp(y) = Y00, Aitr(By).

We say that v € M, ® M,, is in the filter normal form if tr4(y) = I—n‘f and trp(y) = I—kfl. In
addition, v € My ® M,,, can be put in the filter normal form if there are invertible matrices
V e My and W € M,,, such that (V @ W)~(V* @ W*) is in the filter normal form.

This filter normal form has been used to improve some separability criteria [11, 12], but
it is an open problem to determine which states can be put in the filter normal form or not.



Daniel Cariello 59

Although there are partial results, such as positive definite states which can always be put
in the filter normal form [13, 14]. Actually, even states with small nullity can be put in this
normal form [15, Theorem 4.3].

Recently, it was shown that SPC states and invariant under realignment states can also
be put in the filter normal form preserving their specific structures [4, Corollary 4.6].

Here, we show that the partial transpose of § = Pfm2 + eﬁ is positive definite, i.e.

8" > 0, therefore § can be put in the filter normal form (See theorem 4). Actually, in the
same theorem, we obtain a stronger result, we prove that the partial transpose composed with
realignment of this state is positive definite, i.e. R(6%) > 0. Hence § is a SPC state for any
state v € My @ M,,.

Notice that we embed the entire set of states of My ® M,, into the SPC states within a
ball of radius arbitrarily small around R@ky%m,z € Miim @ Migm.

As mentioned three paragraphs above, it was proved in [4, Corollary 4.6] that there is an
invertible matrix U € M4, such that (U@ U)d(U* @ U*) is in the filter normal form. Now,
R((U ® U)§(U* ® U*)I') remains positive definite, as explained in our corollary 7. Hence
(UU)§(U*®U*) is a SPC state in the filter normal form. Thus, we reduce the separability
problem to the SPC case in the filter normal form.

There is an existential argument that shows that the separability problem can be theoret-
ically reduced to states in the filter normal form, however it is unsatisfactory for a couple of
reasons. Here is the argument:

Given a state v € My ® M,,, and € € ]0, 1], there are two cases: or there is a small
positive € such that §. = e(Id/k) ® (Id/m)+ (1 —€)~ is entangled and, therefore
is entangled or 4. is separable for every € and, therefore ~ is separable. In addition
0. can always be put in the filter normal form, since it is positive definite [14,
Remark 5] or [15, Theorem 4.3].

There are two main issues with this argument: We do not know how small € must be to
obtain an entangled state § in the first case. Consequently, in order to detect the separability
of v in the second case, we must show the separability of . for infinitely many values of e.
The uncertainty in the first case and the infinitely many states to be considered in the second
case are very problematic.

In contrast, the result we present here is explicit: given a state 7, in order to prove its

separability or disprove it, it is enough to do the same for § = Pfyfnm’z + 6#> where § can
(v

be put in the filter normal form.

Moreover, our argument provides a straightforward way to produce states § around ngfn

with Schmidt number varying from 1 to |§], where n = k+m, k= |3 ] and m = [§]. The

reader may wonder if [ %] is an optimal upper bound for the Schmidt number of states within
some small ball around P;Lfn In our final section we prove that this is indeed the case for

states that commute with the flip operator F' € M, @ M,,.



60 A reduction of the separability problem to SPC states in the filter normal form

This note is organized as follows: In section 2, we construct 7 € Mgy, ® M4, described
above and in section 3, we reduce the separability problem to the SPC case. In section 4, we
show that the Schmidt number of any state v € M, ® M,, which commutes with the flip
operator and lies inside a small ball around P52 cannot exceed |2 .

sym
2 Preliminaries

In this section we construct ¥ € Myt @ Mpipm supported on CF+™ A C*F+™ such that
SN(¥) = 25N (v) (See lemma 3), given a state v € My ® M,,, but first let us fix some
notation.

Let P*2 ¢ My ® M, Pfﬁn € M ® My, be the orthogonal projections onto the anti-

antt

symmetric and symmetric subspaces of C* @ C*. In addition, let V, W be subspaces of C*
and consider VAW as the subspace of C* @ C* generated by all v Aw = v®@w —w ®@v, where
veVand weW.

Definition 1: Let C = ( Tdgxr ) ® ( Okxm ) and Q = PFt™20,

0m><k Idmxm antt

Remark 2: Notice that SR(Cv) = SR(v) and SR(Qv) = 2SR(v), for every v € C* @ C™.
The next lemma fill in the details to construct the aforementioned ¥ € Mg @ Mg pp,.

Lemma 3: Let C, @ be as in definition 1. Then

() C*Q = 1Id e My ® M,,
(i) SR(C*v) = 1SR(v), for every v € (C* x Op) A (O x C™).
(iii) SN(QyQ*) = 25N (v) and Im(QvQ*) C CF+™ ACkT™  for every state v € My, @ M.

Proof: (i) Let F € My1m ® M, be the flip operator and recall that

mo 1
prtm2 _ FUd=F) € Mipm ® M.

anti

Now, let a ® b € C* ® C™ and consider
crcaeb)=cF( * Vo %)z (% )a * )=0.20
O b b O, ke Tme

Hence C*FC = 0 and

1 1 1
C* P "0 = 5(C"C+ C"FC) = 5C*C = SId. € M@ My,

anti

(i) If v € (C* x 0,,) A (Og x C™) then there are linearly independent vectors ay, ..., a, of C*
and linearly independent vectors by, ..., b, of C"™ such that

() (%)
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Hence “ ey n , O e O are linearly independent and SR(v) =
(U (U b1 by,

n.
Finally, notice that C*v = 37" | a; ® b; andt is Schmidt rank is n = 2SR(v).
(iii) First, by remark 2, SN(QvQ*) < 25N (7).
Next, by item (i), C*QvQ*C = %7 and, by item (ii), SN(C*QvQ*C) < %SN(QVQ*).
These three pieces of information together imply
SN () = SN(C*Q1Q*C) < JSN(Q1Q") < SN(x).

Finally, since Im(Q) C C*+t™ A CF™ we get Im(QyQ*) C CF+t™m A CF+m 7,

3 The Embedding and The Reduction

The next theorem is the key to reduce the separability problem to SPC states in the filter
normal form (See corollary 7).

Theorem 4: Given € € ]0, %] and Q) as in definition 1, consider the positive map T :
M @ My, = M @ My, defined by

T(y) = Mpk+m’2 + eQyQ*.

2 sym
This linear map possesses the following properties:

(i) SN(T(y)) = SN() for every state v € My @ M,,.
(ii) T(v)F and R(T(y)') are positive definite. Hence T'(v) is a PPT/SPC state.

Proof: First, by lemma 3, SN(QvQ*) = 25N (7).

Notice that

Q@) = (1" Q) = 1.

since Q*Q = C*Q = % by item (i) of lemma 3. Hence, by [3, Theorem 2],

we have SN (T'(v)) = SN (ﬁTW))

1
— SN (Phtm2y *)SN ) = SN (7).
This completes the proof of item (i). Let us prove item (ii).

Recall that Pktm:2 — %(Id + F), where F' € My @ Myt is the flip operator.

sym
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. k . : .
Since FT' = uut, where u = Y1 " e; ® ¢; and {e1,...,eprm} is the canonical basis of
Ck+m’

sym

1
(PEFm)T — §(Id + uu')

and its smallest eigenvalue is %

It is known, by [4, Lemma 3.1], that

€

_ o _
tr(QyQ*)”(ChQ ) o < (070"

€

[tr 4 (QYQ™) |00 = W

[tra(@Q")[o <€
(1)

Hence
€

T(y)" = tTgY) (;(Id +uu') + W(QVQ*)F>

is positive definite. Now let us prove the second assertion of item (ii).

Since R(Id + uu') = vu' + Id,
€@Q  \"\ _1 cQQ \"
R Pffnm—l—) = —(Id +uu') +R () .
(( P aingy) ) TR TR ey
Finally, for every state § such that § F = —d, we have
—0" = (0F)" =R(5"), (2)
by item (7) of [4, Lemma 2.3].

By item (iii) of lemma 3, Im(QyQ*) C C¥*™ A C*+™ hence

CQY Q@

tr(QyQ") tr(QyQ*)

Thus, by Eq. (2),

kim € Q1Q" >F I P _(E QQ” >F
R<<Psym+tr<czv@*) ) T =)

By Eq. (1), this matrix is positive definite. 0.

Remark 5: Notice that ﬁT("y) belongs to a small ball around Pfy'*,‘nm’2 for every state

v € My ® M,,. Tt is an easy task to modify our matrices C' and @ in order to embed every
state of M, ® M, (s +t < k + m) inside the same ball. Hence all the information required



Daniel Cariello 63

to understand entanglement in My ® M, (s +t < k + m) lies inside this small ball around

k4+m,2
Psym .

Remark 6: Besides its Schmidt number, the spectrum of - is another characteristic preserved
in T(v) as %Pk+m’2T(7)Pk+7”’2 and 7 have the same spectrum. So all these known results

antt antt

that relate spectrum with separability, for example [16], can still be adapted for T'(y).
The next corollary is the reduction.

Corollary 7: The separability problem in My ® M,, can be reduced to states in the filter
normal form, more specifically to SPC states in the filter normal form.

Proof: By the previous theorem, it is obvious that v is separable (SN(v) = 1), if and only,
if T(7) is separable (SN(T(7)) = 1).

We also noticed there that T'(y)! is positive definite. So there are invertible matrices
R,S € My, such that ¢ = (R® S)T(y)' (R ® S)* is in the filter normal form. Hence
(R® S)T(v)(R* ® S!) is in the filter normal form as well.

Actually, since R(T(vy)") is positive definite, we can do better. By [4, Corollary 4.6], we
can find an invertible matrix O € M.y, such that § = (O ® O)T'(v)(O* @ O*) is in the filter
normal form. Notice that

R(3") = (0@ O)R(T(7)")(0" ® 0"),
by item 3 of [4, Lemma 2.3]. Therefore, R(6") is also positive definite. Hence § is a SPC
state in the filter normal form.

So we can solve the separability in My ® M,,, by solving the separability problem for SPC
states in the filter normal form in My, ® Mgy, O.

The reader may wonder if it is really necessary to add tr(QvQ*)PX+™ to QvQ* in order to

sym
obtain a state that can be put in the filter normal form. The answer to this question is given

in the next proposition, but it requires one simple definition: If § = Y"1 | A,®B; € M @My,
define Gs : M — M, as G(s(X) = Z?:l tT(AiX)Bi.

Proposition 8: If v € My ® M,, is a state such that &k # m then QvQ* € My im & Mgim
cannot be put in the filter normal form.

Proof: Let C' and @ be as in definition 1 and define P = Pfy%mC. Assume without loss of
generality that k > m.

Notice that
1
§= 5(6’70* + F(CyC*)F) = PyP* + QvQ*,

where F' € M1 ® My, is the flip operator.
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Now, G5 : Mgym — Mpgim, as defined just before this proposition, satisfies

=0

Idgur 0 1 Iy 0 1 Idgur, 0
(M5 5)) =6ee (160 0)) w3 0o (M5 1))

=3 ( 8 trAO(“/) >

Since § — @vQ* is positive semidefinite, the map G5 — Goyo+ = Gs—g~~+ is positive.
Hence

rank (GQWQ* ( IdSXk 8 )) < rank (G5 ( Id(k)Xk 8 )) =rank(tra(y)) <m < k.

Notice that the image of a rank k positive semidefinite Hermitian matrix by Gg,q- has
rank smaller than k. So Gy~ is not a rank non-decreasing map. The rank non-decreasing
property for Gg,q+ is necessary for the state QyQ* to be put in the filter normal form [15, 13].
Hence QvQ* cannot be put in the filter normal form [J.

4 The behaviour of the Schmidt number around the projection on the symmetric
subspace

Our Theorem 4 provides a straightforward way to produce states T'(y) around P;;% with

Schmidt number varying from 1 to | 5 | by choosing the proper vy € M|z @ M[n7 (n = k+m,
k=[%] and m = [%]).

The reader may wonder if | %] is an optimal upper bound for the Schmidt number of
states within some small ball around P;;?n In this section we prove that this is indeed the
case for states that commute with the flip operator F' € M,, ® M, i.e., for states such that
an orthonormal basis of C™ ® C™ formed by symmetric and antisymmetric eigenvectors exist.
For states close to P;me but not commuting with F', we cannot say anything.

First, we must extend a couple of results proved in [3, Lemma 2] and [3, Lemma 3.

Lemma 9: Let aq,as be orthonormal vectors of C™ and s = a; ® as + as ® a;. Then
P;;ﬂ%l + eaja} ® ajaj is separable for € € [0, %} and P;;?n + ess™* is separable for € € [0, %]
Proof: The state Ps’;?n —eara] ® aya] was proved to be separable when € < % in [3, Lemma

2] and P12 — ess* was proved to be separable when € € [0, 73] in [3, Lemma 3].

1

So it remains to show that P2 + ess* is separable when € € [0, E]

sym
Notice that

a; +iay _ a; —tay a; —ias _ aq + a9

vz YTV T YT S

w=a1Xa;+a R az =
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and %\/%“2, 4©=t2 are orthonormal. So by the case already proved Plh2 — eww* is sepa-

S

rable when € € [0, 35 ].

Finally notice that
n,2 n,2
Pl +ess™ = Pgn, — eww™ + e(ww” + s5%). (3)

and ww* + ss* = F(w + s)(w + s)* + 2(w — s)(w — s)* and w £ s both have Schmidt rank
equal to 1. So ww™ 4 ss* is separable and P;L% + ess™ is a sum of two separable states when
€€ [O, 112] by Eq. (3) O

Corollary 10: Let myq,...,m¢, S1,...,5; be non-null vectors of C" ® C™ satisfying

e m; =v; ®w; +w; ®v;, where v; and w; are orthogonal vectors of C"™
® 5, = ¢; ®c;, where ¢; € C™.

Then

(i) tr(Xl_, mim?) P2 + (320 mym}) is separable when € € [0, 2] and

sym 6

(i) tr(Xh_, sist) P2 + (X, sis7) is separable when € € [0, 1].

Proof: Notice that m HULH ® H:ZZH + IIZZH ® ”ZH , where ToT LH and ” are orthonormal.
Therefore, by lemma 9,
m; my m;m;
P2t : L = P2 e L
S illlwill vallllwsll— ™ tr(mgmy)
is separable when € € [0, 75]. Thus,
tr(m; )P;;fn + em;m;
is separable when € € [0, %}
The other case is similar. Notice that Tel? H2 = ”c T ”C T Therefore, by lemma 9,
Si 55 ;ST
P ,2 2 — pn 2 194
i Teal? Tlea 2 i Gy r(sis7)
is separable when € € [ } .Thus,
tr(sis}) Poym & esis
is separable when € € [O, %} 0.
Lemma 11: Let v = 22:1 Aia; ® a; where \; > 0, for every i, and a1, ..., a; are orthonormal

vectors of C™. There are my,...,Mgt—1_1, S1,..., Sg:—1 non-null vectors of C"®@C™ satisfying
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(i) m; = v; ® w; + w; ® v;, where v; and w; are orthogonal vectors of C™
(i) s; = ¢; ® ¢4, where ¢; € C"
t—1 t—1
(i) A=ovv* +37, " mimi =YL, sis)
(iv) tr(A) = A\ + ...+ \)?

Proof: It is an induction on ¢.
If t =2 then v = A\a1 ® a1 + Aoas ® as. Set mq = \/)\1/\2(a1 Qa2 + a2 ® al).
Notice that

= (222) (2 (5 (582)”

v+mr AL+ A (\/)\71@14-\/@&2) ® <v>\1a1+v)\2a2) and

Since

S = =

! V2 V2 VAL F A2 VAL + A2
5y = v—mi At A (V)\lal_\/gaz) 2 (\/x(h—v)\z@)
V2 V2 VAL + A2 VAL + Ag ’

tr(s;sy) = % for i = 1,2. Therefore
tr(vv* +mym}) = tr(s1s] + s285) = (A1 + A2)%

The proof of the case t = 2 is complete. Suppose the result holds for ¢ = [.
Lett=1+1. Sov= Ziii Aia; @ a;. Set w = v/ A1Aa(a1 ® ag + az ® aq). Again notice

that . .
vv*+ww*—<v+w) (v—|—w) +(v—w> (v—w)
V2 V2 V2 V2 )
but now
vEw . A1+ Ao (\//\1@1 ﬂ:\/)\gag) 2 (\/)\1&1 i\//\gdg) +§ i @ ®a;
V2 V2 VAL + A2 VAL F A z_3\/E ' v
By induction hypothesis, there are mli, .. ,mi,lfl, sli, ey si,l non-null vectors of C"®

C™ satisfying the first two hypothesis and

1

Ap = (jg”) (j;’) S et = e

i=1 i=1

2
In addition ¢r(Ay) = (’\14\/5’\2 + Ziié \’\/5) = M

SO t'f‘(A+ + Af) = ()\1 — )\l+1)2 and A+ + A, =

2'—1 terms 2! terms

ol=1_71 ol=1_71 gl—1 gl—1

v w4+ 3 )P + S (mp)m ) =3 (s + S0 O

i=1 =1 i=1 =1
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Lemma 12: Let v be a unit symmetric vector of C" @ C™ with Schmidt rank equal to t. If
€€ [O, m] then P™2 + evv* is separable.

sym

Proof: Let € = ¢1€5, where ¢; = % and e < ﬁ Then

n,2 n
Py T evv” Psym =+ eqv107,

where v; = \/€av.

By item c¢) of [17, Corollary 4.4.4], there are orthonormal vectors ai,...,a; of C™ and
positive numbers A1,...,A; such that v; = Zle Nia; ® a;. Notice that /\% + ...+ )\% =
[o1]? = e2l|v]|* = e2.

Now, by lemma 11, for this v, there are mq,...,mgt-1_1, S1,...,S9:—1 non-null vectors
of C™ @ C™ satisfying the hypothesis of that lemma. Hence A = Egti m;m; + viv] =

t—1

2
> i—1 sis; and

2t71_1 2t71_1

n,2 * * * *
Pl £ ervv] = Py ym Fe g mym; | e g mym; + viv]

j i=1

gt—1_1q gt—1

* *
P ym F €1 E m;m; + €1 E SiS; . (4)
i=1 i=1

Rewriting Eq. (4) we get P2 4 ejvivf =

sym

gt—1_1 ot—1

_ ¥ Lo* n,2

=|1-tr g m;m; | —tr 8i8; Pgym~+ (5)

i=1

2t71_1 2t71_1
2

tr g mim; | Py, F el E m;m; | + (6)

= i=1

2t—1 2t—1

* n,2 *

E si57 | Poym £ €1 E sisy | . (7)

i=1 i=1

Notice the matrices in Eq. (6) and Eq. (7) are separable, since e; = ¢ and by corollary 10.

Next, by the hypothesis of lemma 11, tr(A) = ¢r (23:11 sls’;> =1 +...+X)% s0

2t1

tr Zmz =M4. A=t =M F . AP AT — =
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Hence
ot—1_1 gt—1
1—tr Z m;m; | —tr Zszsf =14+ A =20 4. )2
i=1 i=1

Since (A1 +...+XA)2 <M+ ...+ A)tand A+ ...+ A] =€ < 51,

gt—1_1 gt—1

1—tr Z mym; | —tr Zsisf >1— (2t -1\ +...+ ) >0.
i=1 i=1

So the matrix in Eq. (5) is separable, which completes the proof 0.

In order to describe the next results, we must use the trace norm of a matrix P, denoted
here by ||P||;. This norm is defined as the sum of its singular values.

Corollary 13: Let P € M,, ® M,, be Hermitian and I'm(P) be a subspace of the symmetric
subspace of C" @ C™. If € € [O and ||P||; = 1 then P2 + ¢P is separable.

1
’ 6(27L—1):| sym

Proof: Let P = P, — P,, where each P; is positive semidefinite, its image is a subspace of
the symmetric subspace of C" ® C™ and ||P||; = || P1[|1 + || P2]]1-

Consider the spectral decompositions of P; and Ps:
* l *
Py =37 Nvof and Py = > MyTiT
where A; > 0 and m; > 0, for every ¢,7, and v1,...,vs are orthonormal symmetric vectors
and the same is valid for rq,...,r,. Thus, |[Pl1 =Y ;_; A + 22:1 mj = 1.

Therefore, P72 +eP = P2 +e(P — P) =

sym sym
s l
=Y NP Eeviv)) + Y my(PL2, F eryr)). (8)
i=1 j=1

Finally, since the Schmidt rank of each v; and 7; is less or equal to n and € € [O, ﬁ} ,

each matrix inside parenthesis of the Eq. (8) is separable by Lemma 12 (7.

We can finally prove the main result of this section.

Theorem 14: Let v € M,, ® M,, be a state that commutes with the flip operator F €
My @ M T |[PE = ]|, < gy then SN(3) < [3].

sym

Proof: We can write v = P2 + P, where |P|l; =1 and € € {0’ 6(2;—1)}'
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Since 7 is a state and both 4 and P2 commute with flip operator F' € M, ® M,,, P
is Hermitian and commutes with F. Hence P = A 4+ B, where A is Hermitian and its image
is a subspace of the symmetric subspace of C™ ® C™ and B is Hermitian and its image is a
subspace of the anti-symmetric subspace of C” ® C". In addition, 1 = ||P||; = || 4|1 + || B|h

and, without loss of generality, we can assume that ||Al|1, ||B||1 are not zero.

As v = P™2 4 €A + eB is positive semidefinite and the images of A and P™?2 are inside

sym sym
the symmetric subspace of C™ ® C™, the matrix B is positive semidefinite.

Now,

A B
Y= Al (P:v?ﬂ +e) 1B (P:v?ﬂ +e) .
ym AT vm T

Finally, SN (Pgy2, + e ) = 1 by corollary 13 and SN (Py2, + e ) = <42 < |3

sym T B[
by [3, Theorem 2]. So the equation above implies SN (v) < [5] O.
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