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Entanglement is an important quantum resource, which can be used in quantum tele-
portation and quantum computation. How to judge and measure entanglement or sep-
arability has become a basic problem in quantum information theory. In this paper, by
analyzing the properties of generalized ring Z[i]2n , anew method is presented to judge the
entanglement or separability of any quantum state in the discrete quantum computing
model proposed by Gatti and Lacalle. Different from previous criteria based on matrices,
it is relatively simple to operate in mathematical calculation. And if a quantum state
is separable, it can calculate the separable mathematical expression. Taking n = 2,3
as examples, the concrete forms of all separable states in the model are presented. It
provides a new research perspective for the discrete quantum computing model.

Keywords: Entangled states; Separable states; Discrete quantum states; The ring of
Gaussian integers

1 Introduction

Quantum entangled state is a special kind of quantum state, but exists ubiquitous in the
multipartite systems [1]. It is one of the wonderful properties of quantum mechanics, which
enables quantum information to realize new functions that cannot be realized by classical
information. As the carrier of quantum teleportation and quantum computation, entangled
states are widely used in quantum cryptography [2], dense coding [3], quantum teleportation
[4], quantum correction [5], fault-tolerant computing [6], large number factoring algorithm
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542  Criteria for entanglement and separability of discrete quantum states

[7], Grover searching algorithm [8] and other fields. When a certain amount of entangled
states are shared between the two places, the entangled owners can perform the functions
of quantum teleportation and quantum computation by performing local operations on the
entangled states and be supplemented by classical communication. The purpose of quantum
information research is to develop and use entanglement to a great extent. Therefore, the
study of quantum entanglement is of great significance to promote quantum informatics and
has very important applications in some cutting-edge technologies.

Quantum entanglement is the inevitable result of quantum mechanics theory. The term
“entanglement” can be traced back to the beginning of the birth of quantum mechanics.
Historically, the cat paradox of Schrédinger [9] first proposed the concept of “entangled state”,
that is, the states of two entangled particles are interrelated and determined by each other.
In 1935, Einstein, Podolsky and Rosen discovered the wonderful nonclassical property of
entanglement [10], and they proposed the following quantum state

+oo

U(xy,20) = / exp [i/h(x1 — 2o + x0) p] dp
— 00

where x1, x5 refer to the coordinates of two particles respectively. The basic feature of such

a quantum state is that it cannot be written as the direct product of quantum states in the

two subsystems, namely

V(21,72) # ¢(71)9(22).

This property means that there is a kind of global state in the composite system, which
can’t be written as the direct product of quantum states of all the subsystems. This phe-
nomenon is called entanglement. The debate on EPR paradox has prompted people to be
more and more interested in the quantum entangled state. Physicists have studied it for more
than half a century and derived a lot of research work: Bell inequality, Bell theory [11], etc.
However, the clear definitions of entanglement and separability were not given until 1989 by
R.F. Werner [1].

To deeply understand the entangled state, many efforts have been made and many good
results have been obtained, including some effective criteria for entanglement of discrete vari-
ables. Some are easy to operate but not necessary and sufficient conditions for entanglement,
and some are the opposite. For example, the positive partial transpose criterion [12, 13],
the computable cross-norm or realignment criterion [14, 15], the permutation separability
criteria [16, 17, 18], the criterion based on Bloch representations [19], the local uncertainty
relations [20, 21, 22, 23|, the covariance matrices approach [24], the entanglement witnesses
[25, 26, 27, 28] and Bell type inequality [29, 30, 31], etc. In addition, the entanglement of
quantum states has been studied from different angles. For general multipartite quantum
systems, the reference [32] proposed using Pauli matrix to construct correlation tensor as the
entanglement criterion. References [33] and [34] studied the entanglement of quantum states
in multipartite systems by using invariants and the decomposition of matrix tensor product.
Although many related results have been obtained, for any given quantum state, determining
whether it is entangled or separable is still a very challenging and unsolved problem.

In 2018, Gatti and Lacalle proposed a model of discrete quantum computing [35], the set
of Gaussian coordinate states. It includes all the quantum states whose coordinates in the
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computation base, except for a normalization factor \/5%, belong to the ring of Gaussian
integers Z[i] = {a + ibla,b € Z}. The model has the following properties: It describes real
states in quantum physics, preserves the superposition and entanglement of quantum states
and allows to approximate general quantum states, and, above all, it contains simple quantum
states. For this model, we introduce a new method to judge entanglement and separability of
quantum states. Compared with those classical methods, its operation is relatively simple.

In the first part of the paper, after establishing the required basic knowledge, we define
a generalized ring of Gaussian integers Z[i]zn by analogy with the classical ring of Gaussian
integers Z[i], and conjecture that the ring has similar properties to the classical ring, what’s
more, we can use these properties to explore entanglement and separability of quantum states
in the model of Gatti and Lacalle.

In the second part, we prove some basic properties of the generalized ring Z[i]zn, and
verify our conjecture. That is, the ring has similar properties to the classical ring Z[i]. It is a
Euclidean domain, principal ideal domain and unique factorization domain. In addition, by
analyzing the elements of the integer coordinate part and the complex coordinate part, all
forms of prime elements and irreducible elements in the ring are discussed.

Finally, to go further with the analysis of elements in the extended ring Z[i]?", we find
that the structure of elements in the ring is related to the entanglement and separability
of quantum states in the discrete quantum model. By discussing prime elements and the
number of prime elements of Z[i] contained in the coordinate states over the ring Z[i]?", we
obtain a series of criteria for entangled states and separable states. Furthermore, by using
the factorization property of the generalized ring, we show all types of separable states in the
model when n = 2,3, and assert that any quantum state can be compared with this method
to judge its entanglement and separability in the n-qubits model. In Section 5, We provide a
simple comparison for different methods.

2 Background knowledge

In this section, we will introduce some basic knowledge involved in this paper, including
entangled states, separable states, discrete quantum models and the classical ring of Gaussian
integers.

2.1 Entangled states and separable states

In quantum mechanics, the state of the system is expressed by wave function |¢). There
are two kinds of quantum states, pure states and mixed states. A quantum state that can
be represented by a unit vector in Hilbert space is called pure state. The system cannot be
described by a certain pure state, but needs to be described by a group of pure state vectors
and their corresponding probabilities, so the quantum system is said to be in a mixed state.
Pure states and mixed states can also be defined by density operator or density matrix.

Definition 2.1.1 Density matrix p is defined as a linear combination of a set of pure state
ensemble {p;,[1),} with certain probability, namely

p=2_pile); (Wl

where (9|, is the conjugate transpose of the state |t),, and p; > 0,>, p; = 1.
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It means p is composed of a series of pure states [¢), according to the probability p;.
Then it is easy to determine whether a given quantum state is pure or mixed by using density
matrix. If Trp? = 1, p is pure. If Trp? < 1, p is mixed. When the system is in the exact
known pure state |¢), the density matrix is p = [¢) (¥].

Pure states can be classified into two types: separable pure states and entangled pure
states. So are mixed states: separable mixed states and entangled mixed states.

We will first discuss the simple case of the pure state of a bipartite system.

Definition 2.1.2 [36] In a bipartite system Hs ® Hp, if the coherent superposition state
|¥) 45 can be expressed as the tensor product of |¢) , and |¢) 5, namely

|\II>AB = W)>A ® W)>B7

where |1)) , and [¢) 5 represent two pure states in Hilbert spaces H4 and Hp respectively.
Then |V¥) , 5 is called separable.

If the quantum pure state |¥) , » cannot be described as the tensor product of quantum
states over the two subsystems, i.e. |¥) 5 # [1) 4 ® [¢)) g, then the state |¥) , 5 is entangled.
For example, % (10) 4 11) 5 — [1) 4 |0) 5) is & 2-qubits entangled state.

In a multipartite system Hapc..., if the pure state of multiple qubits |¥) , 5~ can be
expressed as

W) apc.. =104 @Y p @ W) @---

where |\IJ>ABC-~ € Hape...,Hapc.. = HAx®Hg® Ho® - -+, |¢>A € Hy, |’(/J>B € Hp, |’L/J>C €
He,---, then |¥) , 5. is called separable state, otherwise it is entangled state.

The following is the definition of separability and entanglement of mixed states.

Definition 2.1.3 Suppose that p4p is a density matrix in the bipartite system. If there are
reduced density matrices p;* of subsystem A and p;Z of subsystem B respectively, such that

PAB = ZpiPiA & PiB,

where p;4 = Trg(pag),pi® = Tra(pap), Tre and Try are operator maps. Then pap is
separable. Otherwise p4p is entangled.

In a multipartite system, the necessary and sufficient condition for being separable of
density matrix p is that it can be written in the following form

pzzpipil®pi2®--.pik®...,
i

where p;* is the reduced density matrix with the probability p; of the kth subsystem.
In this paper, we will discuss the separability or entanglement of states in the discrete
quantum computing model proposed by Gatti and Lacalle.
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2.2 Gatti & Lacalle discrete quantum computing model E

In 2018, Gatti and Lacalle proposed a discrete quantum computing model, namely the set of

Gaussian coordinate states F [35]. Tt is the smallest set of quantum states which contains a

computational base and is invariant under the application of the conforming gates H and G.
Let Hs be the state space of single qubit, which is a 2-dimensional Hilbert space,

|¥);, = cio |0) +ci1 |1) € Ha

is the ith qubit state, then the state with n-qubits composed of them is

N—-1

) =), @ [), ® - @ [¥), = D e ).

z=0

Where N = 2" is the dimension of n-qubits state space Ho® = Hy @ Hy @ - - - @ Ho.

Gatti and Lacalle showed that Gaussian integers are used to represent the coordinates of
quantum states in the model. It is an important feature of this model.

The following is the 2"-dimensional Gaussian integer vector set to be used in this paper,

Z[i)*" = {(xo + iyo, -+, an_1 + iyan_1)|zi, yi € Z,0 < i < 2"}
Definition 2.2.1 [35](Set of Gaussian coordinate states E) Let |¢)) be a quantum state.

|¢) € E if and only if there exists k € N such that Nou lv) € Z[i]*".

The set E can be written as the disjoint union of subsets of F, indexed by the parameter
k. It is denoted by Fj:

Fo={|v) € ENVZ" o) € Z[i)* andv2" " [¢) ¢ Z[i]*"}.

The definition above can be rewritten in the following terms.
The state |¢) of the form |¢) = ﬁ(fo +14yo, -+ ,xan_1 +iyon_1) belongs to the level Fy
if the following properties hold:

(i) (wo+iyo, -, @an_1 +iyan_1) ¢ Z[i]*". .
(i) w0+ oo 12+ +- - Fyam1® = V2.
(iil) 214 ged(xo,- -+ ,Xan—1,Y0," - ,y2n—1) (2 does not divide the greatest common divisor of

o, - ,Toan—1,Y0," " 792"—1)-

2.3 The ring of Gaussian integers 7Z[i]

The number like a + bi(a,b € Z,i = 1/—1) is called Gaussian integer, which was proposed by
Gauss when studying quadratic indefinite equation. Record as

Zli] = {a + bila,b € Z,i = /—1}.

For ordinary addition and multiplication, it can be proved that it is a domain, which we call
the ring of Gaussian integers [37].

Property 2.3.1 It holds that
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(i) Z[
(ii) Z[é] is a principal ideal domain.
Z

(iii)

i] is a Euclidean domain.

[i] is & unique factorization domain.

Property 2.3.2 There are only four units 1, +i in Z][4].

Property 2.3.3 There are two types of prime elements in Z[i]:

(i) a® + b? is a prime, then a + bi is a prime element of Z[i].
(ii) p is a prime, 22 + y? = p has no integer solution, then +p, +pi are prime elements of
Z[i).

From the properties of the ring of Gaussian integers, we guess that there is a ring of
multiple Gaussian integers, which has similar properties to the classical ring and is related to
the Gaussian coordinate states. Fortunately, our conjecture has been verified in the following.

3 The ring of multiple Gaussian integers Z[i]>"

In this section, we define “+” and “x” for the set
Z[i]zn = {(xo+ Yo, ,xon_1 + iyon_1)|zt,yr € Z,0 <t < 27},
For a, B € Z[i]*", let

a = (ag +ibg, - -+ ,a2n 1 +ibon_1),
ﬂ = (CO + ido, cee,Con_1 + id2’n_1).

We have
a+ B = (ag +iby + co +ido, -+ ,agn_1 + iban_1 + can_y +idan_1),
o X ﬁ é ((ao + Zbo) X (CO =+ ido), e 7(@2%,1 + Z’bgn,l) X (CQn,l =+ idzn,l)).

From the definition of the ring, it is easy to prove that Z[i]>" is a domain. Also, we will
discuss the properties of Z[i]2n. These properties will pave the way for the next exploration
of the model.

For the sake of clarity in the structure of the paper, only the description of relevant
properties is given below, and the detailed proof processes can be found in the Appendix A.

Property 3.1 Z[i]*" is a Euclidean domain.
Property 3.2 Z[i]*" is a principal ideal domain and unique factorization domain.
Property 3.3 There are 42" units in Z[i]?".

The following discussion is about the prime elements for Z[i]2n. The prime elements in the
ring Z[i]zn can be divided into two parts. One part is that the components are all integers,

and the other is that the components contain elements in the form of a + bi(b # 0). We first
discuss the prime elements whose components are all integers.
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Obviously, because the prime elements require no other factors except itself and units,
the elements containing composite numbers in the components must not be prime elements
according to the definition of multiplication in the ring Z[i]*". Therefore, only elements
without composite number components can be prime elements in Z[i]?". However, prime
numbers are prime elements in the ring of integers Z, but they are not necessarily prime
elements in Z[i]. For example, the prime number 2 can be decomposed into 2 = (1 414)(1 —¢)
in Z[i], where 1£i are not trivial factors of 2. Therefore, 2 is not a prime element in Z[i].
Generally, except the prime number 2, other prime numbers can be written in two forms,
4n + 1 and 4n + 3. Hence we have the following propositions.

Property 3.4 Let p;(0 < i < 2" — 1) be a prime number. The equation 22 + y? = p; has
no integer solution if and only if the elements in the form of (1,---,1,p;,1,---,1) are prime

elements in Z[i]?".

Property 3.5 If the prime number p;(0 <4 < 2" — 1) can be written in the form of 4n + 3,
then the elements shaped as (1,---,1,p;,1,--- ,1) are prime elements in Z[i]?".

Property 3.6 If the prime number p;(0 < ¢ < 2™ — 1) is in the form of 4n + 1, then the
elements shaped as (1,---,1,p;,1,---,1) are nonprime elements in Z[i]?".

Next, we will discuss the prime elements with the from a + bi(b # 0) in components.

Property 3.7 Let a; = a + bi,a; ¢ Z,j € Z[i],0 < j < 2" — 1. a® 4+ b? is a prime number.
Then the elements in the form of (1,---,1,a;,1,---,1) are prime elements in Z[i]>".

Property 3.8 Let o; = a + bi,a; & Z,«; € Z[i], a®> + b* = p1p2 - - - py, where py(1 <t < n)
is a prime number. We have

(i) If n = 1, then the element in the form of (1,---,1,a;,1,---,1) is a prime element in
ZJi)*".

(ii) If n # 1, then the element in the form of (1,---,1,¢;,1,---,1) is a nonprime element
in Z[i]*".

Property 3.9 If an element contains two or more components that are not 1, then the element
is not a prime element in Z[i]?".

Property 3.10 An element in Z[i]*" is a prime element if and only if it is an irreducible
element.

4 Criteria for entanglement or separability of quantum states in the model FE

We have investigated the structure of the ring Z[i]>". Now we turn our attention to the
quantum states in the model E proposed by Gatti and Lacalle. From Section 2.2, this discrete
quantum computing model is the set of Gaussian coordinate states E. Let |¢) be a quantum
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state, we have

E = {|¢) |There exists k € N such that \@k lv) € Z[i]*"}.

Hence, judging the entanglement or separability of the state |¢) in E is the same as judging

the entanglement or the separability of \@k [4).

According to Property 3.2, the ring Z[i]Qn has the unique factorization property. Each
element that is neither zero nor unit can be uniquely factorized into the product of some
prime elements. Assuming that A is a non-zero and non-unit element in Z[i]2n, it can be
decomposed into:

A=PPP;.-- P,

P; is a prime element in Z[i]?". From the properties in Section 3, P; = (1, - - - ,1,p;, 1, 1),
where p; is a prime element in Z[i]. By simple deformation, A can also be uniquely expressed
as

A= (p1,1p1,2 Pk s P21P2,2 0 P2kt s Pr P2 'pr,kr)7

where p; ; is a prime element in Z[i]. Then do the combination calculation, if there is a
combination about p; ; that can write A as a tensor product, then the corresponding quantum
state is separable, otherwise it is entangled. If it is separable, then the tensor product is the
separable mathematical expression of the quantum state.

From the properties obtained in Section 3, the following are some criteria of separability or
entanglement. Finally, using the unique factorization property and combination calculation,
we present all types of separable states and their representations for n = 2, 3.

Property 4.1 Let |¢) be a quantum state, |¢) € E. If \/ik |4 is a prime element in Z[i]*",
then |¢) is an entangled state.

. . k .
Proof: Let |¢) = ﬁ(xg + @Yo, -+, Tan_1 + iyan_1), then V2" [¢0) = (zo + iyo, -+ ,Tan_1 +

iyan_1) € Z[i]?". Since \/ﬁk |4) is a prime element in Z[i]?", from Proposition 3.10, we have
that \/ik |4} is irreducible in Z[i]?". That is, there is no nontrivial factor. And then the
quantum state [1)) cannot be expressed in the form of tensor product of subsystems. Thus
|t) is an entangled state OJ.

Property 4.2 A quantum state of the form ﬁ(%w" ,qi,1,---,1), where i is an even

number and ¢; is a prime element in Z[i], must be entangled.

Proof: Suppose that ﬁ(%, <+ ,¢qi,1,--+ ;1) is a separable state, then it can be expressed

as the tensor product of quantum states from n single quantum systems. Since g; is a prime
element in Z[i], only one subquantum state whose component contains g; in the tensor product.
Let

1
ﬁ(%ﬁ" 7(11',17"‘ 71):|¢>0®|¢>1®®W>n_1

= (a0,0,a0,1) ® (01,0,01,1) ® - - @ (An—-1,0, An—2,1) -
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Suppose that (a;0, ;1) is the subquantum state. According to the definition of tensor prod-
uct, there are even components with ¢; in the composite quantum state. It contradicts the
odd number of components with prime element in the proposition [J.

Corollary 4.1 In Proposition 4.2, the conclusion is still valid when ¢; is a reducible element.

Proof: When ¢; is reducible in Z[i], the proof is similar to Proposition 4.1. We don’t repeat
it here OJ.

Property 4.3 A quantum state like ﬁ(q, «+-,q,1,--- 1) is a separable state, where ¢
is a prime element in Z[i] and the number of ¢ in the quantum state is 2"~!. Especially,
ﬁ(q, -++,q) is a separable state.
Proof: For ﬁ(q,n- ,q,1,---,1) and ﬁ(q,~-~ ,q), we have
L L= @)oo -o11)
— g, 4, L, = —\q, ) ) )
vz Ve
1 1

Nou V2

Hence the two kinds of quantum states are separable [J.
Corollary 4.2 In Proposition 4.3, the conclusion is still valid when ¢ is a reducible element.

Proof: When g is reducible, the above two equations still hold [J.

k om .
Property 4.4 Let [¢)) = ﬁ(ao,al,n- Jagn_1), [U) € E, V2" |¢b) € Z[i]*", where a;(i =
1,2,--+,n) is 1 or a prime element in Z[i]. Except the two types of quantum states in

Proposition 4.2 and the quantum state -, 1), other quantum states in the form of

1 1
\/5,C ( v
|¢> are all entangled states.

Proof: When the components of the quantum state [¢)) contain odd prime elements in Z[i],
by Proposition 4.2, 1) is an entangled state. When the number is even, suppose that [¢)) is
a separable state. Then it can be expressed as the tensor product

V) =) @ |9), @ @ [),_1 = (0,0, 00,1) ® (a1,0,a1,1) @ ® (An-1,0, Gn-2,1) -

Because a; is 1 or a prime element in Z[i] and the number of prime elements is even, there

(¢y-++,¢,1,---,1) and 12k (¢, ,q). The proposition is proved OJ.

are only \/1?

By analyzing the relationship between the ring of multiple Gaussian integers and the set
of Gaussian coordinate states and using the property that the ring is a unique factorization
domain, we classify the number of reducible elements in Z[i] for the Gaussian coordinate
states, and give all types of separable states in the model when n = 2,3. Note that it doesn’t
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consider the order of coordinates here. Let the number of reducible elements be t. We obtain
Case 1: When n = 2, all types of separable states in the model are as follows.

When ¢t = 0, there are three types of separable states.

(i) p1,q are all prime elements in Z[i],

1 1
7(]7171’17(11,(]1) = 7(2?17(]1) ® (1a 1)
V2! vz
(ii) p; is a prime element in Z[4].

1 1
ﬁ(m,pl, 1,1) = ﬁ(ph 1)@ (1,1).

(iii)

Loty L anean
\/§k ) K K \/ik ) )
When ¢t = 1, the type of separable states is the following.

(i) p1,p2 are all prime elements in Z[i],
1
vz

1
(p1p27p17p2a 1) = 7]@(]917 1) ® (an 1)
V2

When t = 2, the separable states have the following types.

(i) p1,q1 are all prime elements in Z[d],

1 1
— (p1p2; P1, 1p2, 1) = — (P1,@1) @ (p2, 1).
V2

V2

(1‘1’) Olle Oi p alld p] l'S a le‘]Ile elenlelll 1‘11 Z 'L 3 a]ld (]le Otllel l'S a Ied lCl‘ble elenlelll,
p1p23p13p231 p131 ® anl .

(iii) One of p; and ¢y is a prime element in Z[i], and the other is a reducible element,
1 1
ﬁ(plaplacha(h) = ﬁ(ph(h) ® (1,1).
(iv) p1 is a reducible element in Z][i],

1 1
—(p,p1, L, 1) = —(p1, D) @ (1,1).
ﬁk(p P ) \/gk(p )@ (1,1)
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When t = 3, the separable states have the following types.

(i) Onme of p; and ¢ is a prime element in Z[i], and the other is a reducible element,

1 1
— (p1p2; P1, 1p2, 1) = — (P1, @1) @ (p2, 1).
V2

V2

(ii) p1, p2 are all reducible elements in Z[i],

1 1
7(}71172,]91,]92’ 1) = 7(1)13 1) ® (p27 1)
\/ﬁk ﬁk

When t = 4, the separable states have the following types.

(i) p1,p2,q1,G2 can be prime elements or reducible elements in Z][4],
— ) = — (1, @) © (P2, 2)
— P1P2,P192,91P2,4192) = —¢ (P1,4q1 Pp2,q2).
k k
V2 V2

(ii) p1,q1 are all reducible elements in Z][i],

1 1
— (P1p2, p1, 1p2, 1) = — (P1, @1) @ (2, 1).
ﬁk \/ik

(iii) p1,q are all reducible elements in Z[d],

1 1
7;6(17171717(]1&1) = 7,6(1717(11) ® (17 1)

V2 V2

Case 2: When n = 3, all types of separable states in the model are as follows.

When t = 0, the separable states have the following types.

(i) p1 is a prime element in Z][i],

1 1
7(]91,]91,]91,]31» ]-7 ]-7 ]-a 1) = 7(p13 1) o2y (13 1) ® (]-a 1)
\@k \/ik

(ii) p1,q are all prime elements in Z]i],

(pppp )— ( )®(11)®(11)
17 17 17 17q1’Q17q1)q1 p17q1 ) ) *
\/ik \/Ek

(iii)

1 1
7(17 ]-7 13 17 1, ]-7 ]-7 1) = 7(]" 1) ® (la 1) ® (13 1)
vz Ve
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When ¢t = 1, there is no separable state.

When t = 2, the type of separable states is the following.

(i) p1,p2 are all prime elements in Z[i],

1 1
ﬁ(p1p27p1p27p17p17p27p27 17 1) = ﬁ(ph 1) & (p27 1) & (17 1)

V2

When t = 3, there is no separable state.

When t = 4, the separable states have the following types.

(i) One of p; and ¢; is a prime element in Z[i], and the other is a reducible element,

o )= o) © (1) © (11)
— \P1,P1,P1,P1,91,41,91,91) = — \P1,q1 ) s L)
\/Ek \/ik

(ii) p1 is a reducible element in Z[i],

1 1
ﬁ(plvplaplvplalv]wl?l) = ﬁ(plﬂl) ® (1’1) ® (1’1)
V2

V2

(iii) One of p; and ps is a prime element in Z[i], and the other is a reducible element,

1 1
7(p1p27p1p27p17p17p27p27 ]-7 1) = 7(171’ 1) ® (p27 1) & (17 1)
\/§k \/ik

(iv) p1,q:1 are all prime elements in Z[i],

1 1
— (p1p2, P1P2, P1, P1, Q1P2, Q1P2, 1, 1) = ﬁ(pl,m) ® (p2, 1) ® (1,1).

V2

(V) p1,p2,p3 are all prime elements in Z[i],

1 1
— (p1p2p3, P12, P1P3, D1, P2p3, P2, P3, 1) = ﬁ(pl, 1) ® (p2,1) ® (p3, 1).

V2

When ¢t = 5, the type of separable states is the following.

(i) There is only one prime element among p1, ps, ps in Z[i],
1 1

— (p1p2p3, P12, P1P3, P1, P2p3, P25 P3, 1) = —(p1,1) @ (p2, 1) ® (p3, 1).
V2 V2

When ¢ = 6, the separable states have the following types.
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(i) p1,p2 are all reducible elements in Z][i],

V2

(ii) One of p; and ¢y is a prime element in Z[i], and the other is a reducible element,

1 1
— (p1p2, P1P2, P1, D1, P2, P2, 1, 1) = ﬁ(pl, 1)@ (p2, 1) @ (1,1).

1 1
— (p1p2, P1P2, P1, P1, 1P2, 1P2, 41, @1) = — (P1,q1) @ (p2, 1) @ (1, 1).

V2 vz

(iii) There are two reducible elements among p1, p2, p3 in Zli],

1
—; (P1P2p3, P1P2, P1D3, P15 P2P3, P2, D3, 1)

V2
\/lﬁ,ﬁ(pl, 1) ® (p2,1) ® (p3, 1).

(iv) p1,q1 are all prime elements in Z[i],

1
e (P1P2p3, P1P2, P1P3, P1, q1D2P3, 41P2, G1P3, 1)
V2

1

:ﬁ(pl,ql) ® (p2,1) @ (p3,1).

When t = 7, the separable states have the following types.

(i) p1,p2,ps are all reducible elements in Z[i],

1
— (p1p2p3; p1p2, P1P3, P1, P2P3, P2, 3, 1)
V2

=L (1) ® (02 1) ® (3, 1),

V2

(ii) One of p; and ¢; is a prime element in Z[i], and the other is a reducible element,

1
ﬁ (p1p2p37 P1pP2,P1P3,P1,491P2P3,41P2, 41P3, Q1)

:\;k(ph(h) ® (p2,1) ® (ps3, 1).

When t = 8, the separable states have the following types.

(i) p1,q1 are all reducible elements in Z[i],

1 1
— (P1,P1, 01,91, 01,01, 01, q1) = — (p1, 1) ® (1, 1) @ (1, 1).
ﬁk ﬁk
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(ii) p1,q are all reducible elements in Z[i],

1
ﬁ(plpzap1p27pl7pl7 q1P2,491P2, 491, (J1)
V2

\/]ék(plaql) ® (p27 ]-) Y (]—7 ]-)

(iii) p1,q are all reducible elements in Z][i],

1
ﬁ (p1p2p3, P1P2, P1D3, D1, q1D2D3, 41D2, 41D3, 1)

:%(phfh) ® (p2,1) ® (ps,1).

V2

(iv) p1,p2,41, g2 can be prime elements or reducible elements in Z[i],

1
~k (P1p2; P1P2, P142, P142, G1P2, G1D25 G142, 41G2)
V2
1
:ﬁ(phql) ® (p27q2) ® (1a 1)

V2

(v) p1,p2,P3,q1,¢2 can be prime elements or reducible elements in Z[i],

1
ﬁ (P1p2p3; P1P2, P1G2P3, P1G2; Q1P2D3, ¢1P25 G1G2D3, 4142)

1
=—(P1,q1) @ (P2, ¢2) @ (p3, 1).

V2

(vi) p1,p2,P3,41, 42,93 can be prime elements or reducible elements in Z[i],

1
— (P1P2p3, P1P243, P142P3, P1G243, Q1D2P3, (1P243, 4142D3, 419243)

k
V2
1
=—(P1,q1) @ (P2, G2) @ (p3,q3)-
V2
Note that p1,ps, ps3, g1, g2, g3 are prime elements or reducible elements in Z[i].
To sum up, for the general n-qubits Gatti & Lacalle discrete quantum computing model
FE, we can assert that any quantum state can be judged its entanglement or separability
by the unique factorization property of the ring Z[i]Qn. Only the bigger the n is, the more
complicated the situation becomes.

5 Comparisons of different criteria

Now there are many separability criteria, but there is no universal method to determine
whether a quantum state is separable or entangled. There are some classical criteria for
quantum entanglement in discrete quantum state systems. For example, the positive partial
transpose criterion [12, 13], the computable cross-norm or realignment criterion [14, 15], the
permutation separability criterion [16, 17, 18], the covariance matrices criterion [24], the
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entanglement witnesses [25, 26, 27, 28] criterion and Bell type inequality criterion [29, 30,
31], etc. However, they are all used to determine whether a quantum state is separable
or entangled, and do not give the decomposition formula of a separable quantum state in
mathematics. The following briefly describes these determination methods and their scope of
use.

The positive partial transpose criterion is only applicable to bipartite quantum states and
a necessary condition for the separation of quantum states. It can be expressed as: if a
bipartite state pap is separable, then the new matrix p?;BB formed by partial transposition of
B system about the density matrix p4p must satisfy inequality

Hpﬁ% <1,
where ||-|| is the trace norm, and ||A]| = Trv AAT.

The computable cross-norm criterion is also called realignment criterion. It is very similar
to the positive partial transpose criterion. It describes: if a bipartite state pap is separable,
then the new matrix R(pap) formed by realigning the indices of the density matrix p4p must

satisfy inequality
[R(pas)| <1,

where R is the realignment operation. This criterion is usually regarded as a supplement to
the positive partial transpose criterion, but both them are the bipartite state criteria.

The permutation separability criterion actually covers the positive partial transpose cri-
terion and the computable cross-norm criterion, and is applicable to the multipartite system.
Take the example of the 3-partite system to show how this criterion works. If a 3-partite
state papc is separable, then the new matrix L(papc) formed by swapping arbitrary indices
of the density matrix pspc must satisfy inequality

|L(paBc)| <1,

where L refers to any index exchange operation.

In fact, all of these permutation criteria can only determine complete separability, that
is, they can only tell us that a quantum state is completely separable or not, and no further
information can be obtained. Moreover, the entanglement detection of multipartite system is
a complex problem, and many separability criteria applicable to multipartite system are not
simple, or even difficult to calculate, without operability.

The covariance matrices criterion also applies only to bipartite quantum states. It is
relatively computationally complex. First, define the covariance matrix. If psp is a given
quantum state, and {My : k = 1,---, N} is the observed measurement, then the N x N
covariance matrix R is defined as:

Yij = ((MiMy) + (M;M;)) /2 — (M;) (Mj) .

If choose {M}} = {Ar ® I,I ® By} and the Hilbert-Schmidt orthogonal basis {Ay}({B})
based on the operator space H(Hp), then the covariance matrix has the following block
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structure,
A B
Y(pap, {My}) = |:CT D] )

where A = y(pap,{Ax}) and B = ~(pap,{Br}) are covariance matrices of reduced den-
sity matrices, and matrix C is composed of C;; = (4; ® Bj) — (4;) (B;j). The covari-
ance matrices criterion is defined as: if a bipartite state pap is separable, there must be
states |ag) (ax| (|bx) (bx|) and weight coefficients pj, satisfying ka = >, pry(|ak) (ak|)(kp =
> & PeY(|bk) (bk])). Then the following inequality holds

Y(pag, AMr}) > ka ® K.

otherwise pap is entangled.

Entanglement witnesses is a good tool for detecting entanglement in experiments. The-
oretically, there is an entanglement witness for any entangled state, but the construction of
entanglement witness is not an easy task. The idea comes from geometry and Hahn. Banach
theorem, that is, the convex closed set and a point outside the set always have a hyperplane
to divide the two. For example, if the entangled witness operator W is constructed, for any
quantum state p, if

Tr(Wp) >0,

Then the quantum state p is determined as separable state by W, otherwise it is entangled
state.

Bell-type inequality is also an effective tool for detecting entanglement in experiments.
The violation of Bell inequality shows that the state is entangled. The basic idea of Bell
inequality is as follows: When measuring a bipartite system, it is assumed that there is a
measurement result locally on each side before the measurement, and then a quantitative
limit of the correlation degree of the results when two associated particles are measured at
the same time can be obtained. But it is not easy to use in practice, and the measurement
process cannot simply measure preexisting local results.

The above are the criteria for judging entanglement or separability of quantum states
under different conditions. At present, there is no universal separability criterion for either
bipartite system or multipartite system. Each method has specific limitations. And they can
only judge whether a quantum state is entangled or separable. When a quantum state is
separable, they cannot give a specific mathematical separable expression.

By analyzing the properties of the ring Z[i]2n, we find that it has a subtle relationship
with Gatti & Lacale discrete quantum computing model E. If |¢) € E, there exists k € N

k n n
such that v/2" 1) € Z[i]?>". We can use the unique factorization property of the ring Z[i]?
to judge the entanglement or separability. That is, each element A € Z[i]*" which is neither
zero nor unit can be uniquely factorized into the product of some prime elements,

A=P PP P,

where P; is a prime element in Z[i]>". By simply deforming A, it can be uniquely expressed
as

A= (p1,1p1,2 Pk s P21P2,2 0 P2kt s Pr1Pr2 'pr,kr)a



Miao Wang, Zhenfu Cao and Xiaolei Dong 557

where p; ; is a prime element in Z[i]. Through combination calculation, if there is a combina-
tion about p; ; that can write A as a tensor product, then the corresponding quantum state is
separable, otherwise it is entangled. If it is separable, then the tensor product is the separable
mathematical expression of the quantum state. Different from the previous criteria based on
matrices, this method is relatively simple to operate in mathematics. But, at present, it is
only valid for the discrete quantum model proposed by Gatti and Lacale. It is still an open
problem for the general criterion.

6 Conclusions

Quantum entanglement is an arduous and challenging research. Some remarkable achieve-
ments have been made, but quantum entanglement still has many problems to be further
studied.

In this paper, we present a new judgment method of entanglement and separability for the
discrete quantum computing model proposed by Gatti and Lacalle. It is relatively simpler than
previous methods in mathematical calculation. We find that the properties of quantum states
are related to the Euclidean domain Z[i]?" in the model. Using the factorization property
of the ring, a series of criteria are verified. In addition, we present all types of separable
states when n = 2,3, and assert that any quantum state can be compared with this method
to determine entanglement or separability in the n-qubits model. From the perspective of
quantum communication, the proposed method is significative. It provides a novel way to
study the entanglement and separability of discrete quantum states.
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Appendix A

Property 3.1 Z[i]*" is a Euclidean domain.

Proof: Let o € Z[i]?>",a # 0, = (zg + iyo, - -+, Ton_1 + iYan_1),
Pro—r o’ + w1t Yo+ Yan”

Since Z[i] is a Euclidean domain, there is a mapping from the set of nonzero elements of
Z[i] to the set of nonnegative integers, and any element b can be written in the form of
b= qa+r(q,r € Z[i]) for a given nonzero element a in Z[i] , here r = 0 or ¢(r) < ¢(a). Easy
to prove that ¢ : a — 22 +y%(a = x +iy) meets the above requirements. Thus the mapping ®
can be written as ® = g+ @1+ - -+ @an_1, Where ; is the above mapping corresponding to
the component element «; of « to satisfy the Euclidean domain in Z[i]. For each ¢;, there is
a pair of elements g;,r;, so that ¢;(r;) < ¢;(a;). Hence, for any g € Z[i]zn, there is a pair of
elements Q = (qo,--- ,qan_1), R = (r0,--- ,7on_1) making R = 0 or ®(R) < ®(a). So Z[i]*"
is a Euclidean domain [J.

Property 3.2 Z[i]*" is a principal ideal domain and unique factorization domain.

Proof: Because every Euclidean domain is a principal ideal domain, and thus a unique
factorization domain. It can be seen from Proposition 3.1 that Z[i]*" is a Euclidean domain,
S0 it is a principal ideal domain and unique factorization domain OJ.

Property 3.3 There are 42" units in Z[i]?".

Proof: Suppose that a is a unit, a € Z[i]>". Then there is an element 3 € Z[i]*" that makes
B-a=1=(,--,1), namely ®(af) = ®(I) = 2". From the definition of multiplication in
Z[i]*", we have ®(a) = 2™ and the component of a is +1 or #i. Obviously, there are exactly
42" such elements [J.

Property 3.4 Let p;(0 < i < 2" — 1) be a prime number. The equation 2 + y? = p; has
no integer solution if and only if the elements in the form of (1,---,1,p;,1,---,1) are prime
elements in Z[i]".

Proof: Sufficiency: Let P = (1,---,1,p;, 1,---,1). Suppose that the equation x2 + y? = p;
has the integer solution (xg,yo), then we have p; = (o + iyo)(zo — iyo), where g, yo # 0.
Thus P has nontrivial factors (1,---,1,29 + iyo,1,---,1) and (1,---,1,2¢ — dyo, 1, -+ ,1)
This contradicts the fact that P is a prime element. So the equation x? + y? = p; has no
integer solution.
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Necessity: Suppose that the equation % + y? = p; has no integer solution. We should
prove P must be a prime element. If P is not a prime element, then P can be decomposed.
Let P=(1,---,1,a+ib,1,--- ,1)(1,--- ,1,c+id,1,--- ,1), and a®> +b* # 1, > +d? # 1, then
pi = (a+ib)(c +id). By ¢(p;) = o((a + ib)(c +id)), we have p;? = (a® + b?)(c® + d?), thus
a® + b2|p;%, ¢ + d?|p;2. So a® +b*> = p;® or p;. By ¢ +d? # 1, we get a® + b*> = p;. And
because a,b € Z, the equation z? + 3? = p; has integer solutions (a, b), which contradicts the
supposition [J.

Property 3.5 If the prime number p;(0 <4 < 2™ — 1) can be written in the form of 4n + 3,
then the elements shaped as (1,---,1,p;,1,---,1) are prime elements in Z[i]?"

Proof: From Proposition 3.4, we just need to prove that the equation 4n + 3 = 22 + ¢
has no integer solution. Suppose (zg,yo) is the integer solution of the above equation. Let
2o =2m + j,yo = 2n +k,m,n € Z,j,k = 0or 1, then 4n +3 = 2m + j)2 + 2n + k)? =
4(m? +n? + mj + nk) + 52+ k% 3% + k? can only be 0,1,2 , it cannot be 3. So the front
formula cannot be true. Therefore, 4n +3 = 2%+ y? has no integer solution. This proposition
is proved .

Property 3.6 If the prime number pZ(O <4< 2" —1)is in the form of 4n + 1, then the
elements shaped as (1,---,1,p;, 1,---,1) are nonprime elements in Z[i]>"

Proof: Obviously, p; is an odd prime number. If (1,---,1,p;,1,--- ;1) is not a prime element
in Z[i]T. from Proposition 3.4, the equation 2% + y? = p; has an integer solution. Let the
solution be (z,yo). Then zo, yo cannot have the same parity. Otherwise, there must be 2|p;.
This contradicts the fact that p; is an odd prime number. So one of zy and yo must be odd
and the other even. Suppose that xo = 24,90 = 2k + 1, then x¢? + yo? = (2j)2 +(2k+1)2 =
4(j% + k? 4+ 2k) + 1. That is, 292 + yo? is a prime number in the form of 4n + 1. Hence the
elements shaped as (1,---,1,p;, 1,---,1) are nonprime elements in Z[i]>" O.

Next, we will discuss the prime elements with the from a + bi(b # 0) in components.

Property 3.7 Let oj = a+bi,a; & Z, o € Z[i],0 < j < 2" — 1. a® 4+ b? is a prime number.
Then the elements in the form of (1,---,1,a4,1,---,1) are prime elements in Z[i]*"

Proof: Let a? +b* =p, (1,---,1,a;j,1,---,1) = P. Now we prove that P has only trivial
factors. By the definition of multiplication in Z[i]2n, we just need to prove a; has no nontrivial
factor in Z[i]?". Suppose that § is a factor for a;j, now prove that 3 is a trivial factor. Let
a; = P, we have p(a;) = p(87) = @(B)e(y) = p. Since p is a prime number, ¢(8) =1 or
p. If (B) =1, then B is a unit in Z[i]. Also, if ¢(8) = p, then S is an associated element.
Thus P has only trivial factors. Namely the elements in the form of (1,---,1,a;,1,---,1)
are prime elements in Z[i]?" 0.

Property 3.8 Let a; = a +bi,a; ¢ Z,o; € Z[i], a®> + b*> = pipa - - - pp, where pi(1 < t < n)
is a prime number. We have

(i) If n = 1, then the element in the form of (1,---,1,a;,1,---,1) is a prime element in
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Z[i)?".
(ii) If n # 1, then the element in the form of (1,---,1,¢;,1,---,1) is a nonprime element
in Z[i]?".

Proof: (i) From Proposition 3.7, this conclusion is established.

(ii) Obviously, b # 0,a?+b? = (a+bi)(a—bi) = p1p2 - - - p,. Suppose that there exists a prime
number in the form of 4n + 1 or 2, and let ps be this prime number. By Proposition 3.6, we
get po = (w0 + yoi)(xo — Yoi), To,Yo € Z,yo # 0, and (a + bi)(a — bi) = p1(zo + yoi)(zo —
Yoi)p3 - - pn- Since Z[i] is a unique factorization domain, a + bi is either 2y + yoi or it can
still be factored. Because p; is a prime number, a + bi cannot be xg + yoi. Thus a + bi is
reducible in Z[i]. According to the definition of multiplication in Z[i]?", (1,--- ,1, aj,1,---,1)
is a nonprime element. If pyps - - - p,, are all prime numbers of the form 4n+3, then pi1ps - - - pn
is a factorization of a® + b2. From the property of Z[i], a+bi can still be factored. Hence the
element in the form of (1,---,1,a;,1,---,1) is a nonprime element [J.

Property 3.9 If an element contains two or more components that are not 1, then the element
is not a prime element in Z[i]?".

Proof: Let (ag, a1, - ,am_1) € Z[i]*", then
2" —1
(OZ0,0él,"' 70[271,1) = H (17 717aju17"' al)
§=0
If (g, ¥1, -+ , ugn_1) contains two or more components that are not 1, Then at least two ele-
ments (1,---,1,¢5,1,---,1) and (1, ey Lag, e 1) in the above formula are nontrivial
factor of (ag, ay, - ,an_1). Thus (ag,ar, - ,aon_1) is not a prime element in Z[i]?". This

proposition is proved .

Property 3.10 An element in Z[i]*" is a prime element if and only if it is an irreducible
element.

Proof: In the unique factorization domain, the element is an irreducible element if and only
if it is a prime element. Because Z[i]?" is a unique factorization domain, the element in the
ring is a prime element if and only if it is irreducible OJ.



