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Superunsteerability is a particular kind of spatial quantum correlation that can be observed in a steering
scenario in the presence of limited shared randomness. In this work, we define an experimentally mea-
surable quantity in a steering scenario to certify superunsteerability. In the context of certification of
randomness with this scenario, we demonstrate that such certification of superunsteerability provides
a bound on the amount of genuine randomness generation. On the other hand, superlocality is another
kind of spatial quantum correlation that can be observed in a Bell scenario in the presence of limited
shared randomness. We identify inequalities to certify superlocality in the Bell scenarios that can be
adopted to implement 2-to-1 and 3-to-1 random-access codes. We observe that such certification of
superlocality acts as resource for the random-access codes in the presence of limited shared random-
ness. As a by-product of our certification of superunsteerability and superlocality, we identify a new
classification of separable states having quantumness.

Keywords: Quantum Correlations beyond Quantum Steering and Bell-nonlocality, Quantum Discord,
Self-testing Quantum Random Number Generator, Quantum Random Access Codes

1 Introduction

The fundamental aspects of quantum theory such as quantum coherence and quantum nonlocality are
valuable resources underpinning quantum technologies [1, 2, 3, 4]. Therefore, characterizing these
resources [5] is important for both the foundations of quantum mechanics and quantum information
science. Recently, a relationship between quantum coherence and quantum discord has been estab-
lished [6]. Quantum discord captures quantumness even in separable states [7, 8] and characterizes the
quantum resources in certain quantum information processing tasks [9, 10, 11]. Recently, it has been
studied that even certain separable states having quantum discord can be used to generate superlocal
or superunsteerable correlations which represent stronger than classical correlations in the presence
of limited shared randomness (see Fig. (1) and Fig. (2)) [12, 13, 14, 15, 16, 17, 18]. Furthermore,
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Fig. 1. Superlocality scenario where the dimension of resource (shared randomness λ with the size dλ or shared
bipartite state ρAB in CdA ⊗ CdB ) producing the box {p(a, b|x, y)} is bounded.
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Fig. 2. Superunsteerability scenario where the dimension dλ of the shared randomness λ or local Hilbert-space
dimension dA of the shared bipartite state ρAB in CdA ⊗ CdB producing the box {p(a, b|x, y)} is bounded.

superunsteerability has been shown to be a resource for quantum advantage in quantum information
processing [19, 20]. Thus, quantum discord can be used as a resource for quantum tasks when the
shared randomness is not a free resource.

Quantum coherence manifests itself as a resource for genuine random number generation [21, 22].
In quantum random number generation protocols, genuine randomness is certified through the viola-
tion of a Bell inequality [23] or uncertainty principle guarantees randomness [24]. In the approach
based on Bell inequality, the protocol provides security in a device-independent way, i.e., without the
need to have knowledge about the internal working of the devices while the approach based on the
uncertainty principle requires trusted quantum devices. Intermediate between these two approaches,
an approach based on prepare and measure scenario was proposed to generate genuine randomness
without the need to characterize the devices but by assuming only the Hilbert-space dimensions of the
devices [25]. This approach, where only the Hilbert-space dimensions of the devices are assumed, is
known as semi-device-independent (SDI) approach. SDI quantum information protocols using shared
quantum state as a quantum channel have also been studied [26, 27, 28, 29].

In the context of the prepare and measure protocols, analogous to the Bell inequalities, dimension
witnesses have been derived for certifying the Hilbert-space dimension [30]. The dimension witnesses
have been used as the quantumness certification for the semi-device-independent quantum informa-
tion protocols [31, 32]. The relationship between the dimension witnesses and the figure merit of
a quantum communication game called quantum random-access codes [33] enabled to demonstrate
quantum random-access codes for secure quantum key distribution in a semi-device-independent way
[31].

In Ref. [34], a task closely related to random-access codes which is implemented by Alice and Bob
sharing a nonsignaling box was studied to distinguish quantum and postquantum correlations. Subse-
quently, two of the authors of this work have demonstrated implementation of quantum random-access
codes assisted by shared bipartite states replacing the quantum communication [35]. In this context,
correlations violating the suitable Bell inequalities assisted by one-bit of communication enable quan-
tum advantage for the random-access codes. The equivalence of implementation of quantum random-
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access codes using the prepare and measure scenario and the scenario where a bipartite quantum state
acts as quantum channel has led to study the relationships between the dimension witnesses and the
Bell inequalities [36], the Popescu-Rohrlich boxes [37] and random-access codes [38, 39] and the
sequential and spatial correlations used in the two types of scenarios for implementing the quantum
random-access codes [40].

Given the background that quantumness of the separable states is also useful for quantum informa-
tion processing [19, 20], it is important to certify quantumness of the separable states for self-testing of
quantum information processing. This provides the motivation to construct semi-device-independent
certification of quantumness beyond entanglement through witnessing superunsteerability of unsteer-
able correlations or superlocaltiy of local correlations. To this end, in this work, we study equivalence
of quantumness of sequential correlations in a prepare and measure scenario with independent devices
and the quantumness of spatial correlations in the corresponding scenario with spatially separated cor-
related particles which realize the same task of the prepare and measure scenario.

Nonlinear dimension witnesses constructed in Ref. [41] serve as the certification of quantumness
of sequential correlations arising in the prepare and measure scenario in a semi-device-independent
way. In Ref. [25], such quantumness certification has been shown to achieve self-testing of quantum
random number generation. In the present study, we convert this prepare and measure protocol into the
protocol assisted by spatially separated bipartite quantum state. Furthermore, we extend the quantum-
ness certification used in the prepare and measure scenario for the spatial correlations arising in this
scenario involving spatially separated bipartite quantum state. The quantumness certification defined
for the spatial correlations can be used to provide self-testing quantum random number generation.
We demonstrate that this quantumness certification witnesses superunsteerable correlations. Thus, the
quantumness of the prepare and measure scenario gets manifested as superunsteerable correlations
when the sequential correlations are observed as spatial correlations. Furthermore, we demonstrate
a new classification of nonzero discord states based on the above certification of superunsteerability.
Finally, we address the connection of our certification of superunsteerability to certify superlocality.

We also consider the prepare and measure scenario where the quantumness of the sequential corre-
lations is observed in the presence of shared randomness through a suitable linear dimension witness
inequality [30]. Such form of quantumness has been exploited for achieving quantum random-access
codes [42]. The quantumness of sequential correlations in the presence of shared randomness gets
manifested in the form of Bell nonlocal correlation in the corresponding scenario assisted by shared
bipartite quantum state achieving the quantum random-access codes [40]. We demonstrate that when
certain sequential correlations which have quantumness and do not violate the dimension witness in-
equality are observed as spatial correlations, they may become useful for implementing the quantum
random-access codes if there is a constraint on the amount of shared randomness. In this context, we
point out that quantumness of the sequential correlations gets manifested as superlocal correlations.

2 Certifying superunsteerability

2.1 Prepare and measure scenario with independent devices

In Ref. [25], a prepare and measure (P&M) protocol was considered as shown in Fig. 3 for semi-
device-independent (SDI) quantum random number generation (QRNG). In this protocol, Alice has
access to the set of four uncharacterized preparations labelled by x0x1 ∈ {00, 01, 10, 11} which are in
qubit states and sends one of them randomly to Bob through a quantum channel. Bob has access to the
set of two uncharacterized measurements labelled by y ∈ {0, 1} and performs one of the measurements
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Fig. 3. Prepare and measure scenario with uncorrelated devices. Here, x0, x1, y, b ∈ {0, 1} and ρλx0 x1

∈ B(C2),
where B(C2) is the set of bounded operators acting on the two-dimensional Hilbert-space of quantum states C2.

on the system received from Alice. To account for the imperfections, the devices are associated with
an internal state denoted by λ for Alice and µ for Bob. The devices are assumed to be independent,
i.e., p(λ, µ) = qλrµ, qλ, rµ ≥ 0,

∑
λ qλ =

∑
µ rµ = 1. Bob observes the set of conditional probability

of obtaining the outcomes {p(b|x0x1, y)} which captures the correlations between Alice’s preparations
and Bob’s measurements. The correlations are given by

p(b|x0x1, y) =
∑
λ,µ

qλrµp(b|x0x1, y, λ, µ)

= Tr(ρx0 x1

11 + (−1)bMy

2
)

=
1
2

(1 + (−1)b−→S x0 x1 ·
−→
T y), (1)

where 11 is the 2 × 2 identity matrix and

ρx0 x1 =
∑
λ

qλρλx0 x1
=

1
2

(11 +
−→
S x0 x1 ·

−→σ), (2)

My =
∑
µ

rµMµ
y =
−→
T y ·
−→σ, (3)

are the observed states and measurements denoted in terms of the Bloch vectors
−→
S x0 x1 and

−→
T y, where

−→σ is the vector of Pauli matrices.
To certify the quantumness of preparations and measurements in the above scenario, Lunghi et.

al. [25] considered the following nonlinear dimension witness introduced in Ref. [41]:

W =

∣∣∣∣∣∣ p(0|00, 0) − p(0|01, 0) p(0|10, 0) − p(0|11, 0)
p(0|00, 1) − p(0|01, 1) p(0|10, 1) − p(0|11, 1)

∣∣∣∣∣∣ . (4)

The witness takes the value 0 for any strategy involving a classical bit while it takes the value 0 ≤
W ≤ 1 for any generic qubit strategy. When the qubit preparations are classical (i.e., there exists a
basis in which all states ρλx0 x1

are diagonal) or the measurements are classical (i.e., the measurements
performed by Bob are commuting), the above witness W takes the value 0. Thus, 0 < W ≤ 1 serves
as certification of quantumness of the correlations {p(b|x0x1, y)} in a SDI way since no assumption
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is required on the devices except that Alice and Bob prepare and measure on systems of the given
dimension. The witness takes the maximal value of W = 1 for the following preparations:

ρ00 =
1
2

(11 + σz)

ρ01 =
1
2

(11 − σz)

ρ10 =
1
2

(11 + σx)

ρ11 =
1
2

(11 − σx) (5)

and measurements:

M0 = σz, M1 = σx, (6)

which correspond to the BB84 protocol [43].

2.2 Relating the quantumness of sequential correlations with that of spatial cor-

relations
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Fig. 4. A semi-device-independent scenario where a shared bipartite state acts as the quantum channel to replicate
the P&M scenario in Fig. 3.

To observe the quantumness of sequential correlations in the above scenario as spatial correlations,
let us consider a SDI scenario as shown in Fig. 4 where Alice and Bob share a bipartite quantum state
ρAB of dimension d × 2, where d is arbitrary. The spatial correlations that can be observed in this
scenario can be seen to produce the sequential correlation in the P&M scenario as follows. In the SDI
scenario as shown in Fig. 4, Alice has access to the set of two black-box measurements labelled by
x0 ∈ {0, 1}. The outcome of each measurement is denoted by x1 ∈ {0, 1}. These two measurements
of Alice prepare a set of four qubit states on Bob’s side {ρx1 |x0 }. The set of unnormalized conditional
states prepared on Bob’s side {σx1 |x0 } is given by

σx1 |x0 = TrA
(
Mx1 |x0 ⊗ 11ρAB

)
= p(x1|x0)ρx1 |x0 , (7)

where Mx1 |x0 denotes the measurements operator of Alice’s measurement and p(x1|x0) is the prob-
ability of obtaining the outcome x1 on Alice’s side. On the conditional states prepared by Alice’s
measurement, Bob performs one of two uncharacterized measurements labelled by y ∈ {0, 1} which is
chosen randomly.



384 Certifying quantumness beyond steering and nonlocality and its implications on quantum information processing

Such a SDI scenario has been considered in Ref. [44] for detecting dimension-bounded quantum
steering where only the Hilbert-space dimension of the trusted party is characterized and no other
assumption, such as which measurements the trusted party performs, is made. This SDI scenario
demonstrates quantum steering if {σx1 |x0 } does not have a local-hidden-state (LHS) model [45, 46].
The set of normalized qubit states prepared on Bob’s side in the Bloch representation is given by

ρx1 |x0 =
1
2

(11 +
−→
S x0 x1 ·

−→σ). (8)

Comparing Eqs. (2) and (8), it follows that the sequential correlations produced in the P&M scenario
can be reproduced as spatial correlations in the SDI scenario as in Fig. 4 with the following differences.
In the case of scenario depicted in Fig. 3, Alice uses two random bits as the input to the device, on
the other hand, in the case of scenario depicted in Fig. 4, Alice uses only one random bit as the input
to the device. In the scenario depicted in Fig. 4, Bob receives the random preparations which are the
conditional states prepared by Alice’s measurements by a priory sharing a correlated quantum system
with Alice, while in the scenario depicted in Fig. 3, Bob receives the random preparations through
quantum communication. In the case of scenario depicted in Fig. 4, the non-signaling conditions
from Alice to Bob [46] takes into account of all imperfections on the prepared states ρx1 |x0 in a device-
independent way, but the non-signaling condition is not satisfied in the SDI scenario as in Fig. 3 as
Alice can signal to Bob by sending the qubit. In the scenario depicted in Fig. 3, we assume qubit
dimension on Alice’s side and associate an internal state λ to account for noise/imperfection in the
prepared states of the given dimension. On the other hand, in the SDI scenario depicted in Fig. 4,
imperfection in Alice’s device to prepare the relevant conditional states is taken into account in a
device-independent way because of the nonsignaling conditions from Alice to Bob:∑

x1

σx1 |0 =
∑

x1

σx1 |1, ∀x1 (9)

Here device-independence is applicable to Alice’s device only while Bob’s device works at the semi-
device-independent level. Therefore, we do not need to associate an internal state λ to Alice’s device
to account for the imperfection in the conditional states prepared on Bob’s side, but we associate an
internal state µ on Bob’s device to account for the imperfection in Bob’s device.

In the scenario depicted in Fig. 4, as we model the imperfection in Bob’s measuring device by an
internal state µ which occurs with the probability rµ,

∑
µ rµ = 1, the spatial correlations as captured by

the set of conditional probabilities {p(b|x1; x0, y)} are given by

p(b|x1; x0, y) =
∑
µ

rµp(b|x1; x0, µ)

= Tr(ρx1 |x0

11 + bMy

2
)

=
1
2

(1 + (−1)b−→S x0 x1 ·
−→
T y), (10)

where My are given as in Eq. (3).
To certify the quantumness of the preparations {ρx1 |x0 } and measurements {My} in the SDI scenario

depicted in Fig. 4, we extend the dimension witness given by Eq. (30) for this scenario as follows:

Q =

∣∣∣∣∣∣ p(0|0; 0, 0) − p(0|1; 0, 0) p(0|0; 1, 0) − p(0|1; 1, 0)
p(0|0; 0, 1) − p(0|1; 0, 1) p(0|0; 1, 1) − p(0|1; 1, 1)

∣∣∣∣∣∣ . (11)
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Let us now demonstrate that Q = 0 for any set of joint behaviours {P(x1, b|x0, y) = P(b|x1; x0, y)P(x1|x0)}
which has the form P(x1, b|x0, y) = P(x1|x0)P(b|y) (i.e., there is no correlation between the outcomes
x1 and b). For any set of joint behaviours which does not have correlation, the conditional probability
of observing Bob’s outcome takes the form P(b|x1; x0, y) = P(b|y). With this form of P(b|x1; x0, y),
evaluating Q as given by Eq. (11) gives Q = 〈M0〉 〈M1〉 − 〈M1〉 〈M0〉, where 〈My〉 = P(0|y) − P(1|y).
This implies that Q = 0 for the set of joint behaviours which do not have correlation. On the other
hand, Q > 0, in general, even for the unsteerable correlations. However, a nonzero Q for the set
of conditional probability distributions observed on Bob’s side {p(b|x1; x0, y)} implies that both the
preparations and measurements have quantumness as we demonstrate now. Comparing Eqs. (1) and
(10), it follows that any set of preparations and measurements giving rise to nonzero Q in the scenario
depicted in Fig. 4 also gives rise to nonzero W in the scenario depicted in Fig. 3 and vice versa.

2.3 Certifying randomness with spatial correlations

Let us now consider certification of randomness on Bob’s side in the scenario depicted in Fig. 4.
This scenario for randomness certification is similar to the random certification in a one-sided device-
independent way analysed in Ref. [26] with the following difference. In our context, we only assume
the dimension on Bob’s side, whereas in the context of Ref. [26], both the dimension and measure-
ments are trusted on the side where randomness is certified. Note that a nonzero value of W given by
Eq. (4) implies randomness certification in the SDI scenario depicted in Fig. 3. Therefore, any set of
conditional probability distributions observed on Bob’s side {p(b|a; x, y)} in the scenario depicted in
Fig. 4 has intrinsic randomness if it gives rise to Q > 0.

To quantify the amount of randomness generated in our SDI scenario 4, let us define the average
guessing probability of the events {x0, x1, y, b} as pg := 1

4
∑

x0,x1,y,µ rµ max
b

p(b|x1; x0, y, µ). Then the

randomness rate in our protocol can be quantified by the min-entropy of pg. By adopting the procedure
given in Ref. [47] which has been used to provide a tighter upper bound on the guessing probability,
one can derive the following upper bound on the guessing probability in our SDI scenario too:

pg = 1
4
∑

x0,x1,y,µ rµ max
b

p(b|x1; x0, y, µ)

≤ 1
2 (1 +

√
2−Q

2 ) ≡ f (Q)
(12)

Thus, the min-entropy has a lower bound as Hmin = − log2 pg = − log2 f (Q) which implies that Hmin

is a monotonic function of the quantity Q which quantifies the quantumness of the spatial correlations
in our SDI scenario depicted in Fig. 4. In the following, we identify what kind of quantum correlation
can act as a resource for randomness certification in our SDI scenario.

2.4 Quantum correlation beyond steering as a resource for certifying random-

ness

In the context of a steering scenario where Alice performs a set of black-box measurements labelled
by x and Bob performs a set of quantum measurements of fixed dimension denoted by My, the set of
joint behaviours {p(a, b|x, y)} detecting steerability from Alice to Bob does not have a decomposition
of the form given by [45],

p(a, b|x, y) =

dλ−1∑
λ=0

pλp(a|x, λ)p(b|y; ρλ). (13)

Here, {p(a|x, λ)}a,x is the set of arbitrary probability distributions p(a|x, λ) conditioned upon shared
randomness/hidden variable λ occurring with the probability pλ;

∑dλ−1
λ=0 pλ = 1. On the other hand,
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{p(b|y; ρλ)}b,y is the set of quantum probability distributions p(b|y; ρλ) = Tr(Πb|yρλ), arising from some
local hidden state ρλ due to projective measurement associated with the projector Πb|y, and dλ denotes
the dimension of the shared randomness/hidden variable λ. The above decomposition is called a local
hidden variable-local hidden state (LHV-LHS) model. If the correlation arising from the given steering
scenario does not have steerability, it can still have quantumness in the form of superunsteerability
[17, 18] when there is a restriction on the amount of shared randomness.

Definition 1. Superunsteerability [17, 18] is defined as the requirement for a larger dimension of the
classical variable that the steering party (Alice) preshares with the trusted party (Bob) for simulating
the given unsteerable correlations, than that of the quantum state which reproduces them. Suppose
we have a quantum state in CdA ⊗ CdB and measurements which produce a unsteerable bipartite box
{p(a, b|x, y)}a,x,b,y. Then, superunsteerability holds if and only if (iff) there is no decomposition of the
box in the form given by Eq. (13), with dλ ≤ dA.

Superunsteerability provides an operational characterization to the quantumness of unsteerable
boxes [17]. Note that superunsteerability is defined in the standard steering scenario. The only differ-
ence is that there is a constraint on the dimension of the resources producing the correlations in the
context of superunsteerability.

Here we should emphasize that the above definition of superunsteerability is also applicable in
the ‘dimension-bounded quantum steering scenario, where Bob’s measurements are uncharacterized
POVMs acting on a fixed dimensional Hilbert space. Hence, in this case, the probability distributions
p(b|y; ρλ) appeared in Eq.(13) is given by, p(b|y; ρλ) = Tr(Mb|yρλ), where Mb|ys are POVM elements
with Mb|y ≥ 0 ∀ b, y and

∑
b Mb|y = I ∀ y.

We now demonstrate the following proposition.

Proposition 1. Suppose any nonzero value of the quantity Q given by Eq. (11) arises from a two-qubit
state. Then it implies the presence of superunsteerability or steering in the correlation {P(x1, b|x0, y)}.

Proof. In the context of the SDI scenario depicted in Fig. 4, any two-qubit state which is either a
classical-quantum (CQ) state,

ρCQ =

1∑
i=0

pi|i〉〈i| ⊗ χi (14)

or a quantum-classical (QC) state,

ρQC =

1∑
j=0

p jφ j ⊗ | j〉〈 j|, (15)

with {|i〉} and {| j〉} being orthonormal sets, and, χi and φ j being arbitrary quantum states, cannot be
used to demonstrate superunsteerability or steering [17]. Next, it will be demonstrated that any such
two-qubit state cannot be used to give rise to nonzero value of the quantity Q given by Eq. (11).

The classical-quantum states given by Eq. (14) can be decomposed as follows

ρCQ =
1
4
[
11 ⊗ 11 + (p0 − p1)r̂ · ~σ ⊗ 11 + 11 ⊗

(
p0~s0 + p1~s1

)
· ~σ

+ r̂ · σ ⊗
(
p0~s0 − p1~s1

)
· ~σ

]
, (16)
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where r̂ is the Bloch vector of the projectors |i〉〈i| and ~si are the Bloch vectors of the quantum states
χi. Since we only make qubit assumption on Alice’s side, her measurements are a priory POVM with
elements given by

Mx1 |x0 = γx1
x0

11 + (−1)x1
ηx0

2
ûx0 · ~σ, (17)

where x0 ∈ {0, 1}, x1 ∈ {0, 1}, γ0
x0

+ γ1
x0

= 1 ∀ x0 and 0 ≤ γx1
x0 ±

ηx0
2 ≤ 1 ∀ x0, x1. On the other hand,

Bob’s measurements are also POVMs with elements given by

Mb|y = γb
y11 + (−1)b ηy

2
ûy · ~σ, (18)

where y ∈ {0, 1}, b ∈ {0, 1}, γ0
y + γ1

y = 1 ∀ y and 0 ≤ γb
y ±

ηy

2 ≤ 1 ∀ y, b. Now, It can be easily checked
that the above measurement settings always lead to Q = 0 for the classical-quantum states ρCQ.

The quantum-classical states given by Eq. (14) can be decomposed as follows

ρQC =
1
4
[
11 ⊗ 11 +

(
p0~s0 + p1~s1

)
· ~σ ⊗ 11 + 11 ⊗ (p0 − p1)r̂ · ~σ

+
(
p0~s0 − p1~s1

)
· ~σ ⊗ r̂ · σ

]
, (19)

where ~si are the Bloch vectors of the quantum states φ j and r̂ is the Bloch vector of the projectors
| j〉〈 j|. For the measurement operators given by Eqs. (17) and (18), the above quantum-classical states
always give Q = 0.

Note that in our SDI scenario, any unsteerable box having the decomposition (13) can be re-
produced by a classical-quantum state of the form

∑dλ−1
λ=0 pλ|λ〉〈λ| ⊗ ρλ [17], where {|λ〉〈λ|} forms an

orthonormal basis in Cdλ , with dλ ≤ 4 a. This implies that any unsteerable box produced from a two-
qubit state that requires a hidden variable of dimension dλ = 2 for providing a LHV-LHS model (i.e.,
any unsteerable box produced from a two-qubit state that is not superunsteerable) can be simulated
by a two-qubit state which admits the form of the classical-quantum state given by Eq.(14). Thus, for
any such unsteerable box, Q = 0. On the other hand, Q > 0 produced from a two-qubit state certifies
that the box does not arise from a classical-quantum or quantum-classical state. Hence, that box either
requires the hidden variable of dimension dλ > 2 for providing a LHV-LHS model (i.e., the box is
superunsteerable) or that box is steerable � .

Now, in order to illustrate proposition 1, let us give an example where non-zero Q arising from
two-qubit state certifies superunsteerability or steering. Consider the following white-noise BB84
family,

PBB84(x1b|x0y) =
1 + (−1)x1⊕b⊕x0.yδx0,yV

4
, (20)

where V is a real number such that 0 < V ≤ 1; x0, y denote the input variables on Alice’s and Bob’s
sides respectively; and x1, b denote the outputs on Alice’s and Bob’s sides respectively, x, y, a, b ∈
{0, 1}. This family of correlations can be produced from the two-qubit Werner state,

ρV = V |ψ−〉〈ψ−| +
1 − V

4
11 ⊗ 11, (21)

with |ψ−〉 = 1
√

2
(|01〉 − |10〉) and 0 < V ≤ 1 if Alice performs the projective measurements of observ-

ables corresponding to the operators A0 = −σz and A1 = σx, and Bob performs projective measure-
ments of observables corresponding to the operators B0 = σz and B1 = σx [17]. Note that, for V = 1,
the correlation (20) corresponds to the quantum key distribution protocol of Ref. [48].
a Here the dimension of the hidden variable is upper bounded by 4 since any local as well as unsteerable correlation correspond-
ing to this scenario can be simulated by shared classical randomness of dimension dλ ≤ 4 [12, 17].



388 Certifying quantumness beyond steering and nonlocality and its implications on quantum information processing

The above family of correlations is superunsteerable for 0 < V ≤ 1
√

2
and steerable for 1

√
2
< V ≤ 1

[17]. It can be easily checked that for the white-noise BB84 family given by Eq.(20), Q = V2. Hence,
for this family of correlations, Q > 0 for V > 0. Non-zero value of Q arising from the white-noise
BB84 family, therefore, certifies superunsteerability or steering.

In the proof of proposition 1, we have demonstrated that any nonzero Q certifies superunsteerabil-
ity of two-qubit states without any assumption on the measurements. Thus, we obtain the following
corollary of this proposition.

Corollary 1. In case of unsteerable correlations, any nonzero value of the quantity Q given by Eq.
(11) certifies superunsteerability in a SDI way, i.e., with the assumption of qubit dimension for each
party and no assumption on the measurements.

The above proposition 1 demonstrates that superunsteerability or steering is linked with non-zero
values of Q in the context of two-qubit states. As discussed earlier, the genuine randomness produced
in our SDI scenario is quantified by Q. Hence, quantum correlation as captured by superunsteerability
or steering acts as a resource for genuine randomness generation in the SDI depicted in Fig. 4. Thus,
the witness Q provides self-testing processing of quantum information by certifying the quantum
phenomenon called superunsteerability/steering in a SDI way.

Note that any superunsteerable or steerable state must be a non-zero discord state (which cannot be
expressed in classical-quantum/quantum-classical/classical-classical form) [17]. Since, proposition 1
demonstrates that any non-zero value of Q arising from any two-qubit state certifies superunsteerabil-
ity or steering, it certifies non-zero discord as well. But the converse may not be true always. Next,
we will address which two-qubit nonzero discord states can be used to demonstrate nonzero Q.

In Ref. [49] it was shown that any two-qubit state, up to local unitary transformations, can be
reduced to the following form:

ζ =
1
4

11 ⊗ 11 + ~a · ~σ ⊗ 11 + 11 ⊗ ~b · ~σ +

3∑
i=1

ciσi ⊗ σi

 , (22)

where {~a, ~b, ~c} ∈ R3 are vectors with norm less than or equal to unity and ~a2 +~b2 +~c2 ≤ 3. Let Alice’s
projective qubit measurements are given by the measurement operators

Mx1 |x0 =
1
2

(
11 + (−1)x1 ûx0 · ~σ

)
. (23)

For such measurements, the conditional states prepared on Bob’s side are given by

ρx1 |x0 =
1
2

11 +

∑3
i=1

(
bi + (−1)x1 ui x0 ci

)
σi

1 + (−1)x1 ûx0 · ~a

 . (24)

For simplicity, without lose of generality, let us consider the two-qubit states given by Eq. (22)
with |c1| ≥ |c2| ≥ |c3| and let Alice performs measurements along the directions û0 = x̂ and û1 = ŷ
and Bob performs the measurement along the directions ~T0 = x̂ and ~T1 = ŷ. Note that for this
choice of measurement settings, the correlations arising from certain two-qubit states violate the two-
setting linear steering inequality and the correlations arising from maximally entangled two-qubit
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states violate the two-setting linear steering inequality maximally [50]. With this choice of the two-
qubit states and measurements, Q as given by Eq. (11) has been evaluated to be of the form given
by

Q =
|(c1 − a1b1)(c2 − a2b2) − a1b1a2b2|

(1 − a2
1)(1 − a2

2)
. (25)

The right hand side of the above quantity is nonzero if and only if the state has a nonzero discord from
Alice to Bob as well as from Bob to Alice [51] for the two-qubit states with either Alice’s or Bob’s
marginal being maximally mixed, i.e., ~a = 0 or ~b = 0.

Therefore, we arrive at the following:

Proposition 2. Consider the set of measurements which can be used to demonstrate the maximal
violation of the two setting linear steering inequality by the maximally entangled two-qubit state.
For such measurements, a given two-qubit state gives rise to nonzero Q if and only if it is neither a
classical-quantum state nor a quantum-classical state, with one of the marginals maximally mixed.

Let us now analyze which nonzero discord states having nonmaximally mixed marginals on both
the sides can lead to nonzero Q. Consider the two-qubit nonzero discord state with a1 = a2 = b1 =

b2 = c1 = c2 = 1/2 and a3 = b3 = 0 = c3 = 0. For this state, Q as given by Eq. (25) takes the
value 0. In Ref. [17], it has been demonstrated that such separable state can be used to demonstrate
superunsteerability with minimum dimension of the shared being equal to 3.

Let now demonstrate that Q = 0 for the above such superunsteerable state even if Alice and Bob
perform measurements which optimize the violation of the linear steering inequality [50]. For this
choice of measurements which have the directions given by û0 =

c1 x̂+c2 ŷ
√

c2
1+c2

2

and û1 =
c1 x̂−c2 ŷ
√

c2
1+c2

2

on Alice’s

side and ~T0 =
x̂+ŷ
√

2
and ~T1 =

x̂−ŷ
√

2
on Bob’s side, Q for the two-qubit states (22) with |c1| ≥ |c2| ≥ |c3|

has been evaluated to be of the form given by,

Q =

∣∣∣∣∣∣ 4c1c2(a2b2c1 + a1b1c2 − c1c2)
a4

1c4
1 + (−2 + a2

2c2
2)2 − 2a2

1c2
1(2 + a2

2c2
2)

∣∣∣∣∣∣ . (26)

Note that Q as given above takes the value zero for the above-mentioned superunsteerable state with
a1 = a2 = b1 = b2 = c1 = c2 = 1/2 and a3 = b3 = 0 = c3 = 0.

In fact, it can be checked that when Alice and Bob perform arbitrary POVMs given by Eqs. (17)
and (18), respectively, on the above-mentioned superunsteerable state with a1 = a2 = b1 = b2 = c1 =

c2 = 1/2 and a3 = b3 = 0 = c3 = 0, one will get Q = 0. Thus, we arrive at the following proposition.

Proposition 3. There exists superunsteerable two-qubit states which cannot be used to demonstrate
nonzero Q. Such two-qubit states have nonmaximally mixed marginals for both the sides.

Thus, we identify a new classification of two-qubit states based on the fact that a discordant state
may or may not be superunsteerable and a superunsteerable state may or may not be used for selftest-
ing quantum information processing (QIP) (see fig. 5).
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Zero-discord

Superunsteerable

Discordant

Selftesting QIP

Entangled

Steerable

Fig. 5. Hierarchy of correlations in two-qubit states. In the two-setting steering scenario that we consider in this
work, nonzero discord (discordant) states can be classified into states which do not demonstrate superunsteerabil-
ity, superunsteerable states useless for self-testing QIP and useful for self-testing QIP.

x0 x1

Quantum channel

ρx0 x1

λ
λ

y

b

Shared λ ,μ randomness

μ

Fig. 6. Prepare and measure scenario with correlated devices. Here, x0, x1, y, b ∈ {0, 1} and ρλx ∈ B(C2).

3 Certifying superlocality

3.1 Prepare and measure scenario with correlated devices

Let us consider a SDI scenario as in Fig. 6 which is the P&M scenario as in Fig. 3 but with the
correlated devices, i.e., p(λ, µ) , qλ ·rµ. In such a SDI scenario where the devices are not independent,
it has been demonstrated that the set of distributions {p(b|x0x1, y)} that achieve the maximal value 1
for the witness W as given by Eq. (4) can also achieved by a classical bit [31]. Thus, in the presence of
shared randomness, the P&M scenario cannot be used to certify the randomness by observing nonzero
W.

In the context of scenario as in Fig. 6, quantum advantage of 2-to-1 random-access code was
studied [42] and a linear dimension witness was derived [30]. In a 2-to-1 quantum random-access
code which is implemented using the protocol given in Fig. 6, Bob’s goal is to guess Alice’s yth bit.
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The average success probability of Bob to guess Alice’s yth bit is given by

PB :=
1
8

∑
x0,x1,y

P(b = xy|x0x1, y). (27)

If Alice sends a classical bit to Bob, the optimal average success probability is upper bounded by 3/4.
On the other hand, if Alice sends a qubit to Bob, then the average success probability of Bob can
beat this classical bound. The quantum strategy that gives the optimal average success probability of
1
2

(
1 + 1

√
2

)
is given by

ρ00 =
1
2

(
11 +

σx + σy
√

2

)
ρ01 =

1
2

(
11 +

σx − σy
√

2

)
ρ10 =

1
2

(
11 −

σx − σy
√

2

)
ρ11 =

1
2

(
11 −

σx + σy
√

2

)
(28)

and

M0 = σx, M1 = σy. (29)

In Ref. [31], a relationship between the average success probability of 2-to-1 random-access code
and the linear dimension witness has been demonstrated. The linear dimension witness is given by

WL := P(0|00, 0) + P(0|00, 1) + P(0|01, 0) − P(0|01, 1)

− P(0|10, 0) + P(0|10, 1) − P(0|11, 0) − P(0|11, 1) ≤ 2. (30)

By assuming qubit dimension, the violation of the linear dimension witness inequality (30) certifies
the quantumness of preparations and measurements. The quantum strategy as given by Eqs. (28) and
(29) gives the maximal quantum violation of 2

√
2 for the inequality given by Eq. (30). This is related

to the maximal quantum violation of the CHSH inequality [52] as discussed in the next section. The
average success probability of 2-to-1 random-access code is related to the linear dimension witness
as PB = WL+4

8 . From this relationship, it follows that the violation of the inequality PB ≤ 3/4, which
certifies the quantum advantage of the random-access code, implies the violation of the inequality
given by (30) and vice versa. In the P&M scenario as in Fig. 6, the quantum advantage of the random-
access codes implied by the violation of the inequality PB ≤ 3/4 or the quantumness as certified by
the violation of the linear dimension witness inequality has been used to demonstrate secure quantum
key distribution [31] and genuine randomness generation [32].

3.2 Relating the quantumness of sequential correlations with that of spatial cor-

relations

To observe the quantumness of sequential correlations in the above scenario depicted in Fig. 6 as the
quantumness of spatial correlations, let us now consider the scenario as in Fig. 7, which is a fully
device-independent scenario where Alice and Bob share a bipartite quantum state and performs two
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x0 x1

y

b

x=x0⊕x1

 Quantum channel

a

d×d

ρAB

ρa∣x

Fig. 7. A device-independent scenario where a shared bipartite state acts as the quantum channel to implement
the 2-to-1 random-access code. Here, {ρ0|0 = ρ00, ρ1|0 = ρ11, ρ0|1 = ρ01, ρ1|1 = ρ10}.

dichotomic black box measurements. Here we consider the fully device-independent scenario since
shared randomness is used in the corresponding prepare and measure scenario. In this fully device-
independent scenario, let us observe the spatial correlations through the set of conditional probabilities
{p(b|a; x, y)} given by

p(b|a; x, y) =
Tr

(
M(1)

a|x ⊗ M(2)
b|yρAB

)
Tr

(
M(1)

a|x ⊗ 11ρAB

) (31)

where ρAB is a bipartite quantum state of arbitrary local Hilbert space dimension and M(1)
a|x and M(2)

b|y
are the measurement operators of Alice and Bob’s measurements respectively. The scenario in Fig. 7
supplemented with one bit of classical communication from Alice to Bob can be used to implement
the 2-to-1 random-access code [35]. Therefore, the violation of the inequality PB ≤ 3/4 which can be
used to certify the quantum advantage of the 2-to-1 random-access code assisted by shared bipartite
state implies that the set of joint behaviours {P(a, b|x, y) = p(b|a; x, y)p(a|x)} violates a Bell inequality.
Thus, we can conclude that the quantumness in the P&M scenario with the correlated devices is
manifested in the form of Bell-nonlocal correlations in the corresponding scenario where a shared
bipartite state is used as the quantum channel. Further, observing the violation of the inequality (30)
in the context of producing the distributions {P(b|x0x1, y)} using a shared bipartite state witnesses Bell
nonlocality. Thus, the linear dimension witnesess provide Bell inequalities in terms of the conditional
probabilities b.

3.3 Quantum correlations beyond Bell-nonlocality as a manifestation of quan-

tumness of sequential correlations

In a bipartite Bell scenario, superlocality [12] is defined as follows.

Definition 2. Suppose we have a quantum state in CdA ⊗CdB and measurements which produce a local
bipartite box {p(a, b|x, y)}. Then, superlocality holds iff there is no decomposition of the box in the
form,

p(a, b|x, y) =

dλ−1∑
λ=0

pλp(a|x, λ)p(b|y, λ) ∀a, x, b, y, (32)

b In Refs. [53, 54], steering inequalities and separability inequalities are derived respectively using the conditional probabilities.
To our knowledge, Bell inequalities in terms of the conditional probabilities have not been studied so far.
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with dimension of the shared randomness/hidden variable dλ ≤min(dA, dB). Here
∑
λ pλ = 1, p(a|x, λ)

and p(b|y, λ) denotes arbitrary probability distributions arising from LHV λ (λ occurs with probability
pλ).

Superlocality provides an operational characterization to the quantumness of local boxes [14, 16].
Previously, it was shown that the quantity Q given by Eq. (11) of any two-qubit state is linked

with superunsteerability in the scenario depicted in Fig. 4. Now, we will show that Q can be linked
with superlocality as well in the present context.

Proposition 4. Suppose any nonzero value of the quantity Q given by Eq. (11) arises from a two-qubit
state in the context of the scenario depicted in Fig. 7. Then it implies the presence of superlocality or
Bell-nonlocality in the correlation {P(a, b|x, y)}.

Proof. Note that in our device-independent scenario, any local box having the following LHV-LHV
decomposition,

p(a, b|x, y) =

dλ−1∑
λ=0

pλp(a|x, λ)p(b|y, λ) ∀a, x, b, y, (33)

can be reproduced by performing appropriate measurements on the quantum-classical state of the form∑dλ−1
λ=0 pλρλ ⊗ |λ〉〈λ|, or on the classical-quantum state of the form

∑dλ−1
λ=0 pλ|λ〉〈λ| ⊗ ρλ where {|λ〉〈λ|}

forms an orthonormal basis in Cdλ , with dλ ≤ 4 cThis implies that any local box arising from a two-
qubit state that requires a hidden variable of dimension dλ = 2 for providing a LHV-LHV model (i.e.,
any local box arising from a two-qubit state that is not superlocal) can be simulated by a two-qubit
state which admits the form of the classical-quantum state or quantum-classical state. Now, such state
cannot give non-zero Q (follows from the proof of proposition 1). Thus, for any local box arising from
a two-qubit state that is not superlocal, Q = 0. On the other hand, Q > 0 produced from a two-qubit
state certifies that the box does not arise from a classical-quantum or quantum-classical state. Hence,
that box either requires the hidden variable of dimension dλ > 2 for providing a LHV-LHV model
(i.e., the box is superlocal) or that box is Bell-nonlocal � .

As discussed in Sec. 2.1, nonzero Q provides selftesting random number generation through
witnessing superunsteerability/steering in a SDI way. It is readily seen that nonzero Q in the context
of above mentioned Bell scenario also provides selftesting random number generation as given by Eq.
(12) through witnessing superlocality or Bell-nonlocality in a SDI way.

Note that for the measurements that has been used to demonstrate superunsteerability of any two-
qubit nonzero discord state in Proposition 2, the correlations arising from certain two-qubit states
violate the two-setting linear steering inequality and the correlations arising from maximally en-
tangled two-qubit states violate the two-setting linear steering inequality maximally [50]. We now
demonstrate that for the measurements that give rise to the maximal Bell-CHSH inequality violation
or maximal quantum advantage of 2-to-1 random-access code by the maximally entangled state, the
two-qubit states given by Eq. (22) with |c1| ≥ |c2| ≥ |c3| give rise to non-zero Q. Let Alice performs
measurements along the directions û0 =

x̂+ŷ
√

2
and û1 =

x̂−ŷ
√

2
and Bob performs the measurement along

the directions ~T0 = x̂ and ~T1 = ŷ. For this choice of measurement directions which can be used to
provide the maximal quantum advantage of 2-to-1 random-access codes by the maximally entangled
c Here the dimension of the hidden variable is upper bounded by 4 since any local correlation corresponding to this scenario can
be simulated by shared classical randomness of dimension dλ ≤ 4 [12].
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state [35], the two-qubit states given by Eq. (22) with |c1| ≥ |c2| ≥ |c3| give rise to the following
expression of Q,

Q =
2|(c1 − a1b1)(c2 − a2b2) − a1b1a2b2|

a4
1 + (−2 + a2

2)2 − 2a2
1(2 + a2

2)
. (34)

The right hand side of the above quantity is nonzero if and only if the state has a nonzero discord from
Alice to Bob as well as from Bob to Alice [51] provided that either Alice’s or Bob’s marginal of that
two-qubit state is being maximally mixed, i.e., ~a = 0 or ~b = 0. Therefore, we arrive at the following.

Proposition 5. Q is nonzero for a given two-qubit state if and only if it is superlocal and has one
of the marginals maximally mixed. On the other hand, in general, a nonzero value of Q provides
sufficient certification of superlocality.

Thus, we identify a new classification of superlocal states according to whether it can be used for
self-testing quantum information processing (QIP) or not (see fig. 8).

Zero-discord

Superlocal

Discordant

Selftesting QIP

Entangled

Nonlocal

Fig. 8. Hierarchy of correlations in two-qubit states.

Here it should be noted that for the set of quantum correlations that gives Q value as given by Eq.
(34), Q is upper bounded by Q ≤ 1. On the other hand, for the Popescu-Rohrlich boxes which are
nonsignaling correlations, but are stronger than quantum correlations violating a Bell-CHSH inequal-
ity to its algebraic maximum of 4 [55], Q takes the algebraic maximum of 2.

3.4 Superlocality as resource for 2-to-1 and 3-to-1 random-access codes

In Ref. [56], Bobby and Paterek studied quantum advantage of 2-to-1 and 3-to-1 random-access codes
assisted by two correlated qubits in the presence of two-bits of shared randomness. As a figure merit
of the task, Bobby and Paterek considered worst-case success probability of Bob’s correct guess on
Alice’s yth bit defined as Pmin = minx0,x1,y p(b = xy|x0x1, y). Bobby and Paterek derived the following
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inequalities: A classical n-to-1 random-access code assisted with two bits from a common source has

Pmin 6
1
2
if n > 2; (35)

Pmin 6
2
3
if n = 2; (36)

and
Pmin ≤

1
2

(37)

for all n > 1 if the assisting bits have maximally mixed marginals for Bob. By using these inequalities,
Bobby and Paterek have shown that even certain separable two-qubit state may become useful for
implementing 2-to-1 and 3-to-1 quantum random-access codes.

Note that for n = 2 in Eqs. (35), (36) and (37), the inequalities correspond to the Bell-Clauser-
Horne-Shimony-Holt (Bell-CHSH) scenario [52] while for n = 3, the inequalities are related to the
bipartite Bell scenario corresponding to Gisins elegant Bell inequality [57] d. The violation of the
inequalities given by Eqs. (35) and (36) by the local boxes implies that the simulation of these boxes
by using shared classical randomness requires the hidden variable of dimension dλ > 2. Therefore,
these inequalities serve as sufficient certification of superlocality.

For the protocol given in Ref. [56] which implements the 2-to-1 quantum random-access code
using the Bell-diagonal states which are the two-qubit states given by Eq. (22) with ~a = ~b = 0, the
separable state with c1 = c2 = 1/2 and c3 = 0 optimizes the quantum advantage within the separable
Bell-diagonal states. In this case, the protocol prepares the following conditional states on Bob’s side,

ρ0|0 = ρ00 =
1
2

(
11 +

σx + σy

2
√

2

)
ρ0|1 = ρ01 =

1
2

(
11 +

σx − σy

2
√

2

)
ρ1|1 = ρ10 =

1
2

(
11 −

σx − σy

2
√

2

)
ρ1|0 = ρ11 =

1
2

(
11 −

σx + σy

2
√

2

)
(38)

and Bob performs the following measurements:

M0 = σx, M1 = σy (39)

It has been checked that the above preparations and measurements do not violate the dimension wit-
ness inequality given by Eq. (30). Thus, there exist quantum strategies in the P&M scenario which
have quantumness and cannot be used to provide quantum advantage for the random-access code.
However, the spatial correlations realized using such quantum strategies in the scenario as in Fig. 7
violate the inequality given by Eq. (36) with n = 2 and give rise to nonzero Q. Therefore, these
quantum strategies provides advantage for the random-access codes in the presence of limited shared
randomness, i.e., two bits of shared classical randomness. Thus, quantumness of certain sequential
correlations gets manifested in the form of superlocal correlations which represent the stronger than
classical correlations in the presence of limited shared randomness.
d In Ref. [58], in the context of n-bit parity-oblivious multiplexing task, the suitable Bell expressions corresponding to quantum
success probability of this task has been identified. The Bell inequalities corresponding to these Bell expressions, in turn, are
related to quantum advantage of n-to-1 random-access codes.
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4 Discussions and Conclusions

Developing protocols for self-testing quantum information processing is important for realizing quan-
tum technologies for real-life applications. Self-testing quantum information protocols require cer-
tification of quantum resources either in a device-independent or in a semi-device-independent way.
Device-independent quantum information protocols, which require genuine demonstration of Bell in-
equality violation, certifies quantumness, i.e., quantum entanglement in the presence of adversaries
who can implement local-hidden-variable models using an infinite amount of shared randomness or
finite shared randomness with sufficiently large dimension [59]. On the other hand, semi-device-
independent quantum information protocols based on quantum steering certifies quantum entangle-
ment in the presence of adversaries who can implement local-hidden-state models in which only the
untrusted parties have access to a classical random variable of an infinite amount or of finite but
sufficiently large dimension. In the context of semi-device-independent protocols where only the lo-
cal Hilbert-space dimension of each party is trusted or fixed, quantum entanglement is certified in
the presence of adversaries who have access to restricted amount of finite shared randomness [28].
In such realistic quantum information protocols in the presence of restricted amount of shared ran-
domness, separable states can also simulate stronger-than classical correlations [14, 16, 17]. Given
the background that separable states are also useful for quantum information processing in certain
circumstances, it is relevant to develop self-testing quantum information processing tasks based on
quantumness of correlations beyond entanglement in the presence of limited shared randomness.

With this motivation, in this work, we have studied the equivalence between the quantumness of se-
quential correlations in the prepare and measure scenario with independent devices, which implements
quantum random number generation, and the corresponding scenario which replaces quantum com-
munication by sharing correlated particles. In this context, we have demonstrated that quantumness
of sequential correlations gets manifested as superunsteerable correlations which are stronger than
classical correlations beyond entanglement in the presence of limited shared randomness. We have
introduced an experimentally measurable quantity to bound the genuine randomness generation in the
scenario using shared correlated particles as resource. We have shown that this quantity provides cer-
tification of superunsteerable correlations. Moreover, our certification of superunsteerability provides
necessary and sufficient certification of any two-qubit state which is neither a classical-quantum state
nor a quantum-classical state and has one of the marginals maximally in a semi-device-independent
way. Finally, we study the connection of our certification of superunsteerability with certification of
superlocality.

In the case of prepare and measure scenario with correlated devices, the quantumness of sequential
correlations providing quantum advantage for random-access codes gets manifested as Bell nonlocal
correlations in the corresponding scenario assisted by shared correlated particles. We have demon-
strated that when certain sequential correlations which have quantumness but do not violate the di-
mension witness inequality are realized as spatial correlations, they violate an inequality detecting
superlocal correlations which are stronger than the classical correlations in the presence of limited
shared randomness.

In Ref. [17], it has been demonstrated that the superunsteerable (superlocal) states in the above
SDI scenario can be classified into (i) quantum-quantum states which demonstrate super-unsteerability
(superlocality) with unsteerable (local) boxes having minimum hidden variable dimension 3, and (ii)
quantum-quantum states which demonstrate super-unsteerability (superlocality) with unsteerable (lo-
cal) boxes having minimum hidden variable dimension 4. Our example presented in proposition 3
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indicates that certain superunsteerable states which have rank two and belong to the class (i) may
not lead to nonzero Q. Hence, it would be interesting to check whether the quantity Q proposed in
this work to certify superlocaliy and superunsteerability provides necessary and sufficient certifica-
tion of superlocal or superunsteerable states belonging to class (ii) with unsteerable or local boxes
respectively having minimum hidden variable dimension 4.

It would be interesting to study whether this quantity is upper bounded by 1 for quantum corre-
lations. This will be useful to discriminate quantum and post-quantum correlations [39] since for the
Popescu-Rohrlich boxes, this quantity takes the algebraic maximum of 2. It would be interesting to
generalize the present work to quantum correlations with more number of outputs or inputs as well as
with more number of parties. In Refs. [26, 27], it has been demonstrated that genuine randomness can
be certified in the presence of local-hidden-state models. It would be interesting to study implications
of the present work to these previous works. Finally, in the light of the present work, we plan to for-
mulate a resource theory of superlocality and superunsteerability just like the resource theory of Bell
nonlocality and quantum steering, respectively [5, 60, 61].
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