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Entanglement is a purely quantum mechanical phenomenon and thus it has no classical analog. On
the other hand, coherence is a well-known phenomenon in classical optics and in quantum mechanics.
Recent research shows that quantum coherence may act as a useful resource in quantum information
theory. We will employ here quantum coherence to detect and classify the entanglement property of
three-qubit states. Moreover, we have shown that if any three-qubit state violates another necessary
condition for the detection of a general biseparable state then the given three-qubit state cannot be a
biseparable state. Since there are only three categories of states for the three-qubit system so if we
detect that the state under probe is neither a separable nor a biseparable state then we can definitely
conclude that the given three-qubit state is a genuine entangled state. We have illustrated our results
with a few examples.
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1 Introduction

Quantum entanglement and coherence are two fundamental features that arise from the superposition
principle of quantum mechanics. One notable difference between these two features is that coher-
ence may exist in a single system while more than one system or more than one degree of freedom
is required for entanglement. Secondly, the non-zero off-diagonal elements in the density matrix
signify the presence of coherence in the quantum system while it may not ensure the existence of
entanglement in the given composite quantum system. Both quantum entanglement and quantum co-
herence can be used as a resource [1, 2]. M. Hillery has shown that coherence may act as a useful
resource in the Deutsch-Jozsa algorithm [3]. On the other hand, quantum entanglement has many
applications in quantum information processing tasks, notably, quantum teleportation [4], quantum
superdense coding [5], quantum remote state preparation [6], quantum cryptography [7] etc. Exten-
sive research has already been carried out to understand the non-classical feature of bipartite system
[8, 9, 10, 11, 13, 1, 12]. Eventually, when we increase the number of parties in the system, the com-
plications in the shared system between the parties also increase. Therefore, it is indispensable to
understand the entanglement properties of the shared multipartite system.
In this work, we will consider one of the most important problems in quantum information theory i.e.
detection and classification of multipartite entanglement. We have studied this problem specifically
in the case of a tripartite system and mainly discuss the detection and classification of a three-qubit
biseparable state. We will derive coherence-based inequalities for the detection of three-qubit bisepa-
rable systems.
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Let us start our discussion on a tripartite system by assuming that the Hilbert spacesHA, HB andHC ,
which describe each subsystem A, B, C of a tripartite system, is spanned by the computational basis
states |0〉 and |1〉 respectively.
Any three-qubit state may be classified as fully separable states, biseparable states, or genuinely en-
tangled states [14]. If the three-qubit state is shared by three distant parties Alice, Bob, and Charlie
then the shared state is either a fully separable or biseparable state or a genuine entangled state. The
fully separable and biseparable state may be expressed in the form as [15, 16]

ρABCsep =
∑
i

piρ
A
i ⊗ ρBi ⊗ ρCi ,

∑
i

pi = 1 (1)

ρbisep = p1ρ
A−BC
bisep + p2ρ

B−AC
bisep + p3ρ

C−AB
bisep ,

∑
i

pi = 1 (2)

where,

ρA−BCbisep =
∑
i

|ai〉A〈ai| ⊗ |φi〉BC〈φi|

ρB−ACbisep =
∑
i

|bi〉B〈bi| ⊗ |φi〉AC〈φi|

ρC−ABbisep =
∑
i

|ci〉C〈ci| ⊗ |φi〉AB〈φi|

Here, |ai〉, |bi〉 and |ci〉 are (unnormalized) states of systems A, B and C, respectively and |φi〉 are
states of two systems and 0 ≤ pi ≤ 1 in equations (1) and (2).
The density operators ρxi , x = A,B,C lying on the Hilbert spaces of dimension 2 whereas the density
operators ρyzi , y, z = A,B,C lying on the composite Hilbert space of two qubits. If any three-qubit
state does not fall under the above forms given by (1) and (2) then the state is a genuine three-qubit
entangled state.
It has been observed that the three-qubit biseparable states are important and useful in many contexts.
The importance of biseparable states comes from the fact that they may be used as unextendible
biseparable bases (UBB) which are proved to be useful to construct genuinely entangled subspaces
[17]. Instead of a genuine tripartite entangled state, it has been shown that a biseparable state is enough
to use in the controlled quantum teleportation protocol as a resource state [18]. Barasinski et.al. [19]
have analyzed the fidelity of the controlled quantum teleportation via mixed biseparable state and
have concluded that a statistical mixture of biseparable states can be suitable for the perfect controlled
quantum teleportation. Further, it has been shown that there exists a special class of biseparable state
i.e. a non-maximally entangled mixed biseparable X state, which can be useful as a resource state for
the attainment of high fidelity in controlled quantum teleportation [20]. Recently, it is shown that the
biseparable states can also be used in obtaining the non-zero conference key [21].
Since the three-qubit biseparable state has potential applications in quantum information theory, it
is crucial to detect the three-qubit biseparable state. There are a lot of earlier works in this line of
research but we mention here a few of them [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34].
Eggeling and Werner [22] provided the necessary and sufficient criteria in terms of the projection
parameters to detect the biseparable state. But this result is true for only one bipartition cut A−BC.
In [23], it has been shown that the witness operator may be constructed to distinguish fully separable
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state, biseparable state, and genuine entangled states for a multipartite system. An n-partite inequality
is presented in [24], whose violation by a state implies that the state under investigation is not a
biseparable state. A non-linear entanglement witness operator has been constructed to identify all
three types of three-qubit states [25]. Using entanglement measures biseparability in mixed three-
qubit systems has also been analyzed in detail in [26]-[27]. The necessary and sufficient condition
for the detection of permutationally invariant three-qubit biseparable has been studied in [28]. The
multipartite biseparable entangled states under any bipartite partitions can be detected using linear
contraction methods [29]. A set of Bell inequalities was introduced in [30], which can distinguish
separable, biseparable, and genuinely entangled pure three-qubit states. The method of construction
of biseparable state is given in [31] and the classification of three-qubit pure states has been studied
in [32]. Recently, we have discriminated a particular class of three-qubit GHZ and W class of states
using coherence-based inequality [33].
The whole work is organized in the following way: In Sec. II, we obtain the expression of l1 norm
of coherence of the tensor product of two quantum states which forms two subsystems of an n-partite
system. Furthermore, we derive coherence-based inequality for the detection of a particular form of
a three-qubit biseparable state. At the end of the section, we support our detection criterion with a
few examples. In Sec. III, we have derived coherence-based inequalities for the detection of general
three-qubit biseparable states and then illustrate our result with examples. In sec. IV, we give the
concluding remark.

2 Detection of a particular form of three-qubit biseparable state

In this section, we will derive the coherence-based inequality which can be used to detect the given
three-qubit state as biseparable states and separable states. To accomplish this task, we first find out
the formula for the l1− norm of coherence of the tensor product of two quantum states, which are a
subsystem of an n-partite system. Then, we use the derived formula to establish the required inequality
for the detection of biseparable and separable states.

2.1 Coherence of the tensor product of states

The coherence can be measured by different measures such as distance measure, relative entropy of
coherence, and lp norms. l1 norm is a valid coherence monotone and serves as a useful measure of
coherence [35]. In this work, we will use the l1 norm of coherence which is defined as

Cl1(ρ) =
∑
i,j,i 6=j

|ρij | (3)

where ρij denotes the complex numbers corresponding to the ij-th entry of the density matrix ρ. l1-
norm of coherence of a state depends on the choice of basis in which the given state is expressed and
thus from now on, we are considering only computational basis to describe the density matrix of the
given state.
Now, we are in a position to state the result on the l1 norm of coherence of the tensor product of two
quantum states which are the subsystems of an n-partite system.

Result-1: If the density operators ρA1,A2,...,AM
and ρAM+1,AM+2,...,AN

denote the subsystem of a n-
partite system, then the l1 norm of coherence of the tensor product of ρA1,A2,...,AM

and ρAM+1,AM+2,...,AN
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is given by

Cl1(ρA1,A2,...,AM
⊗ ρAM+1,AM+2,...,AN

)

= Cl1(ρA1,A2,...,AM
) + Cl1(ρAM+1,AM+2,...,AN

)

+ Cl1(ρA1,A2,...,AM
).Cl1(ρAM+1,AM+2,...,AN

) (4)

Proof: Consider two quantum states described by the density matrices ρA1,A2,...,AM
and ρAM+1,AM+2,...,AN

.
The matrix representation of the density operators ρA1,A2,...,AM

and ρAM+1,AM+2,...AN
are given by

ρA1,A2,...,AM
=


a1,1 a1,2 . . . a1,m
a2,1 a2,2 . . . a2,m
. . . . . .
. . . . . .
. . . . . .

am,1 am,2 . . . am,m

 (5)

where, a1,1 + a2,2 + .+ .+ .+ am,m = 1,

ρAM+1,AM+2,...AN
=


am+1,m+1 am+1,m+2 . . . am+1,n

am+2,m+1 am+2,m+2 . . . am+2,n

. . . . . .

. . . . . .

. . . . . .
an,m+1 an,m+2 . . . an,n

 (6)

where, am+1,m+1 + am+2,m+2 + ...+ an,n = 1 and aj,i denotes the complex conjugate of ai,j .
Then, the l1 norm of coherence of the density matrices ρA1,A2,...,AM

and ρAM+1,AM+2,...,AN
are given

by

Cl1(A1, A2, ..., AM ) =

m∑
i,j=1,i6=j

|ai,j | (7)

and

Cl1(ρAM+1,AM+2,...,AN
) =

n∑
i,j=m+1,i6=j

|ai,j | (8)
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Then,

Cl1(ρA1,A2,...,AM
⊗ ρAM+1,AM+2,...,AN

)

= |a1,1|(
n∑

i,j=m+1,i6=j

|ai,j |) + |a1,2|(
n∑

i,j=m+1

|ai,j |)

+ ...+ |a1,m|(
n∑

i,j=m+1

|ai,j |) + |a2,1|(
n∑

i,j=m+1

|ai,j |)

+ |a2,2|(
n∑

i,j=m+1,i6=j

|ai,j |) + ...+ |a2,n|(
n∑

i,j=m+1

|ai,j |)

+ ...+ |am,1|(
n∑

i,j=m+1

|ai,j |) + ...

+ |am,m|(
n∑

i,j=m+1,i6=j

|ai,j |) (9)

Simplifying the above equation, we get

Cl1(ρA1,A2,...,AM
⊗ ρAM+1,AM+2,...,AN

)

=

n∑
i,j=m+1,i6=j

|ai,j |[|a1,1|+ |a2,2|+ ...+ |am,m|]

+

n∑
i,j=m+1

|ai,j |[|a1,2|+ |a1,3|+ ...+ |a1,m|+ |a2,1|

+ |a2,3|+ ...+ |a2,n|+ ...+ |am,1|+ ...+ |am,m−1|] (10)

Using normalization condition of ρA1,A2,...,AM
and ρAM+1,AM+2,...,AN

, we get

Cl1(ρA1,A2,...,AM
⊗ ρAM+1,AM+2,...,AN

)

=

n∑
i,j=m+1,i6=j

|ai,j |+ [

n∑
i,j=m+1

|ai,j |].[
n∑

i,j=m+1,i6=j

|ai,j |]

=

n∑
i,j=m+1,i6=j

|ai,j |+ [1 +

n∑
i,j=m+1,i6=j

|ai,j |]×

[

n∑
i,j=m+1,i6=j

|ai,j |]

(11)

From equations (7) and (8), we get,

Cl1(ρA1,A2,...,AM
⊗ ρAM+1,AM+2,...,AN

) = Cl1(ρA1,A2,...,AM
)

+ [1 + Cl1(ρAM+1,AM+2,...,AN
)].[Cl1(ρA1,A2,...,AM

)]



366 Detection and classification of three-qubit states using l1 norm of coherence

Thus, the l1 norm of coherence of the tensor product of an m-qubit and an (n-m) qubit, which are a
part of an n-partite quantum system, is given by

Cl1(ρA1,A2,...,AM
⊗ ρAM+1,AM+2,...,AN

)

= Cl1(ρA1,A2,...,AM
) + Cl1(ρAM+1,AM+2,...,AN

)

+ Cl1(ρA1,A2,...,AM
).Cl1(ρAM+1,AM+2,...,AN

) (12)

Corollary-1: For any two single qubit quantum states described by the density operators ρ1 and ρ2,
the l1 norm of coherence of the tensor product of ρ1 and ρ2 is given by

Cl1(ρ1 ⊗ ρ2) = Cl1(ρ1) + Cl1(ρ2) + Cl1(ρ1).Cl1(ρ2) (13)

Proof: Any two single-qubit quantum states described by the density matrices ρ1 and ρ2 is given by

ρ1 =

(
a1 b1
b∗1 d1

)
, a1 + d1 = 1 (14)

ρ2 =

(
a2 b2
b∗2 d2

)
, a2 + d2 = 1 (15)

The l1 norm of coherence of the density matrices ρ1 and ρ2 are given by

Cl1(ρ1) = 2|b1| (16)

Cl1(ρ2) = 2|b2| (17)

The tensor product of ρ1 and ρ2 may be defined as

ρ1 ⊗ ρ2 =

(
a1 b1
b∗1 d1

)
⊗
(
a2 b2
b∗2 d2

)

=


a1a2 a1b2 b1a2 b1b2
a1b
∗
2 a1d2 b1b

∗
2 b1d2

b∗1a2 b∗1b2 d1a2 d1b2
b∗1b
∗
2 b∗1d2 d1b

∗
2 d1d2

 (18)

The l1 norm of coherence of the tensor product ρ1 ⊗ ρ2 is given by

Cl1(ρ1 ⊗ ρ2) = a1|b2|+ |b1|a2 + |b1||b2|+ a1|b2|
+ |b1||b2|+ |b1|d2 + |b1|a2 + |b1||b2|
+ d1|b2|+ |b1||b2|+ |b1|d2 + d1|b2|
= 2(a1 + d1)|b2|+ 2(a2 + d2)|b1|+ 4|b1|.|b2|
= 2|b1|+ 2|b2|+ 4|b1|.|b2| (19)

From equation (16) and (17), we get

Cl1(ρ1 ⊗ ρ2) = Cl1(ρ1) + Cl1(ρ2) + Cl1(ρ1).Cl1(ρ2) (20)
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Hence proved.
Corollary-2: If the three-qubit biseparable system described either by the density operator ρA−BC ≡
ρA ⊗ ρBC or ρB−AC ≡ ρB ⊗ ρAC or ρC−AB ≡ ρC ⊗ ρAB , then the l1 norm of coherence for the
density operator ρA−BC , ρB−AC and ρC−AB are given by

Cl1(ρA−BC) = Cl1(ρA) + Cl1(ρBC) + Cl1(ρA).Cl1(ρBC) (21)

Cl1(ρB−AC) = Cl1(ρB) + Cl1(ρAC) + Cl1(ρB).Cl1(ρAC) (22)

Cl1(ρC−AB) = Cl1(ρC) + Cl1(ρAB) + Cl1(ρC).Cl1(ρAB) (23)

1. If the equality given by (21) is violated by any three-qubit state, then the state under investigation
is not a biseparable state under the bipartition A-BC.

2. If the equality given by (22) is violated by any three-qubit state, then the state under investigation
is not a biseparable state of the form ρB ⊗ ρAC .

3. If any three-qubit state does not satisfy the equality given by (23), then the given state is not a
biseparable state under the bipartition C-AB.

Corollary-3: If the three-qubit system represents the separable system described by the density oper-
ator ρA−B−C ≡ ρA ⊗ ρB ⊗ ρC , then the l1 norm of coherence for the density operator ρA−B−C is
given by

Cl1(ρA−B−C) = Cl1(ρA) + Cl1(ρB) + Cl1(ρC)

+ Cl1(ρA).Cl1(ρB) + Cl1(ρA).Cl1(ρC)

+ Cl1(ρB).Cl1(ρC)

+ Cl1(ρA).Cl1(ρB).Cl1(ρC) (24)

If the equality given by (24) is violated by any three-qubit state, then the state under probe is not a
separable state.

2.2 Coherence-based inequality for the detection of three-qubit biseparable states

In this subsection, we deduce coherence-based inequality for the detection of a three-qubit bisepara-
ble state of the form ρi−jk(i 6= j 6= k; i, j, k = A,B,C). To verify this inequality, we need only the
information on the density matrix elements of the given three-qubit system under investigation.

Result-2: If the three-qubit state described by the density operator ρi−jk(i 6= j 6= k; i, j, k =

A,B,C) is biseparable such that the l1-norm of coherence of at least one of the reduced system
is non zero, then the l1 norm of coherence of the biseparable state satisfies

Cl1(ρ
A−BC) ≤

∑
i

pi(
X2
i

4
+Xi) = U (25)

where

Xi = Cl1(ρ
i
A) + Cl1(ρ

i
BC), i = 1, 2, 3, ... (26)
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Proof: Let us consider a biseparable state for A−BC partition. The biseparable state in this partition
is given by

ρA−BC =
∑
i

piρ
i
A ⊗ ρiBC (27)

Then, l1 norm of coherence of ρA−BC is given by

Cl1(ρ
A−BC) = Cl1

∑
i

piρ
i
A ⊗ ρiBC

≤
∑
i

pi(Cl1(ρ
i
A) + Cl1(ρ

i
BC)

+ Cl1(ρ
i
A).Cl1(ρ

i
BC)) (28)

Now, the Arithmetic mean (AM) and Geometric mean (GM) of Cl1(ρ
i
A) and Cl1(ρ

i
BC) is given by

Cl1(ρ
i
A) + Cl1(ρ

i
BC)

2
and
√
Cl1(ρ

i
A).Cl1(ρ

i
BC) (29)

respectively.
Using AM-GM inequality[38] on Cl1(ρ

i
A) and Cl1(ρ

i
BC), we get

(Cl1(ρ
i
A) + Cl1(ρ

i
BC))

2

4
≥ Cl1(ρiA).Cl1(ρiBC) (30)

From (28), we get

Cl1(ρ
A−BC) ≤

∑
i

pi(Cl1(ρ
i
A) + Cl1(ρ

i
BC)

+
(Cl1(ρ

i
A) + Cl1(ρ

i
BC))

2

4
) (31)

Considering Xi = Cl1(ρ
i
A) + Cl1(ρ

i
BC) for i=1,2,3,... and using equation (31), we get

Cl1(ρ
A−BC) ≤

∑
i

pi(
X2
i

4
+Xi) (32)

Hence proved.

2.3 Example

Example-1: Let us consider a biseparable state described by the density operator ρ = |ψ〉〈ψ|, where
|ψ〉 is given by

|ψ〉ABC = λ0|101〉+ λ1|110〉+ λ2|111〉 (33)

where λ0, λ1, λ2 ∈ R and λ20 + λ21 + λ22 = 1. Let us assume that λ0 ≥ λ1 ≥ λ2.
The value of Cl1(ρA) and Cl1(ρBC) is given by

Cl1(ρA) = 0

Cl1(ρBC) = 2(λ0λ1 + λ1λ2 + λ0λ2) (34)
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For the state |ψ〉ABC given in (33), we can calculate Cl1(ρ
A−BC) as

Cl1(ρ
A−BC) = 2(λ0λ1 + λ1λ2 + λ0λ2) (35)

Using (34) and (35), it can be shown that the inequality (32) is satisfied.

Example-2: Consider a |W 〉ABC state of the form

|W 〉ABC =
1√
3
(|100〉ABC + |010〉ABC + |001〉ABC) (36)

The l1 norm of coherence of the |W 〉ABC state is given by Cl1(|W 〉ABC) = 2.
The reduced single qubit state may be expressed as

ρWA = TrBC(|W 〉ABC〈W |) =
1

3
(2|0〉A〈0|+ |1〉A〈1|) (37)

ρWB = TrAC(|W 〉ABC〈W |) =
1

3
(2|0〉B〈0|+ |1〉B〈1|) (38)

ρWC = TrAB(|W 〉ABC〈W |) =
1

3
(2|0〉C〈0|+ |1〉C〈1|) (39)

Since the single qubit density operators ρWA , ρWB and ρWC do not contain any off-diagonal elements so
the l1 norm of coherence for these single qubit states is given by Cl1(ρ

W
A ) = Cl1(ρ

W
B ) = Cl1(ρ

W
C ) =

0. Therefore, it can be easily shown that the inequality condition given in (25) is not maintained for
the state (36). Further, it can be shown that the set of equality conditions given by (21), (22), and (23)
are not satisfied by the state (36). Thus, the state (36) is neither a separable nor a biseparable state of
the form ρWA ⊗ ρWBC or ρWB ⊗ ρWCA or ρWC ⊗ ρWAB .

Example 3: Consider a |GHZ〉ABC state of the form

|GHZ〉ABC = Cosθ|000〉+ eiδSinθ|111〉 (40)

The l1 norm of coherence of the |GHZ〉ABC state is given by Cl1(|GHZ〉ABC) = 2eiδSinθCosθ.
The reduced single qubit state may be expressed as

ρGHZA = TrBC(|GHZ〉ABC〈GHZ|)
= Cos2θ|0〉A〈0|+ e2iδSin2θ|1〉A〈1|) (41)

ρGHZB = TrAC(|GHZ〉ABC〈GHZ|)
= Cos2θ|0〉B〈0|+ e2iδSin2θ|1〉B〈1|) (42)

ρGHZC = TrAB(|GHZ〉ABC〈GHZ|)
= Cos2θ|0〉C〈0|+ e2iδSin2θ|1〉C〈1|) (43)
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Since the single qubit density operators ρGHZA , ρGHZB and ρGHZC do not contain any off-diagonal ele-
ments so the l1 norm of coherence for these single qubit states is given byCl1(ρ

GHZ
A ) = Cl1(ρ

GHZ
B ) =

Cl1(ρ
GHZ
C ) = 0. Also, the reduced two-qubit system may be expressed as

ρGHZAB = TrC(|GHZ〉ABC〈GHZ|)
= Cos2θ|00〉A〈00|+ e2iδSin2θ|11〉A〈11| (44)

ρGHZAC = TrB(|GHZ〉ABC〈GHZ|)
= Cos2θ|00〉B〈00|+ e2iδSin2θ|11〉B〈11| (45)

ρGHZBC = TrA(|GHZ〉ABC〈GHZ|)
= Cos2θ|00〉C〈00|+ e2iδSin2θ|11〉C〈11| (46)

Since the reduced two-qubit density operators ρGHZAB , ρGHZBC and ρGHZAC does not contain any off-
diagonal elements so the l1 norm of coherence for these two-qubit states is given by Cl1(ρ

GHZ
AB ) =

Cl1(ρ
GHZ
BC ) = Cl1(ρ

GHZ
AC ) = 0.

Therefore, it can be easily seen that the inequality is given in (25) is not maintained for the state (40).
Further, it can be shown that the set of equality conditions given by (21), (22), and (23) are not sat-
isfied by the state (36). Thus, the state (40) is neither a separable nor a biseparable state of the form
ρGHZA ⊗ ρGHZBC or ρGHZB ⊗ ρGHZCA or ρGHZC ⊗ ρGHZAB .

Example 4: Consider a state described by the density operator ρ(1)ABC = |ψ〉ABC〈ψ|, where |ψ〉ABC
is given by

|ψ〉ABC = a0|000〉+ a1|100〉+
1√
2
|111〉, a0, a1 ≥ 0 (47)

The normalization condition of the state |ψ〉ABC gives

a20 + a21 =
1

2
(48)

The l1-norm of coherence of the ρ(1)ABC state is given by Cl1(ρ
(1)
ABC) = 2a0a1 +

√
2a0 +

√
2a1.

The reduced single qubit state may be expressed as

ρ
(1)
A = TrBC(|ψ〉ABC〈ψ|)

= a20|0〉〈0|+ 2a0a1|1〉〈0|+ (a1
2 +

1

2
)|1〉〈1| (49)

ρ
(1)
B = TrAC(|ψ〉ABC〈ψ|)

= (a20 + a1
2)|0〉〈0|+ 1

2
|1〉〈1| (50)

ρ
(1)
C = TrAB(|ψ〉ABC〈ψ|)

= (a20 + a1
2)|0〉〈0|+ 1

2
|1〉〈1| (51)
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The l1-norm of coherence of the single qubit density operators ρ(1)A , ρ(1)B and ρ(1)C may be expressed
as

Cl1(ρ
(1)
A ) = 2a0a1, Cl1(ρ

(1)
B ) = Cl1(ρ

(1)
C ) = 0 (52)

and the l1-norm of coherence of the reduced two-qubit system may be expressed as

Cl1(ρ
(1)
AB) = Cl1(ρ

(1)
AC) = 2a0a1, Cl1(ρ

(1)
BC) =

√
2a1 (53)

From fig-1, it can be seen that the inequality given in Result-2 is violated for the state ρ(1) for the

Fig. 1 Comparision between the l1-norm of coherence of the state ρ(1) and the upper bound ”U”
obtained in Result-2.

bipartition cut A − BC. Similarly, it can be seen that Result-2 is violated for the state ρ(1) in the
bipartition cuts B − AC and C − AB. Thus the state described by the density operator ρ(1) is not a
separable state. Further, it can be shown that the set of equality conditions given by (21), (22), and
(23) are not satisfied by the state (47). Thus, the state (47) is neither a separable nor a biseparable state
of the form ρ

(1)
A ⊗ ρ

(1)
BC or ρ(1)B ⊗ ρ

(1)
CA or ρ(1)C ⊗ ρ

(1)
AB .

3 Detection of general three-qubit biseparable states and separable states

A mixed state is said to be fully separable if it can be written as the convex combination of fully
separable pure states. A mixed state is said to be biseparable if it is not fully separable and it can
be written as a convex combination of biseparable pure states. Let us recall the three-qubit mixed
biseparable state given in (2) and re-write it as

σbisep = p1σ
A−BC
bisep + p2σ

B−AC
bisep + p3σ

C−AB
bisep ,

∑
i

pi = 1 (54)

where, 0 ≤ pi ≤ 1.

3.1 Coherence-based inequality for the detection of general three-qubit bisepara-

ble states

Detection of three-qubit mixed states has been studied by constructing the witness operator [36]. In
this section, we will study the detection of three-qubit mixed biseparable states using coherence-based
inequality.
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Result-3: If the three-qubit mixed state described by the density operator in (54) is biseparable then
it satisfies the inequality

1 + Cl1(p1σ
A−BC
1 + p2σ

B−CA
2 + p3σ

C−AB
3 )

≤ 1

4

3∑
i=1

pi(Xi + 2)2 (55)

where,

X1 = Cl1(σ
A
1 ) + Cl1(σ

BC
1 )

X2 = Cl1(σ
B
2 ) + Cl1(σ

CA
2 )

X3 = Cl1(σ
C
3 ) + Cl1(σ

AB
3 ) (56)

Proof: Let us consider a mixed three-qubit biseparable state whose density matrix is given by p1σA−BC1 +

p2σ
B−CA
2 + p3σ

C−AB
3 . Using l1 norm of coherence of p1σA−BC1 + p2σ

B−CA
2 + p3σ

C−AB
3 and the

convexity property of l1 norm of coherence, we have,

Cl1(p1σ
A−BC
1 + p2σ

B−CA
2 + p3σ

C−AB
3 ) ≤

p1Cl1(σ
A−BC
1 ) + p2Cl1(σ

B−CA
2 ) + p3Cl1(σ

C−AB
3 ) (57)

Using the relation (21) or other related coherence relation like (22) or (23), we get

Cl1(p1σ
A−BC
1 + p2σ

B−CA
2 + p3σ

C−AB
3 )

≤ p1[Cl1(σ
A
1 + Cl1(σ

BC
1 ) + Cl1(σ

A
1 ).Cl1(σ

BC
1 )]

+ p2[Cl1(σ
B
2 + Cl1(σ

CA
2 ) + Cl1(σ

B
2 ).Cl1(σ

CA
2 )]

+ p3[Cl1(σ
C
3 + Cl1(σ

AB
3 ) + Cl1(σ

C
3 ).Cl1(σ

AB
3 )] (58)

Recalling expressions of AM and GM of Cl1(σ
A
i ) and Cl1(σ

BC
i ) from (29) and applyingAM ≥ GM

on Cl1(σ
A
i ) and Cl1(σ

BC
i ), inequality (58) reduces to,

Cl1(p1σ
A−BC
1 + p2σ

B−CA
2 + p3σ

C−AB
3 )

≤ p1[Cl1(σ
A
1 ) + Cl1(σ

BC
1 ) +

1

4
(Cl1(σ

A
1 ) + Cl1(σ

BC
1 ))2]

+ p2[Cl1(σ
B
2 ) + Cl1(σ

CA
2 ) +

1

4
(Cl1(σ

B
2 ) + Cl1(σ

CA
2 ))2]

+ p3[Cl1(σ
C
3 ) + Cl1(σ

AB
3 ) +

1

4
(Cl1(σ

C
3 ) + Cl1(σ

AB
3 ))2] (59)

Thus, we have

Cl1(p1σ
A−BC
1 + p2σ

B−CA
2 + p3σ

C−AB
3 )

≤ p1(X1 +
X2

1

4
) + p2(X2 +

X2
2

4
) + p3(X3 +

X2
3

4
) (60)
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Therefore,

Cl1(p1σ
A−BC
1 + p2σ

B−CA
2 + p3σ

C−AB
3 )

≤ p1(X1 +
X2

1

4
) + p2(X2 +

X2
2

4
) + p3(X3 +

X2
3

4
)

=
1

4
[p1(X1 + 2)2 + p2(X2 + 2)2 + p3(X3 + 2)2]− 1

(61)

where X1, X2 and X3 are given by (A.3).
Simplifying (61), we get

1 + Cl1(p1σ
A−BC
1 + p2σ

B−CA
2 + p3σ

C−AB
3 )

≤ 1

4

3∑
i=1

pi(Xi + 2)2 (62)

which is the required result. Hence proved.

Corollary-4: If any three-qubit mixed state violates the inequality (55), then the given state is not
a biseparable state.

3.2 Coherence-based inequality for the detection of three-qubit mixed separable

states

In this subsection, we will study the detection of three-qubit mixed separable states using the inequal-
ity based on the coherence of a single qubit. Let us consider a mixed separable state, which can be
expressed as

σA−B−C =
∑
i

piσ
A
i ⊗ σBi ⊗ σCi (63)

The l1 norm of the coherence of the state (63) is given by

Cl1(σ
A−B−C) = Cl1(

∑
i

piσ
A
i ⊗ σBi ⊗ σCi )

≤
∑
i

piCl1(σ
A
i ⊗ σBi ⊗ σCi )

=
∑
i

pi[
∑

x=A,B,C

Cl1(σ
x
i )

+
∑

x6=y,x,y=A,B,C

Cl1(σ
x
i )Cl1(σ

y
i )

+ Cl1(σ
A
i )Cl1(σ

B
i )Cl1(σ

C
i )] (64)

The inequality in the second step follows from the convexity property of l1 norm of coherence. There-
fore, we are now in a position to state the result of the derived inequality for the mixed three-qubit
separable state.
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Result-4: If the three-qubit mixed state described by the density operator σA−B−C =
∑
i piσ

A
i ⊗

σBi ⊗ σCi is separable then it satisfies the inequality

Cl1(σ
A−B−C) ≤

∑
i

pi[
∑

x=A,B,C

Cl1(σ
x
i )

+
∑

x6=y,x,y=A,B,C

Cl1(σ
x
i )Cl1(σ

y
i )

+ Cl1(σ
A
i )Cl1(σ

B
i )Cl1(σ

C
i )] (65)

Corollary-5: If any three-qubit mixed state violates the inequality (65) then the given state is not a
separable state.

3.3 Illustrations

Example-1: Consider a mixed three-qubit biseparable state described by the density matrix ρ1, which
is given by

ρ1 = q|0〉A〈0|)⊗ |φ+〉BC〈φ+|
+ (1− q)|1〉B〈1| ⊗ |φ−〉AC〈φ−| (66)

where 0 ≤ q ≤ 1 and the Bell states |φ+〉BC and |φ−〉AC are given by

|φ+〉BC =
1√
2
(|00〉BC + |11〉BC)

|φ−〉AC =
1√
2
(|00〉AC − |11〉AC) (67)

Comparing equation (B.1) with general mixed three-qubit biseparable state, we have p1 = q, p2 =

1− q, and p3 = 0. l1 norm of coherence for the given state, defined in (B.1), is given by

Cl1(ρ1) = 1 (68)

For the given state ρ1, Cl1(ρ
A
1 ) = Cl1(ρ

B
1 ) = Cl1(ρ

C
1 ) = 0, Cl1(ρ

BC
1 ) = 1, Cl1(ρ

AC
1 ) = 1 and

Cl1(ρ
AB
1 ) = 0. The quantity X ′is, i=1,2,3 can be calculated as

X1 = Cl1(ρ
A
1 ) + Cl1(ρ

BC
1 ) = 1

X2 = Cl1(ρ
B
1 ) + Cl1(ρ

AC
1 ) = 1

X3 = Cl1(ρ
C
1 ) + Cl1(ρ

AB
1 ) = 0 (69)

Substituting values of p′is, X
′
is and l1 norm of coherence of ρ1, we can see that equation (55) is satis-

fied for the state (B.1).

Example-2: Let us consider the mixed three-qubit state described by the density operator %ABC as

%ABC = q|GHZ〉〈GHZ|) + (1− q)|W 〉〈W | (70)

where 0 ≤ q ≤ 1 and the three-qubit states |GHZ〉 and |W 〉 are given by

|GHZ〉 = 1√
2
(|000〉+ |111〉) (71)

|W 〉 = 1√
3
(|001〉+ |010〉+ |100〉 (72)
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Comparing equation (70) with general three-qubit mixed biseparable state, we get p1 = q, p2 = 1− q
and p3 = 0.
The l1 norm of coherence of the state (70) is given by

Cl1(%
ABC) = 3 (73)

For the given state %ABC , Cl1(%
A) = Cl1(%

B) = Cl1(%
C) = 0 and Cl1(%

BC) = Cl1(%
AC) =

Cl1(%
AB) = 2

3 . Therefore, the quantities X ′is, i=1,2,3 can be written as,

X1 = Cl1(ρ
A
1 ) + Cl1(ρ

BC
1 ) =

2

3

X2 = Cl1(ρ
B
1 ) + Cl1(ρ

AC
1 ) =

2

3

X3 = Cl1(ρ
C
1 ) + Cl1(ρ

AB
1 ) =

2

3
(74)

Substituting values of p′is, X
′
is and Cl1(%

ABC) in equation (55), we can observe that the inequality
given in result-3 is voilated for any q. Thus, the given state %ABC is not a biseparable state. More-
over, a simple calculation also shows that the inequality (A.8) is violated for any q. So we can infer
that the given state (70) is not a separable state. Thus, we find that the given state %ABC is neither a
biseparable state nor a separable state. Hence by using our criterion, we detect that the given state is
a genuine mixed three-qubit entangled state.

4 Conclusion

To summarize, we have formulated the l1 norm of coherence for the tensor product m− qubit⊗ (n−
m) − qubit. Using the derived formula for the tensor product of two quantum states that represents
two subsystems of an n-partite system, we provide the necessary conditions in terms of coherence-
based inequalities for the detection of three-qubit biseparable states of a particular form. Thus, if
any three-qubit state violates the corresponding coherence-based inequality then the given three-qubit
state is definitely not a biseparable state of the form ρA ⊗ ρBC or ρB ⊗ ρCA or ρC ⊗ ρAB . We
have also derived the necessary condition for the detection of the most general biseparable mixed
state. We further apply our criterion to some specific examples of the three-qubit system to detect
the nature of bipartite entanglement in a three-qubit system. For pure states, l1 norm of coherence
is equal to the robustness of coherenence(CR). Robustness of coherence quantifies how much noise
must be added in order to make the state separable[16]. It can be evaluated experimentally with linear
optics using (a)an interference-fringe method and (b) the witness approach[37]. Thus, the robustness
of coherence can be calculated experimentally, and hence l1 norm of coherence for pure states can be
calculated experimentally. The results we have discussed in this work can be easily generalized to a
multipartite (more than three parties) as well as a higher dimensional quantum system. It is evident
from Appendix-1 and Appendix-2.

Acknowledgement

A.K. would like to acknowledge the financial support from CSIR. This work is supported by CSIR
File No. 08/133(0027)/2018-EMR-1.



376 Detection and classification of three-qubit states using l1 norm of coherence

Data Availability Statement

Data sharing not applicable to this article as no datasets were generated or analysed during the current
study.

References
1. R. Horodecki, P. Horodecki, M. Horodecki and Karol Horodecki, Rev. Mod. Phys. 81, 865 (2009).
2. A. Streltsov, G. Adesso, M. B. Plenio, Rev. Mod. Phys. 89, 041003 (2017).
3. M. Hillery, Phys. Rev. A 93 012111 (2016).
4. C. H. Bennett, G. Brassard, C. Crepeau, R. Jozsa, A. Peres and W. K. Wootters, Phys. Rev. Lett. 70, 1895

(1993).
5. C. H. Bennett and S. J. Wiesner, Phys. Rev. Lett. 69, 2881 (1992).
6. A. K. Pati, Phys. Rev. A 63 014302 (2000).
7. N. Gisin, G. Ribordy, W. Tittel and H. Zbinden, Rev. Mod. Phys. 74, 145 (2002).
8. A. Peres, Phys. Rev. Lett. 77, 1413 (1996).
9. M. Horodecki, P. Horodecki, R. Horodecki, Phys. Lett. A 223, 1 (1996).

10. S. Hill and W. K. Wootters, Phys. Rev. Lett. 78, 5022 (1997).
11. G. Vidal and R. F. Werner, Phys. Rev. A 65, 032314 (2002).
12. Y. Zhang, X. Zhao, Z. F. Zheng, L. Yu, Q. P. Su and C. P. Yang, Phys. Rev. A 96 052317 (2017).
13. M. B. Plenio and S. Virmani, Quant. Inf. Comput. 7, 1 (2007).
14. W. Dur, G. Vidal and J.I. Cirac, Phys. Rev. A 62 062314 (2000).
15. W. Dur, J. I. Cirac and R. Tarrach, Phys. Rev. Lett. 83, 3562 (1999).
16. O. Guhne and G. Toth, Phys. Rep. 474, 1 (2009).
17. S. Agrawal, S. Halder and Manik Banik, Phys. Rev. A 99, 032335 (2019).
18. A. Barasinski, A. Cernoch and Karel Lemr, Phys. Rev. Lett. 122, 170501 (2019).
19. A. Barasinski, I. I. Arkhipov, and J. Svozilik, Sci. Rep. 8, 15209 (2018).
20. K. G. Paulson and P. K. Panigrahi, Phys. Rev. A 100, 052325 (2019).
21. G. Carrara, H. Kampermann, D. Brußand G. Murta, Phys. Rev. Res. 3, 013264 (2021).
22. T. Eggeling and R. F. Werner, Phys. Rev. A 63, 042111 (2001).
23. M-J Zhao, Z-X Wang and S. M. Fei, Rep. Math. Phys. 63, 409 (2009).
24. J-D Bancal, N. Gisin, Y-C Liang and S. Pironio, Phys. Rev. Lett. 106, 250404 (2011).
25. M-J Zhao, T-G Zhang, X. L. Jost and S-M Fei, Phys. Rev. A 87, 012316 (2013).
26. R. Lohmayer, A. Osterloh, J. Siewert and A. Uhlmann, Phys. Rev. Lett. 97, 260502 (2006).
27. Szilard Szalay, Phys. Rev. A 83, 062337 (2011).
28. L. Novo, T. Moroder, and O. Guhne, Phys. Rev. A 88, 012305 (2013).
29. S-Q Shen, M-Y Wang, M. Li and S-M Fei, Phys. Rev. A 92, 042332 (2015).
30. A. Das, C. Datta, P. Agrawal, Phys. Lett. A 381, 3928 (2017).
31. K. H. Han and S-H Kye, Phys. Rev. A 99, 032304 (2019).
32. C. Datta, S. Adhikari, A. Das and P. Agrawal, Eur. Phys. J. D 72, 157 (2018).
33. P. Kairon, M. Singh and S Adhikari, Quant. Inf. Process. 21, 173 (2022).
34. A. Kumari and S. Adhikari, Eur. Phys. J. D 76, 73 (2022).
35. T. Baumgratz, M. Cramer and M. B. Plenio, Phys. Rev. Lett. 113, 140401 (2014).
36. A. Acin, D. Bruß, M. Lewenstein and A. Sanpera, Phys. Rev. Lett. 87 040401 (2001).
37. Y. T. Wang, J. S. Tang, Z. Y. Wei, S. Yu, Z. J. Ke, X. Y. Xu, C. F. Li, and G. C. Guo, Phys. Rev. Lett. 118,

020403 (2017).
38. R. A. Horn and C. R. Johnson, Matrix Analysis (Cambridge University Press, Cambridge, 1999); A. Knutson

and T. Tao, Not. Am. Math. Soc. 48, 175 (2001).

Appendix A

The results we have obtained in our work can be generalized to a multipartite system also. For in-
stance, if we consider the four-qubit system, Result-3 for mixed biseparable states may be re-stated
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as:
If the four-qubit mixed state described by the density operator

ρ = p1σ
A−BCD
1 + p2σ

B−CAD
2 + p3σ

C−ABC
3 + p4σ

D−ABC
4 (A.1)

is biseparable then it satisfies the inequality

1 + Cl1(p1σ
A−BCD
1 + p2σ

B−CAD
2 + p3σ

C−ABD
3 + p4σ

D−ABC
4 )

≤ 1

4

4∑
i=1

pi(Xi + 2)2 (A.2)

where,

X1 = Cl1(σ
A
1 ) + Cl1(σ

BCD
1 )

X2 = Cl1(σ
B
2 ) + Cl1(σ

CAD
2 )

X3 = Cl1(σ
C
3 ) + Cl1(σ

ABD
3 )

X4 = Cl1(σ
D
4 ) + Cl1(σ

ABC
4 ) (A.3)

To verify this result, let us consider a mixed biseparable state in a four-qubit system described by the
density matrix ρ1, which is given by

ρ1 =
1

2
[|0〉A〈0|)⊗ |φ+〉BCD〈φ+|]

+
1

2
[|1〉B〈1| ⊗ |φ−〉ACD〈φ−|] (A.4)

where the states |φ+〉BCD and |φ−〉ACD are given by

|φ+〉BCD =
1√
2
(|100〉BCD + |010〉BCD)

|φ−〉ACD =
1√
2
(|100〉ACD − |010〉ACD) (A.5)

Comparing equation (A.4) with general mixed four qubit biseparable state (A.1), we have p1 = 1
2 ,

p2 = 1
2 , p3 = 0 and p4 = 0. l1-norm of coherence for the given state, defined in (A.4), is given by

Cl1(ρ1) = 1 (A.6)

For the given state ρ1,Cl1(ρ
A
1 ) = Cl1(ρ

B
1 ) = Cl1(ρ

C
1 ) = Cl1(ρ

D
1 ) = 0,Cl1(ρ

BCD
1 ) = 1,Cl1(ρ

ACD
1 ) =

1, Cl1(ρ
ABD
1 ) = 1 and Cl1(ρ

ABC
1 ) = 0. The quantity X ′is, i=1,2,3,4 can be calculated as

X1 = Cl1(ρ
A
1 ) + Cl1(ρ

BCD
1 ) = 1

X2 = Cl1(ρ
B
1 ) + Cl1(ρ

ACD
1 ) = 1

X3 = Cl1(ρ
C
1 ) + Cl1(ρ

ABD
1 ) = 0

X4 = Cl1(ρ
D
1 ) + Cl1(ρ

ABC
1 ) = 0 (A.7)

Substituting the values of p′is, X
′
is and l1-norm of coherence of ρ1 in (A.2), it can be easily seen that

(A.2) is satisfied for the state defined in (A.4).
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Also, for four-qubit mixed separable states, Result-4 may be re-stated as:
If the four-qubit mixed state described by the density operator σA−B−C =

∑
i piσ

A
i ⊗σBi ⊗σCi ⊗σDi

is separable then it satisfies the inequality

Cl1(σ
A−B−C−D) ≤

∑
i

pi[
∑

x=A,B,C,D

Cl1(σ
x
i )

+
∑

x 6=y,x,y=A,B,C,D

Cl1(σ
x
i )Cl1(σ

y
i )

+
∑

x 6=y 6=z,x,y,z=A,B,C,D

Cl1(σ
x
i )Cl1(σ

y
i )Cl1(σ

z
i )

+ Cl1(σ
A
i )Cl1(σ

B
i )Cl1(σ

C
i )] (A.8)

To verify the above result for a four-qubit mixed separable state, let us consider a separable state in a
four-qubit system, described by the density operator ρ2,

ρ2 =
1

4
|0000〉ABCD〈0000|+ 1

4
|0011〉ABCD〈0011|

+
1

4
|1000〉ABCD〈1000|+ 1

4
|1111〉ABCD〈1111| (A.9)

Then, for the state defined in (A.9),Cl1(ρ2) = 0 andCl1(ρ
A
2 ) = Cl1(ρ

B
2 ) = Cl3(ρ

C
2 ) = Cl1(ρ

D
2 ) = 0,

thus we can say that the equation (A.8) is verified for the state ρ2.

Appendix B

The results we have obtained in our work can be generalized to a higher dimensional quantum system.
For example if we consider a state ρ = |ψ〉〈ψ| in a three-qutrit system, where |ψ〉 is given by,

|ψ〉 = |0〉 ⊗ 1√
3
(|12〉+ |01〉+ |20〉) (B.1)

Comparing equation (B.1) with the general mixed three-qubit biseparable state of our manuscript, we
have p1 = 1, p2 = 0, and p3 = 0. l1 norm of coherence for the given state, defined in (B.1), is given
by

Cl1(ρ) = 2 (B.2)

For the given state ρ, Cl1(ρ
A) = Cl1(ρ

B) = Cl1(ρ
C) = 0, Cl1(ρ

BC) = 2, Cl1(ρ
AC) = 0 and

Cl1(ρ
AB) = 0. The quantity X ′is, i=1,2,3 can be calculated as

X1 = Cl1(ρ
A) + Cl1(ρ

BC) = 2

X2 = Cl1(ρ
B) + Cl1(ρ

AC) = 0

X3 = Cl1(ρ
C) + Cl1(ρ

AB) = 0 (B.3)

Substituting values of p′is,X
′
is and l1 norm of coherence of ρ, we can see that equation (55) is satisfied

for the state (B.1).
Thus, the given state is a biseparable state. Hence, our result also holds for higher dimensional system.


