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Our previous work delt with the zeta function for the interacting particle system (IPS) in-
cluding quantum cellular automaton (QCA) as a typical model in the study of “IPS/Zeta
Correspondence”. On the other hand, the absolute zeta function is a zeta function over
F1 defined by a function satisfying an absolute automorphy. This paper proves that a
new zeta function given by QCA is an absolute automorphic form of weight depending
on the size of the configuration space. As an example, we calculate an absolute zeta
function for a tensor-type QCA, and show that it is expressed as the multiple gamma
function. In addition, we obtain its functional equation by the multiple sine function.
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1 Introduction

In our previous papers [1, 2], we investigated zeta functions for the interacting particle sys-
tems (IPSs) including quantum cellular automata (QCA) and probabilistic cellular automata
(PCA) as typical models in the study of “IPS/Zeta Correspondence”. Concerning IPS, see [3],
for example. Here we focus on two-state QCA on Py = {0,1,..., N — 1}, where Py denotes
the path space with N sites. There are two states “0” or “1” at each site. Let n(z) € {0,1}
be the state of the site x € Py, i.e., # = 0,1,..., N — 1. The configuration space is {0, 1}¥~
with 2V elements.

On the other hand, the absolute zeta function is a zeta function over F; defined by a
function satisfying an absolute automorphy. Here F; can be viewed as a kind of limit of I,
as p — 1, where F,, = Z/pZ stands for the field of p elements for a prime number p. As for
absolute zeta function, see [4, 5, 6, 7, 8, 9, 10, 11].

In this setting, we introduce our zeta function (x(u) determined by a QS\?) which is a
2NV x 2V time evolution matrix of QCA on Py. More precisely, ((u) = det(Ion — uQS\?))’l,
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1262 Absolute Zeta fountions for Zeta functions of quantum cellular automata

where I,, is the n X n identity matrix. We show that if Qg\?) is an orthogonal matrix, then
(n(u) is an absolute automorphic form of weight —2~. After that, we consider an absolute
zeta function (¢, (s) for our zeta function (y(u). As an example, we calculate (¢, (s) for
a tensor-type QCA, and prove that it is expressed as the multiple gamma function via the
multiple Hurwitz zeta function. In addition, we obtain the functional equation for (¢ (s)
by the multiple sine function. The present manuscript is the first step of the study on a
relationship between the QCA and the absolute zeta function. As for the absolute zeta
function for a zeta function based on the quantum walk, see [12].

The rest of this paper is organized as follows. Section 2 briefly describes the absolute
zeta function and its related topics. In addition, we give four examples which will be used
in Section 5. Section 3 deals with the definition of the QCA. In Section 4, we treat our
zeta function defined by QCA. In Section 5, we calculate the absolute zeta function for a
tensor-type QCA. Finally, Section 6 is devoted to summary.

2 Absolute Zeta Functions

First we introduce the following notation: Z is the set of integers, Z~ = {1,2,3,...}, R is the
set of real numbers, and C is the set of complex numbers.

In this section, we briefly review the framework on the absolute zeta functions, which can
be considered as zeta function over Fy, and absolute automorphic forms (see [6, 7, 8, 9, 10]
and references therein, for example).

Let f(x) be a function f: R — CU{oco}. We say that f is an absolute automorphic form
of weight D if f satisfies

/ (1> — o P f(x)

T

with C € {—1,1} and D € Z. The absolute Hurwitz zeta function Zy(w, s) is defined by

Zsw.5) = 75 | " f@) oo (log ) d,

where I'(z) is the gamma function (see [13], for instance). Then taking u = e’, we see that
Z(w, s) can be rewritten as the Mellin transform:

1 o0
Z¢(w,s) = 7/ f(et) est tv—Lat. (1)
! T(w) Jo
Moreover, the absolute zeta function (s(s) is defined by

Cr(s) =exp (;UZf(’LU,S)‘w_O) .

Here we introduce the multiple Hurwitz zeta function of order r, (.(s,x,(w1,...,w;)), the
multiple gamma function of order r, T'r(z, (w1,...,w:)), and the multiple sine function of
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order r, S,(x, (w1, ...,w.)), respectively (see [6, 7, 9], for example):
oo [ee]
Cr(s,z, (wry .. ywyp)) = Z S Z (nqwi + -+ + npw, + )7, (2)
n1=0 n,=0

I (z, (wi,...,w,)) = exp (OniCr(s,x, (Wiy -y wr)) s—o> , (3)

Sp(z, (Wi, wr)) = Doz, (Wi e ooy wp) " Tp(wy + -+ wp — 2, (W1, w,)) T (4)

Now we present the following key result derived from Theorem 4.2 and its proof in Ko-
rokawa [7] (see also Theorem 1 in Kurokawa and Tanaka [9]):

Theorem 1: For £ € Z, m(i) € Z~ (i=1,...,a), n(j) €Z> (j=1,...,b), put
(mm(l) _ 1) . (xm(a) _ 1)

f(x) = z*/? ) (1)
Then we have
Zi(w,s) = Y (=) G (w, s — deg(f) + m(I),n), (5)
Ic{1,...,a}
@)= II Tus-deglp+min )" (6)
Ic{1,...,a
Cr (D= 95) =24(s) ¢s(s), (7)

where

|I| = Zl deg(f g Z

il j=1 icl
a b
n = (n(1),...,n(b)), —E—l—Zm Zn (=1)27°,
=1 j=1
()= [I  Sb(s—deg(f)+m(D),m) "

Ic{1,...,a}

We should note that Eq. (7) is called the functional equation.
From now on, we give four examples of f(x) which will be discussed in detail in Section 5.

Case (i).

Then we see
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thus f; is an absolute automorphic form of weight —2 = —2!. Noting that £ =0, a =0, b=
2, n(l)=n(2) =1, deg(fr) =D =-2, n=(1,1), C=1, and ef,(s) = S2 (s +2,(1,1)), it
follows from Theorem 1 that
Zfl (UJ, S) = (2 (wv s+2, (17 1)) )
Cfl (S) =TIy (8 + 27 (la 1)) ’
Cr(=2—=15)=52(s+2,(1,1)) (p(s)

So Zy, (w, s) and (y, (s) can be obtained by the multiple Hurwitz zeta function of order 2 and
the multiple gamma function of order 2, respectively. Moreover, the functional equation is

given by the multiple sine function of order 2.
Case (ii).

1
fa(z) = m (9)

Thus we find
1 2
fa <x> = —2% fo(z),

so fo is an absolute automorphic form of weight —4 = —22. Noting that £ =0, a =0, b =
3, n(l) =n(2) =1, n(3) =2, deg(fa) = D = —2% n = (1,1,2), C = —1, and £4,(s) =
Ss (s +22%,(1,1,2)), by Theorem 1, we get
Zp,(w,s) = G (w,s+2%,(1,1,2)),

<f2 (S = F3 (3 + 22’ (17 17 2)) ’
<f2(_22 - S)_ =53 (S + 227 (17 1, 2)) <f2 (S)
Therefore we see that Zy, (w, s) and (y,(s) are given by the multiple Hurwitz zeta function of
order 3 and the multiple gamma function of order 3, respectively. In addition, the functional

equation is expressed by the multiple sine function of order 3.
Case (iii).

fa(z) = @ -0t (10)
Then we have

h () = fala).

thus f3 is an absolute automorphic form of weight —23. Noting that £ = 0, a = 0, b =
4, n(1) = n(2) = n(3) = n(4) = 2, deg(fs) = D = -2, n = (2,2,2,2), C = 1,
eg,(s) = Sa (s +2%,(2,2,2,2)), from Theorem 1, we obtain
Zp(w,8) =G (w,s+2°,(2,2,2,2)),
Cf?, (S) = F4 (8 =+ 23? (27 27 2a 2)) )
Cra(—2% = 5) = Sy (s +2%,(2,2,2,2)) (p(s).

o

aln
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So Zy,(w, s) and ¢y, (s) can be expressed by the multiple Hurwitz zeta function of order 4 and
the multiple gamma function of order 4, respectively. Furthermore, the functional equation

is given by the multiple sine function of order 4.
Case (iv).

fa(x) = m- (11)

Then we have
1
n(3) =+ ne

therefore f; is an absolute automorphic form of weight —2%. Noting that £ = 0, a = 4, m(1) =

10
—
c=m(4) =1, b=10, n(1) =--- =n(10) =2, deg(fa) =D = -2, n=(2,...,2), C =1,
and
— 1)l
ef,(s) = H S1o (s+24+|l|,n)( ) ,
IC{1,2,3,4}
it follows from Theorem 1 that
Zf4(w75): Z (_1)‘1‘ ClO (U),S+24+|I|,n),
1c{1,2,3,4}
— 1)l
Guls)= [ Two(s+2'+1,m)"
I1C{1,2,3,4}
4 4 (=l
Cf4(72 75): H 510 (S+2 +|I|,n) Cf4(s).
1C{1,2,3,4}

Thus Zy, (w,s) and (5, (s) can be obtained by the multiple Hurwitz zeta function of order
10 and the multiple gamma function of order 10, respectively. In addition, the functional
equation is expressed by the multiple sine function of order 10.

3 QCA

This section gives the definition of our QCA. Let Py = {0,1,..., N—1} be the path space with
N sites. Throughout this paper, we mainly assume that N > 2. There are two states “0” or
“1” at each site. Let n(x) € {0,1} denote the state of the site x € Py, i.e., 2 =0,1,...,N —
1. The configuration space is {0,1}F~ with 2V elements. Intuitively, a configuration n =
(n(0),n(1),...,n(N—1)) € {0, 1}~ is given an occupation interpretation as follows: n(z) = 1
means that a particle exists at site € Py, and n(x) = 0 means that x is vacant. In this

paper, we put
o =] =13 (12)
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For example, when N = 3, a configuration (0,0, 1) € {0, 1}** means that the state “0” at site 0,
the state “0” at site 1, and the state “1” at site 2. In other words, (n(0),n(1),n(2)) = (0,0,1).
We also write (0,0, 1) by [0)]0)|1) = |0) ® |0) ® |1), where ® means the tensor product. By
using Eq. (12), we have

ec?

=
-~
(=)}
il
—
~
Il
r— 1
O =
—_
&
Le——|
O =
—_
®
||
= O
—_
I
[eNeoNeoNoNeNel "

To define our QCA, we introduce the local operator QY and the global operator QS\‘?) in

the following way. This definition is based on Katori et al. [14].
We first define the 4 x 4 matrix Q) by

Q(l): Qp1r Qg1 Qo1 Aoy

where a})) € C for i,j,k,1 € {0,1}. Let n,,(x) € {0,1} denote the state of the site 2 € Py at
time n € Z>. The element of QU ag, means the transition weight from (0, (z), n,(z+1)) =
(4,7) to Mny1(x),Mps1(x +1)) = (k,1) forany 2 =0,1,..., N —2and n € Z>. If ag € [0,1],
then the transition weight can be the transition probability. We call “z” the left site and “z+1”
the right site. Throughout this paper, we assume that az = 0if j # . In other words, after the
time transition, the state of the rightmost site does not change. This assumption is necessary
to define the global operator Qg\?) described below. Therefore, under this assumption, Q) is

rewritten as

a88 61 a(l)g 11
Q0 = W ]

aio ] )

afi - ai

(é.’?

where “” means 0. By definition, the interaction of our QCA is nearest neighbor. In partic-
ular, if a}; € {0,1}, then the IPS is called the cellular automaton (CA). Next we define the
2N % 2NV matrix Qg\?) by

Qg{?): (12®12®~-~®12®Q(l)) (12®12®'-~®Q(l)®12)

...(]2®Q(l)®...®]2®[2> (Q(l)®]2®...®]2®[2>,
where I, is the n x n identity matrix. For example, if N = 3, then the 23 x 23 matrix Qég) is

QY = (Iz ® Q(”) (Q(” ® Iz) :
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If N =4, then the 2* x 2¢ matrix Qig) is
QY = (12 L Q(”) (Iz 2RV ® 12) (Q“) L Iz) .

Note that if N = 2, then Q(Qg) = QW. Moreover, when N = 1, we put Q(lg) = I.

We see that when N = 4, a transition weight from (1, (0), 7, (1), 71.(2),7,.(3)) = (i, %1, 2,13) €
{07 1}4 to (nn+1(0)v nn+1(1)a 77"+1(2)7 77n+1(3)) = (kO’ kla k27 k3) € {07 1}4 is azzzéla?fizaﬁzﬁ:, for
any n € Z>, for instance.

The above mentioned model was called the interacting particle systems (IPS) in our pre-
vious paper [1]. We considered two typical classes, one is QCA and the other is PCA. Note
that PCA is also called stochastic CA. Our QCA satisfies that Q) is unitary, i.e.,

002 0012 _ | 012 0112 _ {102 102 _ (1112 112 _
lago|” + [aiol” = lagi|” + 11" = lagel” + laigl” = lag:|” + a1 [* =1,
00 ~10 , ,00 10 _ .01 ~iT , .01 11 _
agy ago + a1 @19 = ag1 ag; +ay; ag3 = 0.

This QCA was introduced by Konno [15] as a quantum counterpart of the Domany-Kinzel
model [16] which is a typical model of PCA. we easily see that “ QW is a unitary matrix if
and only if Qg\g,’) is a unitary matrix”. Moreover, “ Q" is an orthogonal matrix if and only if

Qg\?) is an orthogonal matrix”.
On the other hand, a model in PCA satisfies

00 00 _ 01 01 _ 10 10 _ 11 11 _ ij
ago +ajp = agy +ay; = agy +ag =ag +a;; =1, ag; € [0,1]. (13)

That is, Q) becomes a transposed stochastic matriz (also called transition matriz). Further-
more, as in the case of the QCA, we find that “ Q) is a transposed stochastic matrix if and

only if Q%) is a transposed stochastic matrix”. In other words, the sum of the elements of

any column for Q) or Qg\?) is equal to 1.

The evolution of QCA on Py is determined by
m=(QW) m (nezs)

for an initial state 7. Note that n,,n0 € C2" and QE\‘?) is a 2V x ZN matrix.
For example, when N = 3 and (1(0),7n(1),7(2)) = (0,0,1) € C?’, we observe

(0,0,1) = a33a31(0,0,1) + a3a91(0, 1, 1) + a93aSk (1,0, 1) + a%5adk (1, 1, 1).

In the case of QCA, the probability that a configuration (0,1,1) exists is |adgadi|?. On the

other hand, as for PCA, the probability that a configuration (0,1, 1) exists is ajjali.

4 Zeta functions for QCA
In our previous paper [1], we defined the IPS-type zeta function by

¢ (@ Pyu) = et (v — @)} vz, (149

for u € R. Here we introduce our zeta function for QCA as follows:

¢ (Q(”,Pmu) — det (IQN - qu\?))_l (N €Zs). (15)
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The relation between IPS-type and our zeta functions is
_ 2V
¢(QV Py, u) = (QV,Py,u)
Remark that when N = 1, we put Qgg) = I,. Thus we find
— 2
C (Q(l)aPhu) = C (Q(l)vﬂplau> = (1 _u)_Q' (16)

In order to clarify the dependence on N, from now on, we define “ (Q(l), Py, u)” by “Cn(u)”.
So Eq. (15) is rewritten as

~1
Cnlu) = {det (12N - uQ§§>)} . (17)
Here, we consider a zeta function (4 (u) for a general M x M matrix A defined by
Calu) = {det (Iny —uA)} ™", (18)
If A is a regular matrix with its eigenvalues {A1,..., Ay}, then we easily find
1\ L 1 M A \NM M
- =det (I ——A) = 1-=)=(= -2
a(e) o (=) =110 =35) - (G) Lo

() (I e [(-5)

(—u)™™ det A {Car ()} "

Therefore we obtain the following result.

e (3) =0 @t a)™ Gus (), (19)
If A is an orthogonal matrix, then
AT ="T7, (20)
where T is the transposed operator. From Eq. (20), we find
Ca(u) = {det (In; —uA)} ' = {det (Ins — uTA)}71
= {det (Ins — uA_l)}il = (-1 (u).
That is,
Calu) = Ca-1(u). (21)

Moreover, if A is an orthogonal matrix, then

(det A)~! = det A, (22)



Jiro Akahori, Norio Konno, and Iwao Sato 1269

since det A € {—1,1}. Combining Eq. with Eqgs. (20), (21) and (22) implies that if A is an
orthogonal matrix, then

1
(7)) = deacatu). (23)
Then if Qg\?) is orthogonal, then it follows from Eq. (23) with M = 2V that

(N <i) — 2" (det Q%?) ¢n (u).

Therefore we obtain the following result for our zeta function (n(u).

Theorem 2: If Qgg) is an orthogonal matrix, then we have
1
(v () = det QY u*" ¢y (u), (24)
u

where det Qg\‘?) e {-1,1}.

Recall that f is an absolute automorphic form of weight D if f satisfies
1 -D
f u) = Cu™” flu)

with C € {—1,1} and D € Z. Therefore, from Theorem 2, we have an important property
of our zeta function (y(u), that is, “Cy(u) is an absolute automorphic form of weight —2%",
Then (¢, (s) is a absolute zeta function for our zeta function {n(u). In other words, we can
consider “the zeta function of a zeta function”.

In our previous paper [1], we studied two classes for QCA. One is given by
cos &y . —siné;
) . . cos & . —sin&s
@acan(&n &)= sin &; . cos &y . ’
sin &o . cos &

where &1,& € [0,27). In particular, Qg)cA,1(0a 0) = I4. The other is
cos &; . —sin&;

Qg)C’A,Z(gla &) = Sin. & a Sl_n &2 cos &

cos&s . sin &9

cos &5

)

where £1,& € [0,27). In particular, Qg)CAQ(O, 0) becomes the well-known Wolfram Rule 90
(see [3], for example). It is noted that Rule 90 is not only QCA but also PCA.
We should remark that Qg)cAJ(flaf?) and QS)CA,Q(&’&) are orthogonal matrices, so

Theorem 2 holds for both models. In other words, “{y(u) defined by Q%)CVA71(€17£2) or

Qg)CA,z (&1,&2) is an absolute automorphic form of weight —2%7.
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5 Examples

In this section, we consider a tensor-type model with Q) = Qg)c A72(O, &) as follows:

Qg)CA,z(va) = 1> ® Ego +0(§) ® B (€ €[0,2m)), (25)
where
| —sin{ cos& |10 |00
o(8) = [ cos& Sin&} > Foo= [O 0} » Pu= {O 1} ’
Note that

o(§)?=1,  (£€][0,2m)).
From now on, we put
QW) = Qhran(0.6).

Thus we see

|- —sin{ - cos&

cosé - siné

Let Spec(A) be the set of eigenvalues of a square matrix A. More precisely, we also use
the following notation:

Spec(A) = {[Al]ll, Do), ... ,[)\k]l’“},

where \; is the eigenvalue of A and [; € Zs is the multiplicity of A; for j =1,2,...,k. Let
{T,(z)} denote the Chebychev polynomials of the first kind (see Andrews et al. [13]):

T, (z) = cos (n - cos™'(z)) (n€Zs, zel-1,1]),
where cos™!(z) = arccos(x). For example,
To(z) =1, Ti(z)==, Ty(z)=22>—-1, Ts(z)=4a®—3z,....
Then, by using Proposition 5 (i) for » = 1 case in [1], we have the following result.

Proposition 3:

Spec (QW (/2)) = {0, [~V
where
en(l) =

(¥ +By), en(-1)=3 (¥ = By), By =221y (v2/2).

N | —
N —
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Remark that ¢y (1) + ey (—1) = 2. From now on, we put

QY = QW (m/2).

Therefore, by Eq. (17) and Proposition 3, we see

N

_ O\l T 1 1 \NW o ey
CN(u)f{det(IQNqu]\?>} jl_[ll_)\ju(l—u> (1+u)

= (~)*Wgy(u),

where {\; : j = 1,...,2"} is the eigenvalue of QS\?) and

(u—1)en(=1)
gn(u) = (u—1)ev M (2 — 1)en (=1

(26)
Then we have

v (4) = 0" O g,

u

therefore gy is an absolute automorphic form of weight —2%.

We should note that gy(u) = fy(u) for (N = 1,2,3,4), where fy(u) was defined in
Section 2.

From now on, we consider three cases, i.e., Case (a): ¢y (1) > en(—1), Case (b): en(1) =
en(=1), and Case (¢): en(1) < en(-1).

Case (a): en(1) > en(—1). In this case, Eq. (26) becomes

1
gn(u) = (u— 1)evM=en (=) (2 — 1)en(=1)° (27)
Noting that £ = 0, a = 0, b = ¢n(1), n(l) = = n(en(1l) — en(=1)) = 1, neny(1) —
en(=1)+1)=---=n(en(1)) =2, deg(gn) =D = —2N, C =1, and

en(l)—en(=1) en(—1)
——

n= (1,...,1, 2,...,2), agN(s):SQN(s—i—QN,n),
it follows from Theorem 1 that

ZgN( ) Con (w 3+2N )
CQN(S) = FQN (5+2 7n) )
(:gN(—QN —8) = Son (s + 2N,n) Con (5)-

We see that Case (i) in Section 2 is Case (a) for N = 1, since we find that ¢1(1) =2 > 0 =
c1(=1), aa(l) —e1(=1) =2, £ =0, a=0, b=2" n(l) =n(2) =1, n=(1,1), deg(q1) =
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D = —2! and C = 1. In addition, we confirm that Case (ii) in Section 2 is Case (a) for
N = 2, because we see that c2(1) =3 > 1 =ca(—1), c2(l) —c2(-1) =2, £ =0, a=0, b=
3, n(1)=n(2) =1, n(3) =2, n=(1,1,2), deg(g2) = D = —22 and C = —1.

Case (b): ¢n(1) = en(—1). In this case, Eq. (26) becomes

1

gn(u) = m (28)
Noting that £ =0, a =0, b =cn(1) =281 n(1) =--- =n2V 1) =2, deg gy = D =
—2N C =1, and
CN(fl)
—
n=(2,...,2), Egn (8) = Son (s—|—2N,n),

it follows from Theorem 1 that

Zgy (W, s) = Con (w,s + 2N,n) ,
CQN(S) = PQN (S + 2N7n) )
Con (=2 —5) = Son (s + 2V, m) (o (s).
We see that Case (iii) in Section 2 is Case (b) for N = 3, since we find that c3(1) = 4
e5(~1), e5(1) — es(—1) = 0, £=0, a=0, b=4, n(l) = n(2) = n(3) = n(4) =2, n =
(2,2,2,2), deg(gz) = D =—23, and C = 1.

Case (¢): ¢n(1) < en(—1). In this case, Eq. (26) becomes

(u — 1)ev(=D=en (D)

gn (u) = (u2 — 1)en (1) (29)
Noting that £ =0, a = c¢y(—1) —en(1), b =cn(—1), m(1) = --- = m(en(—1) —en(1)) =
1, n(1)=---=n(en(=1)) =2, deg(gn) =D = -2V, C =1, and
CN(—l)
—
n=(2,...,2),
—_1)l1l
EgN(S) = H SCN(fl) (8+2N+|I|7n)( ) )

Ic{1,....en(=1)—cn (1)}

it follows from Theorem 1 that

ZQN(waS) = Z (_1)|I| CCN(*].) (wa3+2N+ |I|an) )
Ic{1,....en(—1)—cn (1)}
(!
Con (8) = 11 Towie) (s +2Y +11],n) :
Ic{1,....en(—1)—cn (1)}
N N (=l
Con (2 —5) = 11 Sen(-1 (s +2N +1I],n) o ().

Ic{1,....en(—1)—cn (1)}
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We see that Case (iv) in Section 2 is Case (c¢) for N = 4, since we find that ¢4(1) =6 < 10 =

ca(—1), £ =0, a =c4(—1) —cs(1) =4, b=c4(—1) =10, m(1) =---=m(4) =1, n(1) =
10

—
co=n(10) =2, deg(fs) =D =-21, n=(2,...,2) and C = 1.

Hence, noting ¢ (u) = (—1)¥ Mgy (u), by results of Cases (a), (b) and (c) for gy (u), we
obtain the following result for a tensor-type QCA.

Theorem 4: For Case (a): cy(1) > cy(—1), we have

ZCN (w, 8) = (_1)CN(1)<2N (U}, 5+ 2N7 ’I’L) >

_1yen (@
s) =I'yn s+2Nn(1)N
CCN() 2 ( ) )

_1)en (1)
Cen (=2 = 5) = Syn (5 + 2, ) TV

CCN (5)
For Case (b): cn(1) = cy(—1), we have

ey (w, S) = (_1)CN(1)<2N (wa 5+ 2N7 n) )

_1yen @
Co(s) = Tan (s+2V,m) 7V
—1)en (D)
CCN(_QN - 8) = Son (5 + 2N7n)( ) CCN (5)
For Case (¢): ¢y(1) < ex(—1), we have
Zey(w,s) = (1)~ > (D" Gy (wys + 2V + 11],m)

Ic{l,...,en(—1)—en (1)}
(—1)lTl+en @)
CCN (5) = H FCN(—U (S + 2V + |I|,’I’l) ’
IC{1,....en(=1)—cn (1)}
)l len ()
Con (2N —5) = II Senien) (s+2Y +11,m) 7"
Ic{1,...,en(—1)—en (1)}

CCN (S)

We should remark that Z, (w,s) and (¢, (s) can be obtained by the multiple Hurwitz
zeta function of order 2V (Cases (a) and (b)) or cy(—1) (Case (c)) and the multiple gamma
function of order 2%V (Cases (a) and (b)) or ey (—1) (Case (c)), respectively. In addition, the
functional equation is expressed by the multiple sine function of order 2 (Cases (a) and (b))

or cy(—1) (Case (c)).

6 Summary

In this paper, we introduced our zeta function (y(u) determined by a QS\?) which is a 2V x 2N
time evolution matrix of QCA on the path space Py. Then we proved that if Qg\?) is an
orthogonal matrix, then (x(u) is an absolute automorphic form of weight —2% (Theorem 2).
After that we considered an absolute zeta function (¢, (s) for our zeta function (x(u). As an
example, we computed (¢, (s) for a tensor-type QCA, and showed that it is expressed as the
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multiple gamma function via the multiple Hurwitz zeta function (Theorem 4). Moreover, we
obtained the functional equation for (¢, (s) by the multiple sine function (Theorem 4). The
present manuscript is the first step of the study on a relationship between the QCA and the
absolute zeta function. One of the interesting future problems might be to extend QCA on
the one-dimensional path space to QCA on the higher-dimensional lattice.
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