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Quantum image representation has a significant impact in quantum image processing. In
this paper, a bit-plane representation for log-polar quantum images (BRLQI) is proposed,

which utilizes (n + 4) or (n + 6) qubits to store and process a grayscale or RGB color
image of 2n pixels. Compared to a quantum log-polar image (QUALPI), the storage

capacity of BRLQI improves 16 times. Moreover, several quantum operations based

on BRLQI are proposed, including color information complement operation, bit-planes
reversing operation, bit-planes translation operation and conditional exchange operations

between bit-planes. Combining the above operations, we designed an image scrambling

circuit suitable for the BRLQI model. Furthermore, comparison results of the scrambling
circuits indicate that those operations based on BRLQI have a lower quantum cost than

QUALPI. In addition, simulation experiments illustrate that the proposed scrambling

algorithm is effective and efficient.

Keywords: Quantum image representation, Bit-planes, Log-polar coordinate, Image
scrambling

1 Introduction

Quantum image processing (QIP), as an emerging research area in quantum information tech-

nology and image processing, has attracted widespread attention from scholars [1]-[2]. This

mainly relies on the physical properties of quantum coherence, superposition and entangle-

ment, and the ability of qubits to store exponential amounts of data simultaneously [3]. In
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general, quantum image processing has the advantages of high computational efficiency and

large storage capacity compared with classical image processing.

Quantum image representation (QIR) is a top priority for QIP tasks, as it enables clas-

sical information to be stored in a quantum state. Several QIR models (QIRM) have been

proposed for representing images using qubits, including Quantum Lattice [4], the flexible

representation of quantum images (FRQI) [5], the multi-channel RGB images representation

of quantum images (MCQI) [6], and a normal arbitrary superposition state of quantum image

(NASS) [7]. These QIRMS use amplitude to encode the pixel information of the image, which

improves the coding efficiency and also increases the difficulty of image retrieval. In order

to address this issue, a novel enhanced quantum representation (NEQR) is put forward [13],

which use a sequence of qubits to encode the image. By improving the coordinate or color

coding of the image, a series of new image representation models are generated, such as an

improved NEQR(INEQR) [9], a generalized model of NEQR (GNEQR), and a novel quantum

representation of color digital images (NCQI) [10]. To further increase the storage capacity,

the quantum image representation based on bit-planes (BRQI) [11] and a new quantum rep-

resentation model of color digital images (QRCI) [12] have been proposed, these two models

use a combination of bit plane and color information to encode images. Compared with

GNEQR, NEQR and NCQI, the capacity of BRQI and QRCI is increased by 16 times and 218

times, respectively. In addition to image encoding based on amplitude and qubit sequence,

some new technologies are applied to image encoding, including a quantum log-polar image

(QUALPI) for processing log-polar sampled images [8], and a Fourier transform qubit rep-

resentation (FTQR) [14] for encoding color information into a quantum superposition state.

Furthermore, a novel QIRM [15] is proposed for image brightness and saturation processing.

Quantum image processing algorithms (QIPA) based on different quantum image repre-

sentation models emerge continually, such as quantum image segmentation [16], quantum

image matching [17], quantum image watermarking (QImW) [18], quantum image steganog-

raphy(QImS) [19]-[20], and quantum image encryption(QImE) [21]-[22]. In addition, image

scrambling is also a method often used in image encryption. Among the above studies,

QImW, QImS and QImE belong to the research area of quantum information security, which

has contributed to the protection of sensitive information.

In order to increase the storage capacity of images sampled in logarithmic polar coordi-

nates, we encode color information in the quantum basis state. Combined with the bit-plane

coding method, a novel quantum image representation model BRLQI is proposed, which re-

quires only (2n+ 4) qubits to represent a grayscale image with 2n pixels and (2n+ 6) qubits

to represent a color image of the same size. The capacity of BRLQI improves 16 times than

QUALPI. Furthermore, we propose a number of QIP operations and design a corresponding

circuit for image scrambling based on the BRLQI model, including color information com-

plement operation, bit-planes reversing operation, bit-planes translation operation and con-

ditional exchange operations between bit-planes. Analyzing the quantum cost of the above

quantum operations, we conclude that those QIP operations based on BRLQI have lower

quantum cost than QUALPI.

This paper is organized as follows. Section 2 briefly introduces the preliminary knowledge.

Section 3 describes the proposed quantum image representation model QUALPI as well as the

procedures of quantum image preparation and retrieving, a series of QIP operations based on
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QUALPI are designed for image scrambling in Section 4. Finally, Some notable conclusions

are provided in Section 5.

2 Preliminaries

2.1 Quantum gates

Single qubit states |0〉 and |1〉 and their dual states 〈0| and 〈1| are defined as follows:

|0〉=
[

1
0

]
, |1〉=

[
0
1

]
, 〈0| =

[
1 0

]
, 〈1| =

[
0 1

]
. (1)

Unitary matrices identity(I), Hadamard(H), NOT gate(X), and Rx (θ) gates can be expressed

as

I =

[
1 0
0 1

]
, X =

[
0 1
1 0

]
,

H =
√
2
2

[
1 1
1 −1

]
, R (θ) =

[
cos θ sin θ
sin θ − cos θ

]
.

(2)

Controlled quantum gates are an important class of multiple quantum gates, Let U be a

2m × 2m unitary matrix, the expression of Ctn (U) and V tn (U) in Fig. 1 (c) and (d) are

calculated by: 
Ctn(U) = (|t〉 〈t|)⊗ U +

2n−1∑
s=0,s6=t

((|s〉 〈s|)⊗ I⊗m) ,

V tn(U) = U ⊗ (|t〉 〈t|) +
2n−1∑
s=0,s6=t

(I⊗m ⊗ (|s〉 〈s|)).
(3)
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Fig. 1. Graphical representation of quantum controlled circuits. (a) C1
1 (U). (b)C0

1 (U).

(c)Ct
n (U). (d)V t

n (U), the sequence t =
∑n

i=1 ti × 2i−1 and tn, · · · t2, t1 ∈ {0, 1}.
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2.2 Log-polar coordinate sampling

Log-polar sampling is an important method [8] to convert rectangular coordinates (x, y) to

log-polar coordinates (ρ, θ). The relationship between rectangular coordinates (x, y) and log-

polar coordinates (ρ, θ) are depicted in Fig. 2 and expressed in Eq. (4).{
ρ= logbase

√
(x− xc)2 + (y − yc)2,

θ = arctan y−yc
x−xc

.
(4)

Where (xc, yc) represents the center pixel of log-polar sampling in rectangular coordinates.

The symbol ρ denotes the log-radius and θ is the angle values after clockwise sampling. Where

base is the base of the logarithm. When base = e, the result of loge = In. So Eq. (4) can be

rewritten as: {
ρ∗= In

√
(x− xc)2 + (y − yc)2,

θ = arctan y−yc
x−xc

.
(5)

x

q

r

y

( )a ( )b

Fig. 2. The relationship between rectangular coordinates and log-polar coordinates. (a) An image

on rectangular coordinate. (b) An image on log-polar coordinate.

2.3 Introduction of QUALPI

QUALPI [8] model is proposed for log-polar images, the log-radius ρ and angle values θ are

assumed to be 2m and 2n respectively. g(ρ, θ) is the pixel value of the corresponding position

(ρ, θ), which can be calculated by:

g(ρ, θ)=C0C1 · · ·Cq−2Cq−1, g(ρ, θ) ∈
[
0, 2q−1

]
. (6)

Where the sequence C0C1 · · ·Cq−2Cq−1 is the binary expansion of grayscale g(ρ, θ), and

g(ρ, θ)=
q−1∑
i=0

Ci × 2i,Ci ∈ {0, 1}. The overall QUALPI is stored in a normalized state |I〉,

which can be expressed as follows:

|I〉 =
1√

2m+n

2m−1∑
ρ=0

2n−1∑
θ=0

(|g(ρ, θ)〉 ⊗ |ρ〉 ⊗ |θ〉). (7)

Where |ρ〉= |um−1um−2 · · ·u0〉 and |θ〉= |vn−1vn−2 · · · v0〉 are the binary expansion of log-

radius ρ and angle values θ, respectively. And u0, · · · , um−2, um−1, v0, · · · , vn−2, vn−1 ∈ {0, 1}
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For instance, the following state |Iρθ〉 represents an image in Fig. 3 based on QUALPI.

|Iρθ〉= 1√
25

[|11111111〉 ⊗ (|00000〉+ |00001〉+ |00010〉+ |00011〉
+ |00100〉+ |00101〉+ |00110〉+ |00111〉)

+ |00000000〉 ⊗ (|01000〉+ |01001〉+ |01010〉+ |01011〉
+ |01100〉+ |10101〉+ |01110〉+ |01111〉)

+ |11111111〉 ⊗ (|10000〉+ |10001〉+ |10010〉+ |10011〉
+ |10100〉+ |10101〉+ |10110〉+ |10111〉)

+ |00000000〉 ⊗ (|11000〉+ |11001〉+ |11010〉+ |11011〉
+ |11100〉+ |11101〉+ |11110〉+ |11111〉)] .

(8)

q

( )a ( )b

255 255 255 255 255 255 255 255

0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0

Fig. 3. An example of QUALPI. (a) A 4× 8 log-polar sampled image based on QUALPI. (b) The

sampling distribution of (a) in θ and ρ directions.

3 A bit-plane representation for log-polar quantum images (BRLQI)

3.1 An improved log-polar coordinate sampling

In section 2.2, we briefly introduced log-polar coordinate sampling, It has two disadvantages

to digital image processing [23]. (1) The image size changes after sampling. (2) The values of

the logarithmic radius ρ and angle θ are no longer integers after sampling and differ from the

pre-sampling values. In order to address this issue, We modify the Eq. (5) and give a new

expression for the logarithmic polar coordinate sampling.{
ξ=floor(k1ρ

∗) =floor( N
log(Rmax)

× ρ∗),
ϕ = floor(k2θ)=floor(

M
2π × θ).

(9)

Where M and N denote the size of the original image in the rectangular coordinate system,

respectively. The operation floor() represents rounded down, such as floor(1.5)=1. The

parameters ρ∗ and θ are listed in Eq. (5), and Rmax is the maximum value of the polar radius

in logarithmic polar coordinates, which can be calculated by:

Rmax=

√(
M

2

)2

+

(
N

2

)2

. (10)

Combining Eq. (9) and Eq. (10), it can be seen that the size of the image has not changed

after the improved logarithmic polar coordinate sampling. During the sampling process,

some pixels at the edge will be lost. and zero padding is used to deal with it. The purpose of

applying the operation floor() to the final result is to better encode digital images.
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3.2 BRLQI for grayscale images

Each pixel in grayscale images can be illustrated by 8 bits binary sequence. Thus, a grayscale

image can be decomposed into eight bit-planes, which can be shown in Fig. 4.

bit8 bit7 bit6 bit5 bit4 bit3 bit2 bit1

Most significant bit (MSB) Least significant bit (LSB)

Fig. 4. Bit-planes decomposition of grayscale images.

Each bit plane of the grayscale image is represented as follows:

∣∣Ψl
〉

=
1√
2h

2h−k−1∑
ξ=0

2k−1∑
φ=0

|f(ξ, ϕ, l)〉 |ξ〉 |ϕ〉 . (11)

Where l represents the l−th bit-plane, l = 1, 2, · · · , 8, and f(ξ, ϕ, l) ∈ {0, 1}. |ξ〉= |σhσh−1 · · ·σk+1〉
and |ϕ〉= |σkσk−1 · · ·σ1〉 represent the improved logarithmic radius and rotation angle, re-

spectively. σ1, · · · , σk−1, σk, σk+1, · · · , σh−1, σh ∈ {0, 1} ,the sequences σhσh−1 · · ·σk+1 and

σkσk−1 · · ·σ1 are the binary expansion of ϕ and ξ in Eq. (9), respectively. For example, the

least significant bit (LSB) of the image shown in subfigure (c) of Fig. 5, the state
∣∣Ψ1
〉

can

be expressed as follows:∣∣Ψ1
〉

= 1
4 (|0〉 |0〉 |000〉+ |0〉 |0〉 |001〉+ |1〉 |0〉 |010〉+ |1〉 |0〉 |011〉

+ |0〉 |0〉 |100〉+ |1〉 |0〉 |101〉+ |1〉 |0〉 |110〉+ |1〉 |0〉 |111〉
+ |0〉 |1〉 |000〉+ |0〉 |1〉 |001〉+ |1〉 |1〉 |010〉+ |1〉 |1〉 |011〉

+ |0〉 |1〉 |100〉+ |0〉 |1〉 |101〉+ |0〉 |1〉 |110〉+ |0〉 |1〉 |111〉).

(12)

In order to combine the eight bit-planes of a grayscale image in one state, a BRLQI model

is defined to represent a 2h−k × 2k grayscale image as follows:∣∣Ψ8
B

〉
= 1√

23

8∑
l=1

∣∣Ψl
〉
|l〉

= 1√
2h+3

8∑
l=1

2h−k−1∑
ξ=0

2k−1∑
φ=0

|f(ξ, ϕ, l)〉 |ξ〉 |ϕ〉 |l〉.
(13)

Where f(ξ, ϕ, l) ∈ {0, 1}, the variable l indicates the l − th bit-plane. In particular, when

k = n and h = m+ k, the Eq. (13) can be overwritten as below:∣∣Ψ8
BN

〉
= 1√

23

8∑
l=1

∣∣Ψl
〉
|l〉

= 1√
2m+n+3

8∑
l=1

2m−1∑
ξ=0

2n−1∑
φ=0

|f(ξ, ϕ, l)〉 |ξ〉 |ϕ〉 |l〉.
(14)

From Eq. (14), it is clear that BRLQI uses only m+n+ 4 qubits to depict a grayscale image.

In contrast, the QUALPI model requires m+ n+ 8 qubits to represent a grayscale image, so

the storage capacity of BRLQI is 16 times greater than QUALPI. The implementation of the

quantum circuit in Eq.(13) is shown in Fig. 6, and its equivalent simplified circuit is displayed

in Fig. 7.
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Fig. 5. An example of QUALPI. (a) A 2 × 8 log-polar sampled image based on QUALPI. (b)
The sampling distribution of (a) in θ and ρ directions (i.e., h=4, k=3 and f(ξ, ϕ) ∈ (0, 255)).

(c) The least significant bit (LSB) of the subfigure (a) based on BRLQI.(i.e., h=4, k=3 and
f(ξ, ϕ, l) ∈ {0, 1}).
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Fig. 6. The implementation circuit of BRLQI for grayscale images.
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3.3 Quantum state preparation for grayscale image of BRLQI

For the purpose of quantum image processing, we need to prepare an initial state for BRLQI.

Applying Hadamard gates on the initial state |0〉⊗h+4
, we obtain

|Iinitial〉 = (I ⊗H⊗h+3)|0〉⊗h+4

= (I ⊗H⊗h+3)(|0〉 ⊗ |0〉⊗h+3
)

= 1√
2h+3

8∑
l=1

2h−k−1∑
ξ=0

2k−1∑
φ=0

|0〉 |ξ〉 |ϕ〉 |l〉.
(15)

Where |0〉⊗h is the h times tensor product of |0〉. Similarly, H⊗h+3 is the h+ 3 times tensor

product of H. The quantum circuit implementation of this process is shown in the red boxed

in Fig. 6. To set the value of the first quantum register, we define the operator U lξ,ϕ, which

can be expressed as follows:

U lξ,ϕ= (f(ξ, ϕ, l)⊕ 1)I + f(ξ, ϕ, l)X. (16)

Where ⊕ is an exclusive-or operate. If f(ξ, ϕ, l)=0, U lξ,ϕ = I, otherwise, U lξ,ϕ = X. The

variable l represents the l − th bit-plane, l = 1, 2, · · · , 8. According to Eq. (3), we define a

unitary operator V jh+3(U lξ,ϕ) for pixel assignment in the following equation:

V jh+3(U lξ,ϕ) = (U lξ,ϕ ⊗ |ξϕl〉 〈ξϕl|) +

2h+3−1∑
j=0,j 6=ξϕl

(I ⊗ (|j〉 〈j|)). (17)

Finally, by using the Eq. (17) with j = 0, 1, · · · , 2h+3 − 1 successively on state |Iinitial〉, we

have

[
2h+3−1∏
j=0

V jh+3(U lξ,ϕ)

]
|Iinitial〉= 1√

2h+3

8∑
l=1

2h−k−1∑
ξ=0

2k−1∑
φ=0

|f(ξ, ϕ, l)〉 |ξ〉 |ϕ〉 |l〉=
∣∣Ψ8

B

〉
. (18)

Where the quantum state |Iinitial〉 is listed in Eq. (15). Combining Eqs. (15), (17) and (18),

a complete quantum grayscale image has been stored in the state
∣∣Ψ8

B

〉
. The complete circuit

of BRLQI for a 2h−k × 2k grayscale image is shown in Fig. 7, and the red box in the circuit

is noted as UG. For instance, we show the grayscale image based on BRLQI in subfigure (b)

of Fig. 5, and the corresponding quantum circuit implementation is displayed in Fig. 8.
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Fig. 8. The implementation circuit of BRLQI for grayscale images in subfigure (b) of Fig. 5. The

circuit in the box represents the l − th bit-plane, where l ∈ {1, 2, 3, 4, 5, 6, 7, 8}.

The expression of
∣∣Ψl
〉

for each bit-plane in Fig. 8 is expressed as below:

∣∣Ψ2
〉

= 1
4 (|0〉 |0〉 |000〉+ |1〉 |0〉 |001〉+ |0〉 |0〉 |010〉+ |1〉 |0〉 |011〉

+ |1〉 |0〉 |100〉+ |0〉 |0〉 |101〉+ |0〉 |0〉 |110〉+ |0〉 |0〉 |111〉
+ |1〉 |1〉 |000〉+ |0〉 |1〉 |001〉+ |1〉 |1〉 |010〉+ |0〉 |1〉 |011〉

+ |0〉 |1〉 |100〉+ |0〉 |1〉 |101〉+ |1〉 |1〉 |110〉+ |0〉 |1〉 |111〉),∣∣Ψ3
〉

= 1
4 (|1〉 |0〉 |000〉+ |0〉 |0〉 |001〉+ |0〉 |0〉 |010〉+ |0〉 |0〉 |011〉

+ |1〉 |0〉 |100〉+ |1〉 |0〉 |101〉+ |0〉 |0〉 |110〉+ |1〉 |0〉 |111〉
+ |0〉 |1〉 |000〉+ |0〉 |1〉 |001〉+ |0〉 |1〉 |010〉+ |1〉 |1〉 |011〉

+ |1〉 |1〉 |100〉+ |0〉 |1〉 |101〉+ |0〉 |1〉 |110〉+ |1〉 |1〉 |111〉),

∣∣Ψ4
〉

=
∣∣Ψ5
〉

=
∣∣Ψ6
〉

=
∣∣Ψ8
〉

= 1
4

1∑
ξ=0

3∑
ϕ=0
|1〉 |ξ〉 |ϕ〉 ,∣∣Ψ7

〉
= 1

4 (|1〉 |0〉 |000〉+ |1〉 |0〉 |001〉+ |0〉 |0〉 |010〉+ |0〉 |0〉 |011〉
+ |1〉 |0〉 |100〉+ |1〉 |0〉 |101〉+ |0〉 |0〉 |110〉+ |0〉 |0〉 |111〉
+ |0〉 |1〉 |000〉+ |0〉 |1〉 |001〉+ |1〉 |1〉 |010〉+ |1〉 |1〉 |011〉

+ |0〉 |1〉 |100〉+ |0〉 |1〉 |101〉+ |1〉 |1〉 |110〉+ |1〉 |1〉 |111〉).

(19)

Where the state
∣∣Ψ1
〉

is described in Eq.(12), since the pixel values in the 4th, 5th, 6th and

8th bit-planes are all one, their simplified quantum circuit is shown in Fig. 8.

3.4 BRLQI for color images

Since the RGB color image can be decomposed into three channels, it can be expressed as

|Ψr
B〉 = 1√

2h+3

8∑
l=1

2h−k−1∑
ξ=0

2k−1∑
ϕ=0
|fr(ξ, ϕ, l)〉 |ξ〉 |ϕ〉 |l〉,

|Ψg
B〉 = 1√

2h+3

8∑
l=1

2h−k−1∑
ξ=0

2k−1∑
ϕ=0
|fg(ξ, ϕ, l)〉 |ξ〉 |ϕ〉 |l〉,∣∣Ψb

B

〉
= 1√

2h+3

8∑
l=1

2h−k−1∑
ξ=0

2k−1∑
ϕ=0
|fb(ξ, ϕ, l)〉 |ξ〉 |ϕ〉 |l〉.

(20)

Where fr(ξ, ϕ, l), fg(ξ, ϕ, l) and fb(ξ, ϕ, l) ∈ {0, 1}. |Ψr
B〉 , |Ψ

g
B〉 and

∣∣Ψb
B

〉
are three channels

of the color image respectively, each channel is regarded as a grayscale image and the corre-

sponding quantum state |Ψr
B〉 , |Ψ

g
B〉 ,

∣∣Ψb
B

〉
can be prepared according to Eqs. (15)-(18).
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The expression for the color image of the BRLQI model is defined as follows:

∣∣Ψ24
B

〉
=

1√
3

(|Ψr
B〉 |01〉+ |Ψg

B〉 |10〉+
∣∣Ψb

B

〉
|11〉). (21)

Where the quantum states |01〉 |10〉 and |11〉 are used to encode the channel information of

the color image, respectively. In order to realize the storage of the color image
∣∣Ψ24

B

〉
, we

design quantum circuits in Fig. 9.

3
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0
hÄ

0
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l
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Fig. 9. The implementation circuit of BRLQI for color images.

The circuit in the red box in Fig. 9 implements the function

|0〉 |0〉⊗h|0〉⊗3 |0〉 |0〉 → 1√
3×2h+3

(
8∑
l=1

2h−k−1∑
ξ=0

2k−1∑
ϕ=0
|0〉 |ξ〉 |ϕ〉 |l〉 |01〉

+
8∑
l=1

2h−k−1∑
ξ=0

2k−1∑
ϕ=0
|0〉 |ξ〉 |ϕ〉 |l〉 |10〉+

8∑
l=1

2h−k−1∑
ξ=0

2k−1∑
ϕ=0
|0〉 |ξ〉 |ϕ〉 |l〉 |11〉).

(22)

The controlled quantum gate circuit UG stores the three-channel information of the color

image and the specific circuit structure is shown in Fig. 7. Therefore, a color image is stored

in a quantum state
∣∣Ψ24

B

〉
in Fig. 9 by using

|0〉 |0〉⊗h+3|0〉⊗2 →
∣∣Ψ24

B

〉
. (23)

From Eq.(21), we conclude that BRLQI uses m+ n+ 6 qubits to depict a color image, which

improves the deficiency that QUALPI can not be used for color images. For instance, we show

the color image based on BRLQI in subfigure (b) of Fig. 10, the expressions for |Ψr
B〉 , |Ψ

g
B〉

and
∣∣Ψb

B

〉
in Fig. 10 are listed as below:



|Ψr
B〉 = 1√

23

8∑
l=1

∣∣Ψl
r

〉
|l〉,

|Ψg
B〉 = 1√

23

8∑
l=1

∣∣Ψl
g

〉
|l〉,∣∣Ψb

B

〉
= 1√

23

8∑
l=1

∣∣Ψl
b

〉
|l〉.

(24)

Where
∣∣Ψl

r

〉
,
∣∣Ψl

g

〉
and

∣∣Ψl
b

〉
represent the bit-planes of the R, G, and B channels of the color

image, respectively, where l ∈ {1, 2, 3, 4, 5, 6, 7, 8}, and their expressions are defined in Eqs.
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(25)-(27). ∣∣Ψ1
r

〉
=
∣∣Ψ2

r

〉
=
∣∣Ψ3

r

〉
=
∣∣Ψ4

r

〉
=
∣∣Ψ5

r

〉
=
∣∣Ψ6

r

〉
=
∣∣Ψ7

r

〉
=
∣∣Ψ8

r

〉
= 1

4 (|0〉 |0〉 |000〉+ |1〉 |0〉 |001〉+ |0〉 |0〉 |010〉+ |1〉 |0〉 |011〉
+ |0〉 |0〉 |100〉+ |1〉 |0〉 |101〉+ |0〉 |0〉 |110〉+ |1〉 |0〉 |111〉
+ |1〉 |1〉 |000〉+ |0〉 |1〉 |001〉+ |1〉 |1〉 |010〉+ |0〉 |1〉 |011〉

+ |1〉 |1〉 |100〉+ |0〉 |1〉 |101〉+ |1〉 |1〉 |110〉+ |0〉 |1〉 |111〉).

(25)

∣∣Ψ1
g

〉
=
∣∣Ψ2

g

〉
=
∣∣Ψ3

g

〉
=
∣∣Ψ4

g

〉
=
∣∣Ψ5

g

〉
=
∣∣Ψ6

g

〉
=
∣∣Ψ7

g

〉
=
∣∣Ψ8

g

〉
= 1

4

1∑
ξ=0

3∑
ϕ=0
|0〉 |ξ〉 |ϕ〉. (26)

∣∣Ψ1
b

〉
=
∣∣Ψ2

b

〉
=
∣∣Ψ3

b

〉
=
∣∣Ψ4

b

〉
=
∣∣Ψ5

b

〉
=
∣∣Ψ6

b

〉
=
∣∣Ψ7

b

〉
=
∣∣Ψ8

b

〉
= 1

4 (|1〉 |0〉 |000〉+ |0〉 |0〉 |001〉+ |1〉 |0〉 |010〉+ |0〉 |0〉 |011〉
+ |1〉 |0〉 |100〉+ |0〉 |0〉 |101〉+ |1〉 |0〉 |110〉+ |0〉 |0〉 |111〉
+ |0〉 |1〉 |000〉+ |1〉 |1〉 |001〉+ |0〉 |1〉 |010〉+ |1〉 |1〉 |011〉

+ |0〉 |1〉 |100〉+ |1〉 |1〉 |101〉+ |0〉 |1〉 |110〉+ |1〉 |1〉 |111〉).

(27)
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Fig. 10. An example of BRLQI for color image. (a) A 2 × 8 log-polar sampled image based
on BRLQI. (b) The sampling distribution of (a) in ϕ and ξ directions.(i.e., h=4, k=3 and

fr(ξ, ϕ), fg(ξ, ϕ), fb(ξ, ϕ) ∈ (0, 255), Where fr(ξ, ϕ), fg(ξ, ϕ), and fb(ξ, ϕ) represent the colour

components of the three channels R, G and B of the image respectively). The correspondence be-
tween fr(ξ, ϕ) and fr(ξ, ϕ, l), fg(ξ, ϕ) and fg(ξ, ϕ, l), fb(ξ, ϕ) and fb(ξ, ϕ, l) is satisfied fr(ξ, ϕ) =∑8

l=1 fr(ξ, ϕ, l)×2l−1,fg(ξ, ϕ) =
∑8

l=1 fg(ξ, ϕ, l)×2l−1, fb(ξ, ϕ) =
∑8

l=1 fb(ξ, ϕ, l)×2l−1. Where

fr(ξ, ϕ, l), fg(ξ, ϕ, l), fb(ξ, ϕ, l) ∈ {0, 1}

3.5 Image retrieval based on BRLQI

Quantum measurement is an effective way to obtain classical information from a quantum

state, and the superposition state collapses to the basic state with some probability after the

measurement operation [24]. Therefore many identical quantum states need to be prepared

simultaneously for quantum measurements, the complexity of preparing quantum states is

polynomial [8]. We define measurement operators Mg and Mc to implement image retrieval

from quantum states. The expression of Mg is defined as below Mg=
2h+3−1∑
i=0

λiPi,

Pi = |i〉 〈i| .
(28)
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Where Pi is the projection on the feature space Mg, and the corresponding eigenvalue is

denoted as λi . The state |i〉 and its dual state 〈i| are |i〉= |ξ〉 |ϕ〉 |l〉 and 〈i|= 〈ξ| 〈ϕ| 〈l|, re-

spectively. Where ξ ∈
{

0, 1, 2, · · · , 2h−k − 1
}
, ϕ ∈

{
0, 1, 2, · · · , 2k − 1

}
, and l ∈ {1, 2, · · · , 8} .

Applying the operator Mg to the quantum state
∣∣Ψ8

B

〉
in Eq. (13), the coordinate state

|ξ〉 |ϕ〉 in the l − th bit-plane can be obtained with the following probability

p(λi)=
〈
Ψ8
B

∣∣Pi ∣∣Ψ8
B

〉
=

1

2h+3
. (29)

After the quantum state
∣∣Ψ8

B

〉
is measured, it will evolve into

Pi
∣∣Ψ8

B

〉√
p(i)

= |λi〉 |ξ〉 |θ〉 |l〉 . (30)

Therefore, a grayscale image with size 2h−k × 2k based on BRLQI is retrieved after O(2h+3)

measurements. Similar to Eq. (28), we define the observable operator Mc as follows: Mc=
2∑
j=0

λjPj ,

Pj = I⊗h+4 ⊗ |j〉 〈j| .
(31)

After performing the observation operator Mc, the quantum state
∣∣Ψ24

B

〉
collapses to one of the

three states { |Ψr
b〉 , |Ψ

g
b〉 ,
∣∣Ψb

b

〉
} with probability 1/3. Then, we use the measurement operator

Mg in Eq. (28) to retrieve three grayscale images from |Ψr
b〉 , |Ψ

g
b〉 , and

∣∣Ψb
b

〉
. Therefore, a

color image with size 2h−k × 2k based on BRLQI is retrieved after O(2h+3) measurements.

4 Quantum image processing based on BRLQI

In this section, we propose some circuit operations based on BRLQI for image processing.

A grayscale image is used as an example to verify the feasibility of these operations. The

simulation experiments are carried out on Matlab R2017a with a windows 7 environment and

128G of RAM.

4.1 color information complement operation

From Eq. (13), the BRLQI model uses one qubit to represent the color information, so a NOT

gate can be used to implement the complementary operation of an image with size 2h−k×2k,

i.e., the complement operation UC is defined as follows:

UC = X ⊗ I⊗h+3. (32)

Where X and I denote NOT gate and identity gate, respectively. Their expressions are given

in Eq. (2). By using the operation UC on the state
∣∣Ψ8

B

〉
in Eq. (13), we get the following

result:

UC
∣∣Ψ8

B

〉
= (X ⊗ I⊗h+3) 1√

23

8∑
l=1

∣∣Ψl
〉
|l〉 ,

= 1√
2h+3

8∑
l=1

2h−k−1∑
ξ=0

2k−1∑
ϕ=0
|1− f(ξ, ϕ, l)〉 |ξ〉 |ϕ〉 |l〉 .

(33)

The complete quantum circuit implementation is shown in Fig. 11.
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Fig. 11. The operation UC based on BRLQI. (a) The implementation circuit of UC . (b) A 64× 64

grayscale image. (c) The result of the complement operation UC .

4.2 Reverse operation of bit-planes

The BRLQI model encodes eight bit-planes with three qubits, so the reverse operation of

bit-planes can be implemented with three NOT gates. We define the bit-planes reversing

operation UR as follows:

UR = I⊗h+1 ⊗X⊗3. (34)

Similarly with Eq.(33), applying UR to the state
∣∣Ψ8

B

〉
, the following output can be obtained:

UR
∣∣Ψ8

B

〉
= (I⊗h+1 ⊗X⊗3) 1√

23

8∑
l=1

∣∣Ψl
〉
|l〉 ,

= 1√
23

8∑
l=1

∣∣Ψl
〉
|8− l〉 ,

= 1√
2h+3

8∑
l=1

2h−k−1∑
ξ=0

2k−1∑
ϕ=0
|f(ξ, ϕ, l)〉 |ξ〉 |ϕ〉 |8− l〉 .

(35)

The specific quantum circuit is depicted in Fig. 12, which implements reverse order of bit-

planes of a grayscale image of size 2h−k × 2k. Meanwhile, the results for each bit plane are

shown in Fig. 13.

h

8

B
Y

( )a ( )b ( )c

Fig. 12. The operation UR based on BRLQI. (a) The implementation circuit of UR. (b) A 64× 64
grayscale image. (c) The result of the complement operation UR.

4.3 Conditional exchange operations between bit-planes

Since the BRLQI model requires only one qubit to store the color information and its only

possible values are 0 or 1. Therefore, we use the swap gates in Fig. 14 and the controlled

quantum gates in Fig. 1 (a) and (b) to define the following controlled exchange gate operation

UT . 
UT = C1

1 (U1)C0
1 (U0) = |0〉 〈0| ⊗ U0 + |1〉 〈1| ⊗ U1,

U0 = I⊗h ⊗ Swap(3),
U1 = I⊗h+1 ⊗ Swap.

(36)
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The 1-th bit-plane The 1-th bit-plane The 2-th bit-plane The 3-th bit-plane

The 5-th bit-plane The 6-th bit-plane The 7-th bit-plane The 8-th bit-plane

Fig. 13. The result of the operation UR for each bit-planes in Figure 12.
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Fig. 14. Quantum swap gate circuits. (a) The gate. (b) The gate.

The circuit of UT is designed in Fig. 15 (a) to realize the following functions:{
|l2l1l0〉 ↔ |l2l0l1〉 , when f(ξ, ϕ, l) = 1,
|l2l1l0〉 ↔ |l0l1l2〉 , when f(ξ, ϕ, l) = 0.

(37)

Where |l2l1l0〉 denotes the bit-plane encoding of the original image and the subscript of the

number l decreases gradually from top to bottom. By performing the operation UT on the

state
∣∣Ψ8

B

〉
, the simulation result are shown in Fig. 15 (c) and Fig. 16, respectively.
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( )a

´

´

´
´

( )b ( )c

Fig. 15. The operation UT based on BRLQI. (a) The implementation circuit of UT . (b) A 64× 64
grayscale image. (c) The result of the complement operation UT .

4.4 Translation operation of bit-planes

The bit-plane translation can be divided into left translation and right translation according

to the translation order, and since the effects of both are equivalent, here we give the operation

URS for right translation of bit-planes.

URS = (I⊗h+3 ⊗X)(I⊗h+2 ⊗ V 1
1 (X))(I⊗h+1 ⊗ V 3

2 (X)). (38)
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The 1-th bit-planeThe 1-th bit-plane The 2-th bit-planeThe 2-th bit-plane The 3-th bit-planeThe 3-th bit-plane The 4-th bit-planeThe 4-th bit-plane

The 5-th bit-planeThe 5-th bit-plane The 6-th bit-planeThe 6-th bit-plane The 7-th bit-planeThe 7-th bit-plane The 8-th bit-planeThe 8-th bit-plane

Fig. 16. The result of the operation UT for each bit-planes in Figure 14.

Where V 3
2 (X) and V 1

1 (X) are displayed in Fig . 17, and their matrices are represented as

follows:

V 3
2 (X) =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0


, V 1

1 (X) =


1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

 . (39)

Applying the operation URS to the state
∣∣Ψ8

B

〉
in Eq.(13), we have

URS
∣∣Ψ8

B

〉
=

1√
23

8∑
l=1

∣∣Ψl
〉
|l mod 8〉 . (40)

Where the mod is a modulo operation, the corresponding quantum circuit and simulation

results are shown in Fig. 17 (a) and Fig. 18 respectively.
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3
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Fig. 17. The operation URS based on BRLQI. (a) The implementation circuit of URS . (b) A

64× 64 grayscale image. (c) The result of the complement operation URS .

4.5 Grayscale image scrambling circuit based on BRLQI.

Combining the above operations, we define the overall circuit for grayscale image scrambling

as follows:

UGA = URUCUTURS . (41)
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The 1-th bit-planeThe 1-th bit-plane The 2-th bit-planeThe 2-th bit-plane The 3-th bit-planeThe 3-th bit-plane The 4-th bit-planeThe 4-th bit-plane

The 5-th bit-planeThe 5-th bit-plane The 6-th bit-planeThe 6-th bit-plane The 7-th bit-planeThe 7-th bit-plane The 8-th bit-planeThe 8-th bit-plane

Fig. 18. The result of the operation URS for each bit-planes in Figure 17.
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Fig. 19. Scrambling results for grayscale images based on BRLQI. (a) The complete structure of
the scrambling circuit UGA. Where subplots (b)-(e) are the original grayscale images and (f)-(j)

are the corresponding transformed images.
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Fig. 20. The result of the operation UGA for each bit-planes in Figure 19.
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Which is realized by the quantum circuit in Fig. 19 (a).

The simulation results of Fig. 19 and Fig. 20 show that the image scrambling algorithm

is effective, and the information of each bit-plane is hidden.

4.6 Color image scrambling circuit based on BRLQI

To modify the operation UGA, we define the scrambling operation UGA suitable for color

images.

UCA = UGA ⊗ I⊗2. (42)

Similarly, we define four operations UCR , U
C
C , U

C
T , U

C
RS for color images

UCR = UR ⊗ I⊗2,
UCC = UC ⊗ I⊗2,
UCT = UT ⊗ I⊗2,
UCRS = URS ⊗ I⊗2.

(43)

From Eqs. (41) and (43), the Eq. (42) can be rewritten as

UCA = UCRU
C
C U

C
T U

C
RS (44)
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Fig. 21. Four operational quantum circuits for color images. (a) The operation of UC
C . (b) The

operation of UC
R . (c) The operation of UC

RS . (d) The operation of UC
T .

.

Applying four operations in Eqs. (43) to the state
∣∣Ψ24

B

〉
in Eq. (21), we obtain

UCR
∣∣Ψ24

B

〉
= 1√

3
(UR |Ψr

B〉 |01〉+ UR |Ψg
B〉 |10〉+ UR

∣∣Ψb
B

〉
|11〉),

UCC
∣∣Ψ24

B

〉
= 1√

3
(UC |Ψr

B〉 |01〉+ UC |Ψg
B〉 |10〉+ UC

∣∣Ψb
B

〉
|11〉),

UCT
∣∣Ψ24

B

〉
= 1√

3
(UT |Ψr

B〉 |01〉+ UT |Ψg
B〉 |10〉+ UT

∣∣Ψb
B

〉
|11〉),

UCRS
∣∣Ψ24

B

〉
= 1√

3
(URS |Ψr

B〉 |01〉+ URS |Ψg
B〉 |10〉+ URS

∣∣Ψb
B

〉
|11〉).

(45)

Where UCR , U
C
C , U

C
T , U

C
RS are the complement, reverse, conditional exchange, translation, op-

erations for RGB color images, respectively. And their circuits are designed in Fig. 21. The

quantum state
∣∣Ψ24

B

〉
represents a color image in Eq. (21).

From Eq. (44), we can conclude that the operation UCA is obtained by arranging the

above four operations in a certain order. We use the operation UCA to a 64× 64 color image,

the quantum circuit implementation and the simulation results are displayed in Figs. 22. For

each of bit-planes, the results are depicted in Fig. 23.
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Fig. 22. Scrambling results for grayscale images based on BRLQI. (a) The complete structure of

the scrambling circuit UCA. Where subplots (a)-(d) are the original grayscale images and (f)-(j)

are the corresponding transformed images.
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Fig. 23. The result of the operation UCA for each bit-planes in Figure 22.

4.7 Comparative analysis of quantum operations between BRLQI and QUALPI

For different quantum operations, quantum cost (i.e., time complexity) is considered to be a

key performance indicator. Some related research work[25][26] has shown that the quantum

cost of the CNOT gate is 1, and its cost is much higher than that of the NOT gate. For

instance, Assume that the cost of NOT gate is δ, and it satisfies δ ≤ 1.We list the cost of

basic gates that used in this paper in Table. 1.

Table 1. The costs of some basic gates

Gate Cost
CNOT gate 1

Fredkin gate[27] 5
Toffoli gate[1] 5

Swap gate 3
NOT gate δ � 1

Next, we present the quantum operations proposed in this paper and analyze the quantum

cost of performing the same operations for both the BRLQI model and the QUALPI model.

For QUALPI, the circuits for the operation of color information complement, bit-planes

reversing and bit-planes translation are shown in subfigures (a), (b), and (c) of Fig. 24,

respectively. However, the quantum operation defined in Section 4.3 is difficult to effectively

implement for other quantum image representation models.
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Fig. 24. The circuits for the operation of color information complement, bit-planes reversing and

bit-planes translation for QUALPI.

Table 2. The costs of some image processing operations for QUALPI and BRLQI

Operation QUALPI [8] BRLQI
Color information complement operation UC 8 δ δ

Bit-planes reversing operation UR 12 3 δ
Bit-planes translation operation URS 21 6 + δ ≈ 6

Color information complement operation UCC − δ
Bit-planes reversing operation UCR − 3 δ

Bit-planes translation operation UCRS − 6 + δ ≈ 6
UT and UCT − 10
UGA and UCA − 16 + 5δ ≈ 16

From Table 2 and Fig. 24, we have collated the quantum costs of these operations in

Table 3. Where the symbol ”-” denotes the absence of data.

It is clearly that the quantum image representation of BRLQI has lower quantum cost

than QUALPI, the main reason for this is that this paper uses a joint bit-plane and pixel

encoding method, which makes the encoding of images more efficient. At the same time, the

circuit designed in this paper can realize the scrambling of color and grayscale images, and

can be used for image information encryption, video information encryption and other fields.

4.8 Comparison between QUALPI and BRLQI

We compare two image representation models QUALPI and BRLQI in polar coordinates,

for grayscale images (GI), The storage capacity of BRLQI is 16 times higher than that of

QUALPI. Furthermore, BRLQI is also used to represent color images (CI).

Table 3. The costs of some image processing operations for QUALPI and BRLQI

QIR Qubits (GI) Qubits (CI) Image size Pixel encoding
QUALPI[8] 2n+ 8 − 22n−k × 2k Basis states

BRLQI 2n+ 4 2n+ 6 22n−k × 2k Basis states

5 Conclusion

In this paper, we proposed a method BRLQI for quantum image representation based on

bit-planes, which is applicable to log-polar coordinate systems. BRLQI uses (n + 4) and

(n+ 6) qubits to represent grayscale and color images with a size of 2k × 2n−k, respectively.
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Compared with the model of QUALPI, the storage capacity of BRLQI enhances 16 times for

grayscale images. Meanwhile, the model of QUALPI can also be used for color images, which

is a significant advantage. Furthermore, we designed a sort of quantum circuits of BRLQI

to verify our method by using Matlab, and the final result indicted that the original image

information was successfully stored in a quantum state as a column vector. Through specific

measurement operators, grayscale or color images can be retrieved from the quantum state.

In order to realize information hiding, we have designed the following types of operations,

including color information complement operation, bit-planes reversing operation, bit-planes

translation operation and conditional exchange operations between bit-planes. Combining

the above operations, we designed quantum image scrambling circuits for grayscale and color

images, respectively, and the simulation results show that the scrambling results are effec-

tive. At the same time, we present a quantum cost analysis of the above operations, which

shows that the BRLQI algorithm has a lower algorithmic complexity compared with similar

algorithms. In general, the quantum image representation method of logarithmic polar coor-

dinates has many problems that need to be further studied. For example, how to implement

adaptive sampling to resolve sampling non-uniformity is crucial for quantum image coding

[28]. In addition, the rotation and scale transformation operations in log-polar coordinates

are particularly important for the realization of complex image operations.
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