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In this paper, we work on a quantum walk whose system is manipulated by a five-diagonal
unitary matrix, and present long-time limit distributions. The quantum walk launches
off a location and delocalizes in distribution as its system is getting updated. The five-
diagonal matrix contains a phase term and the quantum walk becomes a standard coined
walk when the phase term is fixed at special values. Or, the phase term gives an effect
on the quantum walk. As a result, we will see an explicit form of a long-time limit
distribution for a quantum walk driven by the matrix, and thanks to the exact form,
we understand how the quantum walker approximately distributes in space after the
long-time evolution has been executed on the walk.
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1 Introduction

Coined quantum walks, specifically the Hadamard walk, were introduced in [1] and their limit
law in the case of translationally invariant walks with an arbitrary unitary coin in U(2) are
well known, see for instance [2]. There are different methods to derive these results, and a
natural one, in view of the assumed translational invariance is the Fourier method, see [3].

Motivated on limit distributions, we are challenging to discover them analytically one by
one. The limit distribution plays an important roll to describe the behavior of the quantum
walk after many steps, and it exactly tells us how the quantum walk behaves depending on its
coin operation and the initial state. To get the concrete representation of limit distributions,
we focus on a spatially homogeneous matrix and try to find the limit distribution in this paper
so that we precisely understand how the quantum walk is controlled by the coin operation
and the initial state. Quantum walks have been numerically studied and some probability
distributions for the walk were visualized. We consider two cases: in the first case the unitary
evolution is given by a matrix and in the second case it is given by the product of a matrix
and a simple permutation matrix. In the first case the limit law is already given in [2] and
the result is given here in an appendix. In the second case we obtain a new form of a limit
law. In all cases this is studied by means of Fourier analysis and some numerical examples
are included to show the agreement between our theoretical result, namely Theorem 1 is
section 4.2 and numerical simulations.
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20 A limit distribution for a quantum walk driven by a five-diagonal unitary matriz

2 Definition of a quantum walk

A quantum walker with two coin states |0) and |1) is located at points in Z = {0, £1,£2,...}.
The state of the system is described by a normalized vector on the tensor Hilbert space
H, ®Hs. The Hilbert space H,, encodes the integer points and it is spanned by the orthogonal
normalized basis {|z) : z € Z}. The Hilbert space Hs represents the coin states and it is
spanned by the orthogonal normalized basis {|0),|1)}. The state of the quantum walk at
time t (=0,1,2,...), represented by |¥;) € H, ® H,, updates with a unitary operation,

|‘I’t+1> =U |‘I’t> ) (1)

where, given parameters p € (0,1) and v € R,

U=>"lz=1)(zl @ (s 11) (0] + poas |1) (1])

TEZ
+[) {2l & { ~a0po 0) (0] = (1= o) 10) (1] = (1 = &) 1) (0] + oo |1) (11}
+ |+ 1) (2l @ (—aopo |0) (0] + p3 0) (1]

- {Z(m (2] @ 10) (0] + & = 1) (a] @ |1) <1)}

TEZ

x {Z [2) (] @ { poe™/? 10) 0] + pe™™/2 [0) (1] + pe /2 [1) (0] — poe /2 |1) <1|}}

TEL

x {Z(|x+1> (] @ 10) (0] +|a) (a] @ 1) <1|)}
TEL
x {Z [2) {2l @ { =pe™/2 10) (0] + poe™/2 [0) (1] = poe™/2 |1) (0] — pe=/2 1) <1|}} ,

€L
(2)

with ag = pe™ and pg = /1 — p2. The notation i denotes the imaginary unit in complex
numbers. The operation U contains a phase parameter v, differently from the operations
in [4]. We assume |¥() = [0) ® («|0) + B]1)) (= ]0) @ |¢)) with |a|? + |B]> = 1.

The unitary operation U can be decomposed to the product of two unitary operations,
U= VUf with

V=3 le = 1)zl @ (poas 1) (0] + 3 1) (11)

TEZ

+ Jo) (@] @ {=(1 = p3)10) (0] - oo 0) (1] + pocig |1) (0] = (1 = pB) 1) (1]}

+ o+ 1) (o] @ (03 10) (0] — apo[0) (1] (3)
Ur =Y I} (al @ (10) 1] + 1) (0]). (4)

TEZ

Once standard bases are given to the Hilbert spaces H,, and #., we get a matrix representation



of V,

0 0

0 0

0 0

PoCo 1%
—(1=p§)  —aopo
P00 —(1—-p3
Po —QopPo

0 0

0 0

0 0
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which belongs to a class of CMV matrices [5]. The operation Uy is expressed as

and the unitary operation U becomes

I

—Q0Po

—QppPo

o O o o

With || ) || =

—(1—pp)
—(1-pp)

A

0
PoCo

PoCo
I

o o oo

01 0 0 0O
1 0 0 00 O
00 01 00
001 00O
00 0 0 0 1
00 0 010
0 0
0 0
0 0
I Polo
—aopo (172
—(1=p3)  pocio
—QppPo P%
0 0
0 0
0 0

0 0
0 0
0 0
0 0
0 0
PO I ’
—(1=p3)  —aopo
PoCo —(1-p3)
I —Qopo
0 0
(5)
; (6)
0 0
0 0
0 0
0 0
0 0
I pocio
—aopo  —(1—pp)
~(1=p3) P00
—QopPo I
0 0
(7)

(|¥) € Hs), the quantum walker is observed at position = € Z
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at time ¢ € {0,1,2,...} with probability

P(X: = 2) = (W] {Ja) (2l @ (10) (0] +[1) (1]) } [91)

<WW@mwummmw

(8)

3 Fourier transform

The Fourier analysis has been used for discovering the interesting behavior of quantum
walks [6]. Let [1;(k)) € C?(k € [—m, 7)) be the Fourier transform of the quantum walk
at time ¢,

[Be(k)) = D e { (al ® (10) 0] + 1) (1)) } 1) (9)

T€EZ

from which the Fourier inverse transform reproduces the system of quantum walk,

wo:21m®/ﬂﬂﬂ@w>%. (10)

TEZ - 2

Once assigning a standard basis to the Hilbert space Hs,

o =] =13 (1)

we can tell from Eq. (1) that the Fourier transform gets updated with a 2 X 2 unitary matrix
U(k),

(o1 (k) = U(k) [n(k)) (12)
where
U(k) = R (—g) H(KR (%) : (13)
with
R = S| wem, (149)
- _ppo(eiy +e—1’(k—u)) _eriV +p2€—i(k—y)
H(k) = {—eri” + e ) ppo(e _|_Oez'(ku))] (15)
[Be(k)) = O(R) [do(k)) =R (=5 ) Hk)R () Wo(k))
=R (~5) H(k)' ). (16)
where, remembering |¢p) = « |0) 4+ 3 |1), we get
5 v N y 6“//20[
|@:ng%w»=agw@=LﬁmA. (17)

Note that [e™/2a|? + |e="/28]2 = |a|? + |B|? = 1.
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The Fourier inverse transform

w) =l er(-2) [ etmw a5 (19)

z€EZL -

gives another representation of the probability distribution on Fourier space,

P(X;=2x)= R<_g> /zeika(k)t |§£> %

2

T ~ dk
—|| [ ernwrie 5t

—T

T—V 2
- / I (k1) ()
2w

—T—V

2

T ik ~ dk
_ / MR 19) 5| (19)
with v | ,—ik 200 2 ,—ik
R N S A | (20)
We are, hence, allowed to analyze the quantum walk defined by
[$e(k)) = H(k)"[9) , (21)

as long as we focus on the probability distribution. After this point, we are going to concen-
trate on Eq. (21) instead of Eq. (12).
4 Limit distribution

In this section we see a limit distribution which catches the features of quantum walk. It is
separately introduced for (p,v) = (1/v/2,7/2 + nr) (n € Z) and for (p,v) # (1/v2,7/2 +
nm) (n € Z) because the quantum walk for the first case is equivalent to the standard coined
quantum walk whose limit distribution was already proved [2]. The statement of the limit
distribution for the second case, however, contained the one for the first case.

4.1 (p,v)=(1/V2,7/24+n7) (n€Z)

The operation H (k) contains a 2-step evolution of a standard coined quantum walk,
H(k S~ R k 1 [e-CDmin/a _o=(-)"in/a 9
( ) __Z(_ ) <_2> : ﬁ 76(71)"7;7{'/4 76(71)7"7;”/4
k 2
T {R (_2) Vi (22)

where

v

e—(=D"im/4 o~ (~D)"in/4
(23)

1
) [—e(—l)"”/“ _e(-Dmim/4
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We should note that

2 n ; ,—ik n; ,—ik
1(1—=(—1)"ie 1+ (—1)"te
{R (—k) V} = 1) _ _ . (24)
2 2|14 (=D"ie* 14 (=1)"ie*
We, hence, found the walker at position x at time ¢ with probability
L k o dk
_ _ ikx (At (_q1\nt v whv
P(Xt—m—H/_ﬁe oo {r(-3) v g
2
L k o dk
_ ikx o - 2
RGNS @

The quantum walk can be analyzed in a similar way to the standard coined walk, and we get
a limit distribution, whose proof is omitted here because the readers refer to the method to
compute it by Fourier analysis in [6].

Assumed (p, v) = (1/v/2,7/2+n7) (n € Z) and given the localized initial state of the form
|Wo) =10) @ (a |0) + B1)) (o, B € C such that |a|*> +|8]?> = 1), the quantum walker converges
in distribution. For any real number z, we have

X; @ 1
lim P2 <z) = I 2
Jim ( , _:v> /_OO w(l—yQ)W@"(y) (-1/v2,1/v2)¥) dy, (26)

where

On(@) =1+ {Jaf + |8 + (-1)" - 23(aB) }a, (27)

1 1/v/2,1/v/2
@ ={ 5 (g CivE AN )

The notation I(z) denotes the imaginary part of a complex number z.

This result is very similar to the usual limit theorem for a coined walk, and is contained
in [2]. The fact is also visualized in Fig. 1. A more interesting result is obtained when the
parameters take values different from the ones above.

42 (p) £ (Vo2 40m) (nel)
Except for (p,v) = (1/v/2,7/2 +nn) (n € Z), we get a more complicated formula of the
limit distribution than Eq. (26).

Theorem 1 Assumed (p,v) # (1/v/2,7/2 4+ nn) (n € Z) and given the localized initial state
of the form |¥o) = 0) ® (a|0) + B1)) (o, B € C such that |a|?> + |B]?> = 1), the quantum
walker converges in distribution. For any real number x, we have

lim]P’< <x> \/r+\/7

oo 2m(1—y §(y)

(W) L(—p= =y () dy, (29)

t—o00
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where
£(z) =(5% — 52) (R — 2%) — pPoi(cos? v) 22, (30)
Nt (z) =1 — p?p2(1 + sin®v) — (1- 0?3 cos? V) z?
=+ 2ppo (sinv)\/&(x), (31)
~v(x) =1+ {oz|2 — |ﬁ|2 - 2—;)0 (%(aﬁ) cosv — 3(af3) sin 1/) } x, (32)
and -
1 __h* *
fewan@={ 5 55T (33)
with
h* = ;{ \/(1 +ppo)? — p2pisin’ v — \/(1 — ppo)? — p?p}sin® v } (34)

The notation R(z) denotes the real part of a complex number z.

The proof of this theorem is demonstrated in Appendix. Looking at Fig. 2, we realize
the difference from Fig. 1 which was for the case of (p,v) = (1/v/2,7/2 + n7) (n € Z). The
probability distributions in the pictures (a)-1 and (b)-1 vibrate harder than the ones of the
standard coined walk in Fig. 1.

Moreover, while the limit density function of the standard coined walk has a support and
the support does not depend on the phase term of the operation [2], the phase term v gives
an effect on the quantity A* which defines the support of the limit density function, as Fig. 3
shows.

Related to a past study, the limit distribution is consistent with Eq. (16) in Machida and
Konno [4] if we fix the value of v at 0 or 7. The quantum walk is a two-period time-dependent
coined quantum walk alternately driven by two orthogonal matrices in [4],

P =P —pPo P

o= [—Po —p] = {—p —Po} ' (35)
Note that the form of the limit density function presented in this paper is a different form from
the one in [4] due to the phase parameter v, and it has not been mathematically discovered
in quantum walks before.

Since the substitution p = 1/v/2 and v = 7/24n7 (n € Z) makes the functions &(x) = (1—
202)2 /4, \/i (0) + /(@) = VI — 222, 7(x) = 1+ {Jaf* = [B]* + (~1)"-23(0B) }o = O, (x),
and h* = 1/v/2, we fulfill Eq. (26) again, which means that the limit distribution for the case
(p,v) = (1/v2,7/2 + n7) (n € Z) is allowed to be combined into Theorem 1.

5 Summary

We studied a quantum walk on the line which evolved with a matrix, and demonstrated long-
time limit distributions. The quantum walker did not localize at all and spread away as time
t became large. The limit distributions, moreover, approximately depicted the probability
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distributions of the quantum walk, shown as Figs. 2 and B.1. While some special values of
parameters 6 and v produced a standard quantum walk whose limit distributions were already
derived in [2], the others gave a different type of limit distribution as we can expect from the
bigger oscillation in probability distributions of the walk in Fig 2. The study in this paper
told us an explicit form of the limit distribution for the quantum walk.
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Appendix A The proof of Theorem 1

We demonstrate the proof of Theorem 1, that is, convergence of X;/t in distribution as
t — 00. The unitary matrix H (k) holds the eigenvalues

Aj(k) =ippo(sink —sinv) — (—1)j\/1 — p?pi(sink —sinv)? (j =1,2), (A1)

and the eigenvalue \;(k) is associated with the eigenvectors in a normalized expression

‘ _ 1 _eriu +p(2)e—ik
|vj(k)> - \/W |:pp0(eiu _|_e—ik) _ (—l)j J(k):| ) (A2)
where
N;(k) =2 {J(k:) — (=1)? ppo(cos k + cos V) J(kz)} ) (A.3)
J(k) =1 — p?p2(sink — sinv)?. (A4)

Since J(k) is larger than 0 for any k € [—m,7) as long as (p,v) # (1/v/2,7/2 + nn) (n € Z),
the normalizing factors N;(k) (j = 1,2) keep to be larger than 0.
Once the initial state is expanded as |¢) = 25:1 (v;(k)|) [vj(k)) in the eigenspace of
matrix H(k), the Fourier transform gets the expression in the eigenspace,
IS 2 ~
[de(k)) =D A (k) (o (R)]@) [v; (k) - (A.5)

Jj=1
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With D = i - d/dk and the Pochhammer notation (¢), =¢-(t —1) x -+ x (¢t —r 4+ 1), one
approaches the r-th moments (r =0,1,2,...)

. o
), ; | (’g‘((k’“)))T w1 2 00,
from which
i K?)] - JXZ/Z (ZAAJ]((kk))) o5 R o, (A.6)

— (1) ppo cos k
Aj (k) V1= p2pZ(sink — sinv)?

(j=1,2). (A7)

Putting h(v;k) = ppocosk/\/1 — p2p¢(sink — sinv)2, we are going to transform Eq. (A.6).
First, the range of the function h(k) is computed to be [—h*, h*] where

Bt =h(vi k") = 2{ VU pp0)? = e sin? v — /(1 — ppo)? — 2R sin? v } (A.8)
— 2p2 sin? v - 2_p2p2sin2 v 2_p2p2sin2 v
k arcsin[ S )+\/{(1 pp(z);p; 'po }{(HPPO) — }] (Sinu # 0)
* 2sinv

0 (sinv =0)
(A.9)
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Then, we shrink the range of the integrals

/2 Qdk
= [ Aoy (w5
/2 ] 2 dk
N R (I S PRIl
—7/2 v
/2 -2 dk
= 1) h(v;k k)|g)| =
| (e sy eeia] 5
/2 ) 2 dk
+/ {=(=1)h(r —v;k)} ‘ vi(m = k)I9)| o
—7/2 ™
/2 - 2dk
= j . ar
[ ey fweia) 5
/2 2 dk
—(—1)
v ey [t k18] 5]
Introducing the functions
J(v; k) =1 — p?p3(sink — sinv)?,
1 _ ppo(cosk + cosv)
F, k )
oxib) =3 J(vi k)
Fra(vik) = 1 ppo(cosk + cosv)
2 J(vik)
2 2
pgcosk — p®cosv
Froi(vik)==+ ,
) Tik)
Fya(vi k) =+ PSR 0" sinv

VIwk)

(A.11)

(A.12)
(A.13)
(A.14)

(A.15)



we compute the integrals more concretely,

Z/_W (542 [wswna] o
-/ " sy ({0 - i) + Fo_(x — vik)) fo?

—m/2
2w+ {F_(v;k) + F_ (7 —v;k)} B
2w+ {Fo_(vi k) + Fo (7 — v; k) } R(aBe™)

2w —A{F5_(v;k) — F5 _(m —v;k)} S (afe™) %

/2
4 [ (h R [{Fos i) + Foslr — i)} af

—7/2
aw + {Fy (vik) + Fus(m = vi k)} B[
2w+ {Fy 4 (Vi k) + Foy (7 — vi k)} R(afe™)

— . dk
2w —{F3 1 (v;k) — F3 (7 —v;k)} %(0456“')} o
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/2 .
-/ h<y;k>’“{<1+h<u;k>>|a|2+< h(vi k) 82 - ZZO’"L(”?’“WW”)}iﬁ

—m/2

/2
+/ (=h(v; k)" {(1 = h(v; k) lal* + (1 + h(v; k) |8 +

—m/2

’ ZP0 h(w; k)R(aBe )}27T

dk

(A.16)
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Changing the variable in the integrals from k to x by putting h(k) = =, we have
2 SN/ r
g w\-(kj)) ‘ - 12dk
’ (wi(k)lo)| 5=
> L Gw) lewial
dk

/2 .
= [ by {(1 + (w3 0) laf + (1= b ) 3 = 222 k‘)%(aﬁew)} dk

—7/2 2

/2 _ .
[ i) {<1h<u;k>>|a|2 (1-+ 1) 3 + 22 (s (e >}

—7/2
_ k v k)T v al? ” 9 2p0 o B %
_/mh( k) {(1+h( ik)) el + (1= h(v; k) 18] — g h(v; k)R(aB )}2

™

%
2T

"/ A . 2/)0 . A iv
# [ sy {0 ) o 4 (1m0 3P - 220 s R(aBe) |

_|_

k* o
[ sk {0k o+ 1+ k) B + 22 k(B

dk
2

dk
2

dk
2

+/kﬁ/2 nsr {(1 h(vik)) lof? + (1 + (v k) |81 + 2;’0 (V;k)é}?(aﬂew)}
[ {0 a)iap + 0 ayjp - 22BN L L ),
+/,:f“{(1+‘”)|a2+(1—x)|5|2—Waﬂew)x};.dex
+/Oh*(—x)r{(1—x)|a2+(1+x) |5|2+Wa/36”)m}21ﬁ_dk$m) ”
+ }:(—a:)r{<1_a:)|al2+(1+x),3|2+W(>456”)x}217r_cwdx
/Oh* xr{(ler) jaf? + (1 - 2) BIQWI};T(M&@@) dk;f)) N
+/Oh*(—m)r{(1—x)la2+(1+x) |5|2+009‘3(245~9”)x}217T dk;x(x) —dk;'f)
_/Oh* xr{(1+x) lal* + (1—-2)|8° - W }2177 dkcgafx) dk}éx)) ]
+/Oh*gc’“{(1+x)|02+(1—x) |ﬁ|2_2ﬂoéﬁ(f’) };(dk;x(x) jk;ﬁ)

p

[ {asaiar v - REED L L (del) Aty
d

h* R RtV _
-/ xr{u (|a|2 - g - 202 )) x} = ( o) d"“;:”) dr,



T. Machida 31

where
_ ppo(sinv)z? £+ /€
= arcsin ( ool = 22) ) (A.18)
dky (z ) . ni(l’)
. -2 ? (A.19)
£(2) (0 — 2%) (03 — a%) — PP (cos? v)a?, (A.20)
ne(z) =1 — p*p3(1 +sin’v) — (1 — p?pf cos v) x* £ 2ppo (sinv)/&(x). (A.21)

We have remembered |a|? + |8]? = 1 at the final line in Eq. (A.17). With another form of
R(afe™) = R(af) cos v — F(a) sin v, from which

1+ (|a2 — 182 - 2p0%(jﬂeiy)> z

=1+ {|042 - |ﬁ‘2 - 2%(«%(043) cosv — S(af) sinu) } T

=7(x) (A.22)

follows, we find

Z /_ i (M/ > \<vj(k)|<5> 2% = / o Y+ Vi@ ~(z) dz. (A.23)

—h* 27(1 — 22)\/&(x)

Equation (A.23) is rewritten with the indicator function I(_« +)(x), which was defined in
Eq. (33), as the following form,

Z/_7T (z )\./ > ‘(Uj(k‘)‘q;) 2% _ /_D:o i \gzzrl(i);)\/z(ia;) 7(33) [(7h*,h*)(x) da.
(A.24)

Therefore, returning from the Fourier space, we reach another form of the limit

lim E KXt> } - /_O:O AT VAT G B I ey (@) de, . (A.25)

e [\t 27(1 - 2) \/£(2)

This convergence of the r-th moments shown in Eq. (A.25) guarantees the statement of
Theorem 1.

Appendix B [V ;) =V |¥y)

If we do not use the operation Uy, the operation onto the Fourier transform |77/A1t (k)) contains
a 2-step evolution of a standard coined quantum walk,

ww=r@{n(-5) [ J} =), o
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from which

(k) =U ()" |tho(k))

SHOILIC P R CIEER S

Note that
2 —i —i
{R (’f) {po —p” _ [936 kg —ppoe=tt — ppo] (B.3)
2) [ po proe™ +ppo  pget —p* |’
—iv/2
v e a
R (—5) @) = [ eiV/25
and e~ "/2a|? + |e™/?B|? = |a|? + |B|> = 1. The walker is, hence, observed at position z at
time t with probability
™ 2t
14 : k Po  —p v dk
s [ () ) e
2/ ) & ‘ 2 P Po 2 ) 2m
2

[ e (B ) w e

The initial state of the Fourier transform should be reconsidered as R (—v/2)|¢) in Eq. (B.5).
By a similar Fourier analysis used for quantum walks in [6], the walker converges in distribu-
tion as t = oo.

7 (B.4)

(B.5)

For any real number z, we have

. Xy /z p
ImP(—<z| = Aly) I _ dy, B.6
e R vy = L ULCSCL AL

where
A(z) =1+ {oz|2 +18]? — % (R(ap) cosv + S(aB)sinv) }x, (B.7)
_J 1 (@€ (=po, po))
I(—po,po)(x) —{ 0 (z¢ (_p& pg ) (B.8)

This result for the coined quantum walk is already contained in [2]. The proof for this
limit theorem is omitted in this paper because of the similarity to the computation written
in [6]. Figure B.1 shows the behavior of the quantum walk when the operation lacks the
unitary matrix Uy.
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Fig. 1. p = 1/4/2,v = /2 : The blue lines represent the probability distribution P(X; = ) at
time ¢ = 500 ((a)-1, (b)-1) and the red lines represent the limit density function ((a)-2, (b)-2). In
(a)-3 and (b)-3, we confirm that the approximation (red points) obtained from the limit density
function reproduces the features of the probability distribution as time ¢ becomes large enough.
The walker launches with the localized initial state at the origin, |¥g) = |0) ® («|0) + B1)).
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@ (a) (o, f) = (1/v2,i/V2) (b) (e, B) = (1,0)

> >
+2 ~2
= =
= =
< _
< <
< Q
o [=}
- ~
) M ) MMM #WA
-500  —h*t 0 h*t 500  -500 —h*¢ 0 h*t 500
T T
(a)-1 (b)-1
o o
=} =]
=} =
Q Q
=] <}
2 2
> =
+2 ~+~
& &
=] <}
[} ()
=] g2
-1 —h* 0 h* 1 -1 —h* 0 h* 1
T T

(a)-2 (b)-

©

probability

probability
;‘ M

500 —h*t h*t 500 -500 —h*t 0 h*t 500
x X
(a)-3 (b)-3

Fig. 2. p = 1/v/2,v = /4 : The blue lines represent the probability distribution P(X; = ) at
time ¢ = 500 ((a)-1, (b)-1) and the red lines represent the limit density function ((a)-2, (b)-2). In
(a)-3 and (b)-3, we confirm that the approximation (red points) obtained from the limit density
function reproduces the features of the probability distribution as time ¢ becomes large enough.
The walker launches with the localized initial state at the origin, |¥g) = |0) ® («|0) + B1)).
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(a) (b)
Fig. 3. The support of the limit density function depends on the parameters p and v which
determine the five-diagonal matrix. The picture (b) is another expression of the picture (a) in 2D
density plot.
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Fig. B.1. p = 1/+/2,v = w/4 : The blue lines represent the probability distribution P(X; = z) at
time ¢ = 500 ((a)-1, (b)-1) and the red lines represent the limit density function ((a)-2, (b)-2). In
(a)-3 and (b)-3, we confirm that the approximation (red points) obtained from the limit density
function reproduces the features of the probability distribution as time ¢ becomes large enough.
The walker launches with the localized initial state at the origin, |¥g) = |0) ® («|0) + B1)).



