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As an important quantum resource, quantum coherence play key role in quantum infor-
mation processing. It is often concerned with manipulation of families of quantum states
rather than individual states in isolation. Given two pairs of coherent states (p1, p2) and
(o1,02), we are aimed to study how can we determine if there exists a strictly incoherent
operation ® such that ®(p;) = 04,7 = 1,2. This is also a classic question in quantum
hypothesis testing. In this note, structural characterization of coherent preorder under
strongly incoherent operations is provided. Basing on the characterization, we propose
an approach to realize coherence distillation from rank-two mixed coherent states to
g-level maximally coherent states. In addition, one scheme of coherence manipulation
between rank-two mixed states is also presented.
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1 Introduction

Quantum coherence is an essential physical resource which can be used to implement vari-
ous tasks such as quantum computing [1], cryptography [2], information processing [3, 4, 5],
thermodynamics [6], metrology [7], and quantum biology [8]. Various efforts have been made
to build the resource theory of coherence [9]-[12]. The resource theory of coherence consists
of two fundamental elements: free states and free operations. Free states are quantum states
which can be prepared at no additional costs, while free operations catch those physical trans-
formations which can be carried out without consumption of resources. Having confirmed the
two main features, people initiate investigation of the corresponding theory, such as coher-
ence manipulation and coherence quantification. One of the main advantages that a resource
theory offers is the lucid quantitative and operational description as well as the manipulation
of the relevant resources at one’s disposal.

Let us begin by recalling the basic formalism of the resource theory of quantum coherence.
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Free states are identified as incoherent states

d
p=_ Aili)il,
i=1

i.e., states which are diagonal in a fixed basis {|i)}&_; for a d-dimensional system H. The set
of incoherent states will be labelled by Z. The choice of this basis depends on the particular
problem under study, and in many relevant scenarios such a basis is naturally singled out by
the unavoidable decoherence [13].

Free operations are identified as incoherent operations (ICO) which are specified by a finite
set of d x d matrices {K;} satisfying ijKJT/Tr(ijKJT) €Zforall pel,

®(p) =Y K;pK!.
J

An incoherent operation can be interpreted as a measurement which can not create coherence
even if one applies postselection on the measurement outcomes [12], we call such Kraus opera-
tors { K} incoherent. Recall that, if both Kraus operators K; and K jT are incoherent, we call
the operation strictly incoherent (SIO) [14, 15, 16, 17]. Different definitions of free operations
stemming from meaningful physical considerations have been studied, such as maximally inco-
herent operations (MIO) [9], physically incoherent operations (PIO) [18], dephasing covariant
incoherent operations (DIO) [18, 19], genuinely incoherent operations (GIO) [20]. In spite of
the fact that the resource theory of coherence has found use in a variety of practical settings
[8], there are no physically compelling free operations singled out, mirroring the fundamental
role of local operations and classical communication in the resource theory of entanglement
[21].

The class of strictly incoherent operations (SIO) appeared to be a promising candidate for
a natural class of operations satisfying desirable resource-theoretic criteria while at the same
time being motivated on physical grounds and experimentally implementable, causing it to
find widespread use in the resource theory of coherence [14]-[23].

The coherence manipulation is fundamental in the resource theory of quantum coherence.
It is aimed to study whether free operations introduce an order on the set of quantum states,
i.e., whether, given two coherent states p and o, either p can be transformed into o or vice
versa [8, 12, 14, 15, 17, 22], [24]-[28]. However, quantum coherence theory is often concerned
with the manipulation of families of quantum states rather than individual states in isolation
[29]. For instance, one needs to manipulate coherent states p; and oy while freeze the other
two coherent states ps and o9 in frozen quantum coherence [30]. The goal of the paper is how
can we determine if there exists a SIO ® such that ®(p;) = 04,7 = 1,2 for two pairs of coherent
states (p1,p2) and (o1, 02). A relevant question in quantum hypothesis testing is how can we
determine if there exists a quantum operation ® such that ®(p;) = 0;,7 = 1,2. It also called
preorder of (p1,p2) and (o1,02). This question was answered already in 1953 by Blackwell
for the classical case [31], and in 1980 by Alberti and Uhlmann for the qubit case [32]. More
recently, it was solved for pure states [33] and finally, it was fully solved [34]-[38]. In [39], it
was shown that the preorder can be classified in terms of the conditional min-entropy. Gour
extended the definition of conditional min-entropy from bipartite quantum states to bipartite
quantum operations which can be used to describe preorder of quantum operations [40].
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We will study the preorder question of pure states in coherence setting. For two pairs of
pure coherent states (|¢), |¥)) and (|a), |5)), we are aimed to characterize when there exists
a SIO @ such that ®(|¢)(¢|) = |a)(a], P(J¥)(¥|) = |B)(B|. Basing on the characterization,
we present the coherence distillation scheme from rank-two mixed coherent states to g-level
maximally coherent states under the strategy [41]. This is a considerable progress in the study
of coherence distillation of general mixed states [8, 27, 42, 43]. Furthermore, we also propose
an approach to realize coherence manipulation between rank-two mixed states. It is known
that coherence manipulation between mixed states is a hard open question [15, 22, 26, 27].

2 Preliminary

Before stating our results, we need do some preparatory work. Firstly, we recall the concept
of coherent rank of pure state. The coherence rank of a pure state |¢), denoted by r(¢), which
is the number of basis elements for which ¢; # 0 [44]. In analogy to the Schmidt rank in
entanglement theory [21], the coherent rank provides useful information about the coherence
content of a state and constrains the possible transformations among resource states. For
instance, coherence rank can not increase under ICO and SIO [14, 15, 24]. Secondly, for pure
state |¢) = Z?:l ¢;]1), the map which completely dephases in the incoherent basis will be
denoted by A, and its action is given by

[0) = A(l) = (16117 162, -, |6al*)".

Finally, we collect some useful facts [45]:

(i) For two real d-dimensional vectors z = (z1,2, -+ ,zq)" and y = (y1,%2, - ,¥a)!,
is majorized by y, written z < y, if for each k in the range 1,--- ,d, Zf xf < Zf yf with
equality holding when k£ = d, and where the acli indicates that elements are to be taken in
descending order. The majorization relation is a partial order on pure states.

(ii) The majorization is well visualized by using the Lorenz curve. For vectors x,y, < y
if and only if = Dy for some doubly stochastic matrix. Recall that a d x d matrix D = (d;;)
is called doubly stochastic if d;; > 0 and Z?:l dij = 2?21 dij = 1.

(iii) Let 7 be a permutation of {1,2,---,d}. A d x d matrix P, is the permutation
matrix corresponding to 7 if it is obtained by permuting the rows of the d x d identity matrix
according to w. A permutation matrix has exactly one entry 1 in each row and each column
and 0 elsewhere. It is known that Permutation matrices are unitary.

(iv) For every doubly stochastic matrix D, it can be written as a convex combination of
permutation matrices, that is, there exist permutation matrices P, and probability coeffi-
cients A, such that D =Y A, P, .

3 Coherent preorder

We will characterize coherent preorder of (|¢), |¢)) and (Ja), |B)) in this section. Specially, if
|¢) = |a), i.e., |¢) is frozen under some SIO [30, 46, 47], since majorization [15, 24] rules the
partial order of single-shot pure states, then a natural conjecture is that coherent preorder
in this case can be described by d-majorization which is raised in various contexts including
mathematical statistics (comparison of statistical experiments)[31, 48, 49], networks in market
[50], chemical thermodynamics [51, 52], mathematical and physical interests [32, 53, 54].
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Recall that for two pairs of probability distributions (A(|¢)), A(|¥))) and (A(|¢)), A(|5))),
(A(]#)), A(]8))) d-majorizes (A(|$)), A(|v))) if and only if there exists a column-stochastic
matrix D with DA(|¢)) = A(|¢)) and DA(|5)) = A(|y)) [54].

The following theorem reveals the structure of coherent order in terms of relations of doubly
stochastic matrices and superposed coefficients of pure states. This shows the structure of
coherent order in general case is more sophisticated than d-majorization.

Theorem 1. Assume r(¢) = r(a), (|¢), [)) EEEN (|a),18)) if and only if there are doubly

stochastic matrices Dy, Do and ¢ € [0, 1] satisfying the following conditions:

(i) D1A(le)) = A(|9)), D2A(]8)) = A([¥)),

(ii) Dy = 2Dy + (1 — )T, for some doubly stochastic matriz T. And there are permutations
w1, T such that

D1 Dis 0 0 0 0 0 Tis Tia 0
Do1 Doy 0 0 0 0 Ty O 0 0
PoDiPr=| 0 0 Dg Dy 0 | PoTPL,=| 0 0 Ty T 0
0 0 Dsz Dy O Ty 0 Tyz Ty O
0 0 0 0 Dss5 0 0 0 0 T35

according to the space decomposition H = ©2_, H;,

Hy = span{li) | ¢; #0,9; # 0}
Hy = span{|i) | ¢; # 0,4; =0}
Hsz = span{|i) | ¢; =0,v; #0,53; # 0}
Hy = span{li) | ¢; =0,¢; #0,8; = 0}
Hs = span{|i) | ¢; =0,v; =0,53; = 0}

Bt Al Dy D
o Parlwy L Yapt) g , 11 2y
(iit) S =t ¢ 0.9 £0, here H<1 and ( D21 Do > = 2n AnFra

Remark 1. If the energy of states are defined and both A(|¢)) and A(]a)) are the Gibbs
distribution, i.e., A(|¢)) = A(Ja)) = p&®s_ then condition (i) is thermo-majorization between
(A(]9)), A(J1))) and (A(|¢)), A(|8))) (from the proof of Theorem 1). Thermo-majorization
and other related problems in majorization have been intensively studied as a possible exten-
sion of thermodynamics to small systems [55]-[66], which now becomes a major research field
in quantum information theory known as quantum thermodynamics. Condition (ii) reveals
the relationship of doubly stochastic matrices which are induced by coherence manipulation
of single-shot pure states. It reflects essential difference between coherence order of two pairs
of pure states and partial order of single-shot pure states.

For sufficiency of Theorem 1, if (A(|¢)), A(|v))) and (A(|c)), A(]B))) share a common
doubly stochastic matrice, then the condition r(¢) = r(«) is redundant as the following
theorem shows.

Theorem 2. If there is a doubly stochastic matriz D such that DA(|a)) = A(|¢)),

DA(B)) = A([$)) and 2512 = 5220 D= 52 APy then (19), [0)) 22 (|a), |8)).
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— [¥1)
[0} A
Py — oy 2 L)
p— (o~ | T,)
[0} A [
P2 |¢> 1 |5> b2 2 ¢> 2
— [¥a-1)

Fig. 1. For a rank-two mixed state p = p1|$)(¢| + p2|¥) (|, we perform a SIO ®; sending |), [¢)
to [a),|8). o = p1la)(al + p2|B)(B] = A1ld)(d| + A2|6) (8], here |§) = 32¢=[ ¢;]i). Then one can

apply the strategy in [41] to |¢) and obtain any of all g-level (¢ = 2,3, ...,d) maximally coherent
states Wq, or an incoherent state (q = 1).

4 Coherence distillation

In the section, we apply Theorem 1 to coherence distillation. One of the central problems
in the resource theory of coherence is the coherence distillation [8, 12, 14, 17, 42], [67]-[73]
which is the process that extracts pure coherent states from general states via free operations.
Especially, in [41], G. Torun etc. have performed a strictly incoherent operation (SIO) on a
pure state and obtain any of all g-level (¢ = 2,3,...,d) maximally coherent states |¥,) =

F %h’), or an incoherent state (¢ = 1). Indeed, for a pure state |¥), the authors in
[41] have constructed an explicit SIO which transforms [¥) into >, pe|¥q)(¥q| for some
probability coefficients p,.

Although many interesting results in coherence distillation have been obtained, there are
still some open fundamental questions remaining to be solved. The coherence distillation
of general mixed states has been left as an open question. Now, basing on Theorem 1, we
propose the distillation procedure from rank-two mixed coherent states to g-level maximally
coherent states as the following steps (See Fig.1).

Theorem 3. For a 2d—dimentional state p = p1|P) (| + p2|1) (Y| with

VA1 cos v
VA sinyen cv/A1 cos Yo

VAL sin Yoo

: cV/AL cos Yq-1

_ | VAusinyda B —cy/Agsiny

VP1lg) = g cos Y , Vp2lY) = VT = @/ cos iy ;
0 V1 — /A1 cosyiho

0 V1 — 2/ A cosyhg_1

—V1 —c%y/Aasiny
here v € (0,%), Tiy 16> = Xi0) [il* = 1, duhs # 0, M+ Ao = 1,0 < ¢ < 1, there is
a SIO ® such that ®(p) = Zz;i Dq| V) (¥q| for some probability coefficients py. That is, we
perform the distillation procedure from p to g-level maximally coherent states.
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5 Coherence manipulation

The study of coherence manipulation is moving ahead since the question is proposed [12]. A.
Streltsov etc. [22] have obtained that, for qubit states p, o with Bloch vector 7 = (r,, 7y, 7,)7
and s = (g, Sy, 55)7, p can be converted into o by ICO if and only if

1— 72
si—kszgrg—l—r;, sﬁ§1—r2+:2(si+sfj)

In [24, Theorem 1], we have answered the question in terms of majorization for pure states :
. d . d :
For any unit vectors |¢) = S0 gili), |0) = S50, i),

I1CO .
[y === [o) iff A(Y) = (lal? - [al®)' < Adg) = (161]% -+, [9al*)".
Recently, Liu etc. [27] give a necessary and sufficient condition for a mixed state p to be
transformed into a pure coherent state |¢) via SIO:

p 29 10y i A(lg)a) < AD)),

here |¢), = %, {P,} is an orthogonal and complete set of incoherent projectors. In
[28], the authors derive the lower bounds on the error of converting any full-rank coherent
state to any pure coherent state with certain probability by any free operation. Given any

full-rank coherent state p and any pure target coherent state |¢),
Amin(p)(l - f\(ﬁ))
1+R(p)

where Apin(p) is the smallest eigenvalue of p, fisy = maxgeztr(o|¢)(¢[) is the maximum
overlap between |¢) and incoherent states Z,

€
plp = |9), €} = » >

R(p) = min{s | Is > 0, state o satisfying pl—:_sa €1}
s

is the generalized robustness of state p. We build the no-go theorem of coherence manipulation
in [26], i.e., finite number of measure conditions are insufficient to characterize coherence
manipulation between general mixed states. Therefore coherence manipulation between mixed
states is complicated since it involves infinite number of conditions.

Basing on Theorem 1, we propose an approach to realize coherence manipulation between
some rank-two mixed states. Our strategy is if (|¢),|¥)) and (Ja),|8)) share a SIO ®, then

oY (@l + (L= p) ) (W]) = play(al + (1 —p)|B)(AI,
p € [0,1].

Theorem 4. For r x r doubly stochastic matrices D11 and Dy and pure states |¢),

[, |a),|8),|T) with coherent rank r satisfying the following conditions

Dy Aa) = A(‘E%

D1 A(B) = A(),

B_ -1, a 1.,
;Zi() =t Zn< L, here [t| < 1,D11 =Y, A\iPr,

Do A(B) = A(7),
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we have

PG (G| + 2} (] polt))(F| | sto [ pilaE)(@l +p2lB) (Bl O
( P2 p2|%><%|>_>< 0 0)‘

Indeed in Theorem 4, H, = H3 = H; = 0, and dimH; = dimH, = r = %. Let

— Dll 0 _ 62D11 (1 — 02)I . . . )
D, = ( 0o I ), Dy = ( (1—¢)Dyy 21 , here I is the r x r identity matrix.
By Theorem 1, one can obtain Theorem 4 directly.

6 Conclusions

For two pairs of coherent states (p1, p2) and (o1, 02), we study coherent order of two pairs of
coherent states under SIOs. The structural characterization of coherent order between pure
states is provided. On this basis, coherence distillation scheme from rank-two mixed coherent
stares to g-level maximally coherent states are offered. Furthermore, coherence manipulation
between rank-two mixed states can also be realized.
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Appendix A Proof of main results.
SIO

Proof of Theorem 1. Let r = r(¢) = r(a). Note that (|¢),[|v)) — (|a),]8)) &
(U)o), Uly)) S0, (V]e),V|B)) for permutation matrices U, V. Without loss of generality,
we assume
(G B
V2 B2
¢ a1 Vs, Bty
b2 o2 0 0
@)= o |, l)=| o |,[¥)= 0 18) = 0
0 0 Yri1 Bri1
0 0 T,Z)'H»sz 5T’+t2
0 0
0 0

“=": Assume that there exists some strictly incoherent operation ® such that (|¢), [¢)) 2,

(|a),18)). Suppose the considered SIO ® has Kraus operators K,,. It is evident that K, |¢) =
Tnla), Kn|t)) = 6,|8) for some scalars 7, d,. Let

_ 1, 77(.7) =1 : .
0ix(j) = { 0, w(j)#i 7 is a permutation.

By the definition of SIO, one can write K,, = P;{ndiag(kgn), k‘én), ces kén)), Pr, = (0i7,))-
It follows that

(n) -
Ko (i) ra (i) = s
ke Yty = 0B

Tr""(l) 7‘-"(1) nH-v-

Furthermore s; = t; and sy > to. Note that there are [u(™) = 327752 pli), [p(™) =

Sy with gy # 0 and K, |p™) = 7,[v(™). Therefore we have Ké?) = Kég) =

Kég) = Kéz) =0 for K,, = (Kz(jm) according to the space decomposition H = &?_, H;. In

addition, from ¢; = ¢; = 0,4 =r+s+1,---d, we can take Kg) = KQ(Q) = Kég) = Kﬁg) = 0.
Case L. r(¢) = r(a) = d.
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Since every column and every arrow of K, is with at most 1 nonzero entry, we can obtain
that a; # 0. kg") # 0 for each n,i. And so 7, # 0,4, # 0. By a simple computation, one can

see
Yrui) _ On Bi
Prn(i) T Qi

1/)7rn [ 5n 7
- = (*)dnzﬂ*
(b‘n'n(i) Tn a;

(fy—z)d is independently on n. Note that > [y, = >, [0, = 1, we have [0,| = |7n].
Define dij = 32, —1(;)_; 16,]2,1 <'i,j < d, then the matrix D = (d;;) is a doubly stochastic
matrix. By a direct computation, DA(|a)) = A(|¢)) and DA(|8)) = A(|¢)). Moreover,
D =3, 16n|*Pr,. In this case, D; = Dy = D and ¢ = 1.

Case II. 7(¢) = r(a) =7 < d.

For the n with v, # 0, by the property of SIO, K,, = ( Ag” N > according to the
space decomposition (Hy @ Hs) @ (Hz & Hy @ Hs). In addition,
K" KD o 0 0
K& K o 0 0
Ko= o o k@ kP o

0 o K% K» o
0 0 0 0o K

according to the space decomposition Hy & Hy & H3; ® Hy & Hs. From
K, = P! diag(k{"™, k5", ... k),

we have
7T;12 {1,...,81}4){1,...,81}
{1,...,7} = {1,...,r} (A1)
{r+1,...,r+st=>{r+1,...,r+ 2} ‘
{r+s2+1,...,d} > {r+s2+1,...,d}.
Moreover, for i = 1,..., s, kfr:)(i) #0. So
Yru) _ On Bi
i) Y Qi
@ _ (O oy, B
¢7Tn(i) Pyn @

(‘;—")51 is independently on n. Thus |d,| = ¢|v,|. Note that

Zn |6"|2 = Z’Wﬁéo ‘(in|2 42> Z’Y"ZO ‘5n|2 2
= Z%;ﬁo lnl* + Z%Fo |6n |
= 1.

This implies that >°_ Alml? =Y, Il =c* < 1. So 0 < ¢ <1, as desired.
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For the n with v, = 0, §, # 0 (otherwise, we may assume r + so = d and so K,, = 0).
Let K,, = (KZ(J")) according to the space decomposition H = &°_, H;. From v, = 0, we
have Ki(;l) =0, ¢,7 = 1,2. It is easy to see that KQ(?) = Kéz) = Kég) = 0. Combining
with ¢; #06@ =r+1,...;,r+s2)and 8; =0 (i =r+ta+1,...,7 + s2), it follows that
K =K =0. That is

00 KW KW o
00 0 0 0

K,=|0 0 K% KD o
00 0 0 0
00

0 0o K
On the other hand, K,, = P;{n’diag(kgn), kgn), . ké")). Thus we can choose 7, such that

ot L sy = {r+ 1., r+ s}
{s1+1,...;r} = {s1+1,...,1} (A.2)
{r+1,...;r+tat = {r+1,...,7 + s2} ‘
{r+s2+1,...,d} > {r+s2+1,...,d}

Define dgjl-) = an,;l(i)zj |7n|?,1 < 4,5 < d. Because > |v,|* =1, D; = (dfjl)) is doubly
stochastic. From Eq.(A.1), Dy has the form

D11 D2 0O 0 0

Do1 Doy 0 0 0
0 0 D33 D34 0
0 0 D4 Dy O
0 0 0 0 Dss

Similarly, we can define the doubly stochastic matrix Dy = (d( )) 1<i4,5<d, by

2
dgj) = Y (= 1Ol
= T mr =i 0 190l + Lo mt ()= 70 100
= AdY + (1 Ay,

7'3 - 02 Zn Jn (8=, yn=0 ‘5’ﬂ|2

0 0 Tz Tia 0
0 Ty O 0 0
T=(,)=| 0 0 Ty T 0
Tyw 0 Tyz3 Ty O
0 0 0 0 Ts5

Now, one can check that Dy, Dy are the desired.
“<”: Let D1 = ZNl M Pr T = Zn Nyt1 nPr, . Forn =1,... Ny, one can see m,

satisfies conditions of (2). Define matrices Kfrf) = (kl(J”)) (i,j=1,...,7) by

kY = VA0,

jy70n (4 ) d)]
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and Ky = (k{}") (i,j =r+1,...,d)) by

kM = V/\n‘sjmn(i)% i=r+1,...,r+ 5
ij \//\n(sj,ﬂ'n(i) i=r+sy+1,...,d.

Let

(n)
Kﬂ,: Kll O(n) ,TL:172,...7N1.
0 cKy

For n = Ny +1,..., Ny, m, satisfies conditions of (3). Let

\//\nd-,,rn(i)g—i i=1,....81,7+1,...,7+ s
J

0 t=s51+1,...,r
\/)\néjmn(i) i=r+sy+1,...,d,

Ky, =V1- k).
A direct computation shows that the SIO which is specified by K,,(n = 1,2,..., N3) can fulfill
desired manipulation. 0
Proof of Theorem 2. Define Kraus operators K, = (kz(jn)) by

Vb m.iyg: 65 #0
B =8 VRabjma s 65 = 0,15 £0
VAR (i) ¢j =1; =0.

One can check that SIO ® represented by {K,,} converts (|¢),|¥)) into (|a),|5)).
Proof of Theorem 3. For any probability vector (|a1|?, ..., |ag—1|?)! majorizing (|¢1]?, ..., |pa—1]?)"
and (|¢1]%, ..., [Y4-1]?)", we define

VA1 sinyaq VA1 cosya
VA1 sinyag VA1 cosyas

k.(”) —

ij

. VA1 sirll Yog_1 _ VA1 CO.S Yog_1
Vpile) = VA2 cosy VPl >= —v/ g siny
0 0

0 0

Let 171, 13; be the doubly stochastic matrices with

s |? o1 | |? |41 [?
D1 = and Dg = :
lovg—1]? a1/ lovg—1]? [Ya—1]?
Now define
~ D,
D: 0 0 c? < 01 (1) ) (1 — CQ)Id
Dy, = 0 1 and Dy = 5 o
0 14 (1—c?) ( 02 1 ) 21,
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One can check that D; and D5 satisfy the conditions in Theorem 1. So there exists a SIO
®; sending [¢),[¢) to |a),[B) separately. On the other hand, it is easy to see that o =
pala) el + p2l3) (3] = Mald){d] + Xa[6)(@] with [6) = S aili). Without loss of generality.
one may assume {|O¢z|}l:1 is positive and decending. Applying the strategy from [41], we

define ) )
pq:(I(|aq| *|O‘q+1| )’ q:1727"'7d72a
pa—1 = dlag—1|%,
K= (% S, 2 4 jayd) g=1,2,....d—1.

By construction, we have that
Kql¢) = \/Dg|¥y),

Kqld) = /pqld),
Y KiK,=1s, Ypg=1

In addition, the SIO Y K, - K denoted by ®; sends o to Ai|d)(d| + X Zq L pg| U (W
Therefore the composition @5 o <I>1 is the desired transformation.



