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We study the approximation of the median of an absolutely continuous distribution with
respect to the Lebesgue measure given by a probability density function f. We assume
that f has r continuous derivatives, with derivative of order r being Hélder continuous
with the exponent p. We study the quantum query complexity of this problem. We show
that the e-complexity up to a logarithmic factor is of order e=1/(r+p+1),

We also extend the results to the problem of computing the vector of quantiles of an
absolutely continuous distribution.
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1 Introduction

The quantum complexity of discrete problems has been extensively studied. Speed-ups of
quantum algorithms over deterministic and randomized algorithms have been shown for many
problems. One of the first papers showing major speed-up of quantum computers was the
paper of Shor [1], dealing with the problem of factorization. Another was by Grover [2] deal-
ing with database search. Also the problem of computing other discrete statistics, such as
discrete summation, computation of the mean, median and quantiles was investigated, see
e.g. [3],[4],[5],[6],[7]).

The interesting task is the investigation of the quantum complexity of continuous analogs of
these problems. The first paper dealing with the quantum complexity of a continuous prob-
lem was the work of Novak [8], where the integration of a function from the Holder class is
considered. Integration in Lebesgue and Sobolev classes of functions was also investigated,
see [9],[10]. The problem of function approximation on a quantum computer was studied
by Heinrich [11],[12]. The problem of maximization of a function from the Holder class was
investigated in [13] and the problem of finding the root of a function was studied in [14]. Also
path integration [15] and differential equations [16] on a quantum computer were investigated,
and speed-ups were established.

In this paper, we consider the problem of approximating the median of an absolutely con-
tinuous distribution with respect to the Lebesgue measure. This problem is a continuous
equivalent of the problem of finding the median of the discrete sequence which is investigated
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in [7]. We assume that the distribution is given by a density function which belongs to a clas-
sical Holder class of r times continuously differentiable functions with r-th derivatives being
Holder functions with exponent p. We present almost matching upper and lower complexity
bounds in the quantum setting, and for the comparison, in the classical deterministic and
the randomized setting. We show that the quantum query e-complexity of this problem is up
to a logarithmic factor of order e~1/("+,+1)  The e-complexity in the deterministic setting is
shown to be of order e=*/("*+) and in the randomized setting of order e~1/("+r+1/2)  Thus,
quantum computation yields a speed-up relative to deterministic and randomized algorithms
over the entire range of class parameters.

We also extend the problem to the problem of computing the vector of quantiles of a contin-
uous distribution and show matching upper and lower complexity bounds for this problem.
In Section 2 the problem of computing the median is formulated and necessary definitions are
presented. The complexity bounds for this problem are presented in Section 4. In Section 3
we recall results on the approximation of the discrete mean and integration, and on the solu-
tion of initial-value problems. These will be used to prove our complexity bounds. Section 5
deals with the complexity of computing a vector of quantiles.

2 Problem formulation and basic definitions

Let f : [0,1] — R be a real-valued, nonnegative function which integrates to 1. We are
interested in approximating the median £ of the distribution with density function f and with
precision € > 0 in the sense of absolute or residual error criterion. Recall that £ is defined

£
as a real number from [0, 1] that solves the equation [ f(t)dt = 1/2. We wish to design an
0

algorithm that computes a point é which will be “close” to the exact value of £ with respect to a
certain error models. In the absolute error criterion model the aim is to find the approximation

« N S
¢, such that |£ — &] < ¢, and for the residual criterion, such that | [ f(¢)dt —1/2| <e.
0

We will use the Holder class of functions given by
Fro = {[:01] R | feC(0,1]), /(@) <D, i=0,1,....7,
£ @) = )| < Hle = y)? for o,y € 0,1,

where C"([0,1]) is a class of 7 times continuously differentiable functions on [0,1], 7 > 0,
0 < p<1and D, H are positive constants. Since f is a probability density function, we need
additional assumptions. Let us define the class of probability density functions

1
F{7 =S feF | f(z) 20 for x €0,1], /f@)dt =1
0

To study the absolute error criterion we need the additional assumption that the function f
is separated form zero. Thus, for > 0 consider the following subclass F}? of Fy*”

P ={feF"| f(z) >~ forze[0,1]}.
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Our aim is to analyze the problem of approximating the median of an absolutely continuous
distribution with respect to the Lebesgue measure in the quantum model of computation,
and to compare the results to those in the classical deterministic and randomized settings.
Let us shortly describe these models. To compute the approximate solution é in all settings
we need some information about the probability density functions f € F', where F' stands
for F/"” or F{’Y. In the deterministic setting, we allow only the classical information given
by the values of f in some points in [0, 1], which may be chosen adaptively. The function
values are obtained by oracle calls. In the randomized setting, the information is gathered
by computing the values of f in randomly chosen points in [0,1]. The number of points in
which the information is computed may also be a random number. Thus, the information is
a family of operators {N“},cq on some probabilistic space (2,3, P).

In the quantum setting, the information is obtained by applying a quantum query operator,
which is a unitary operator that depends on f and provides the function values. For a detailed
explanation of the quantum model of computation the reader is refereed to [9, 17].

The final approximation é is obtained by applying an algorithm ¢. In the deterministic
setting ¢ is a mapping that transforms the information N(f) into a point in [0, 1], that is
£ = d(N(f)). In the randomized setting an algorithm is a family of mappings ¢ = {¢* },.cq.
Thus, £ = £ = ¢» (N“(f)) is assumed to be a random variable. In the quantum setting the
algorithm is defined as a sequence of unitary operators including quantum queries applied
to an initial state. The final quantum state is measured. The measurement outcome is
transformed by a classical algorithm that produces the approximation é € [0,1]. Due to the
randomness of the result of the measurement, the approximation é = éw is a random number.
We consider in this paper two error criteria: the absolute and the residual. First, we define the
local error of the algorithm ¢*. In the deterministic setting the superscript “w” is redundant
and may be omitted.

The local absolute error of an algorithm ¢* is defined as

csulf0) = |E — ¢
The local residual error is given by

éw
¢ (f,6°) = / f(tydt —172|.

0

We assume that e (f, ¢*) and el (f, ¢*) are random variables.

Let us now define the global error in the class F', where F' stands for F]"” or Flrvp depending
on whether we consider the relative or the absolute error, respectively. We are interested in
the worst behaviour of the error for any function in the class F'. Let crit € {abs,res}. The
global error in the deterministic setting is defined by

egfitt(Fa (b) = Sup ecrit(fa ¢)
feF

The global error in the randomized setting is defined in a standard way (similarly as in
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[14, 16, 18, 19]) as

1/2

e (F ) = sup / (€90 (f.6°)2 dP(w) | . (1)
Q

feF

Note that the L; norm may be used instead of the Lo norm here. This will not change the
obtained results. Only the constants may differ.
In the quantum setting the global error is defined probabilistically as

e (F.) = sup inf{a : P(eg(f,0%) > o) < 1/4}.

€

Hence, the success probability of ¢ is at least 3/4. It may be increased by taking the median
of a number of repetitions of the algorithm ¢ (see [9]). To get success at least 1 — § one must
make O(log(1/§)) repetitions of the algorithm.
The cost of the algorithm ¢ is the number of its queries (i.e., oracle calls). Thus, in the deter-
ministic setting it is defined as the number of computed function values. In the randomized
setting by the expected number of function values. In the quantum setting we use the query
cost, which is defined as number of applications of the quantum query operator. We denote
the cost of an algorithm ¢ in the class F by cost(F,¢) with suitable superscripts: “det”,
“rand” or “quant” according to the setting.
For € > 0, the e-complexity in the class F is defined as a minimal cost of an algorithm that
approximates the median of a distribution with a density function from the class F' with
precision at most ¢,

Compﬁcrit (F) = Hdl)f{ COSt# (Fv (b) : eﬁit (F7 ¢) <e }a
where # € {det, rand, quant}.

3 Useful results

In this section we recall results that will help us to prove the complexity bounds on the
problem of approximating the median and the quantiles of a continuous distribution. In
particular we present complexity bounds for the problem of computing the discrete mean, the
integration problem and the problem of solving the initial-value problems. The results for
the mean will be used to derive complexity lower bounds for the problem of computing the
median, the integration results for the upper bounds of this problem, and the initial-value
results will be used for the problem of computing the vector of quantiles.

We start with the problem of computing the mean of a sequence. We will use this result to
prove the lower bounds. Let g : {0,1,...,N — 1} — [0,1] be a discrete function. We are

interested in approximation of the mean of the sequence (g(0),g(1),...,g(N — 1)), that is
N-1

the number N Z g(i) with precision £ > 0. Consider the deterministic, randomized and
i=0

quantum settings. The definition of the error, the cost and the complexity are similar to

those of Section 2. Denote the e-complexity of this problem by comp_(/N) with a suitable

superscript indicating the setting. From the known complexity bounds for this problem (see

[20, 21, 22] for classical results and [6, 7, 22] for quantum) we have that
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e in the deterministic setting

compZ®(N) = O(N(1 — 2¢)); (2)
e in the randomized setting
compt™™(N) = O(min{N,e~2}); (3)
e in the quantum setting
compd"*™*(N) = O(min{ N, '}). (4)

We will also need the upper bounds on the complexity of approximating the integral, that
we will use to show the upper bounds. Let g : [0,1] — R be a function from the Hélder
class F™”. Our aim is to approximate fol g(x)dx with a given precision ¢ in the sense of the
absolute error, i.e. the local error of the algorithm ¢ is defined as |folg(x)dx — ¢(g)| and
the global errors in the class F"* are defined as in Section 2. Denote the complexity of this
problem by comp, (Int, F™*) (with suitable superscript). It is known (see [20, 22] for classical
results and [8, 22] for the quantum), that the complexity of this problem is bounded by

e in the deterministic setting

compd®t(Int, F™P) = O(e~ Y/ (r+r)y; (5)
e in the randomized setting
comp®™™ (Int, F™°) = O(e~V/(r+pt1/2)y, (6)
e in the quantum setting
compd"@™ (Int, F"P) = O(e=V/rtptD)y, (7)

In the randomized setting, besides of the average error, we will also need to know the distribu-
tion of the error. Let ¢°P* be the optimal randomized algorithm. Using the upper complexity
bounds and Markov’s inequality we get

°(

with cost bounded by Ce='/("+,+1/2) for some positive constant C. Using the standard
technique for boosting the success probability by repeating the algorithm and taking the
median of the results we get that there exist an algorithm ¢ and a positive constant C' such
that for any g € F?, e > 0 and ¢ € (0,1/2) we have

°(

(Jy 9@z — 67 (9)?) 2 4
(2¢)2 =424

/0 ) wf(g)] > 26) < (

/Olgu)dxas(g)\ >s) <
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with cost
cost™4(g) < Ce /TP H1/2 16g(1/5). (8)

The proof of this statement is very similar to [9, Lemma 3].
We also need some results on the approximate solution of initial-value problems of the form

{ 2'(z) = g(z(x)), z € [a,b]

z(a) =n ’ (9)

where a < b, g : R? — R?, 2 : [a,b] — R?. The input of an algorithm is a function g which
belongs to the Holder class

oled
o _ fr.Rd d rpd _
G’ ={f:R"= R feC'(RY, 8x?1...8x3df(x) <D, |af=0,1,...m
olel Hlel

e 10 e — < Hllz —yllP, |o| =7, z,y € RYY,

g ) g f0)| < e =l ol =y € R
where r >0, p € (0,1], & = (o, ...,a4), |a] = a1 + ... aq, D and H are positive constants,
and ||-|| = || - |lco. The output of an algorithm is a bounded function approximating z. Denote

the e-complexity of this problem by comp,(IV P,G”). There are known complexity bounds
of this problem (see [23] for the deterministic setting, [18, 19] for the randomized setting and
[16] for the quantum setting):

e in the deterministic setting

comp® (IV P, G5?) = O(e =1/ (r+0)y; (10)

e in the randomized setting

comp™™(IV P, G}*) = O(e=V/(rtrtl/2)y, (11)

e in the quantum setting

compdU @t ([V PGPy = O(e= Y/ rHeti=n)y, (12)

for arbitrary v € (0,1) (constant in big-O notation in the quantum setting may depend on
7)-

4 Complexity bounds for median approximation

4.1 Upper bounds

First we will present a theorem that states the upper complexity bounds on the approximation
of the median of an absolutely continuous distribution in the deterministic, randomized and
quantum setting for both: the absolute and the residual error criterion.
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Theorem 1 There exist positive constants CH2™, CIY and C#2 which depend on r, p, D
and 7y, and C4uant  Cdet gnd Crand which depend on r, p and D, such that for any € > 0 the

e-complexity of the approximation of the median satisfies

abs

) 1 /(r+p+1) 1
compglﬁj;t(F“”) < Qauant (> log ~ loglog —,
€ € €

det det 1 1/(r+p) 1
Compseabs( p) Cags <8) log g’

4 4/ 1/(r+p+1/2) , 1
comp(#70) < g 1) log? L.

res

1 /(r+p+1) 1
compi(17) < e (1) log - loglog .

) ) Ve
complt (7)< C (1) o,

res

1 > 1/(r+p+1/2)

1
2
comp(ry ) < cie (£ log? L.

Proof: To prove this theorem we construct general algorithms ¢3°*, ¢ and ¢t These
algorithms combine the bisection method for solving the nonlinear equation G(z) = 0 for

f f(t)dt —1/2 and the numerical integration. For the positive parameter € and z;, ¢ =

1,2,... bemg the successive bisection points let G; be the approximation of G(x;) computed
by optimal deterministic, randomized or quantum integration algorithm with precision € with
probability at least 1 —g§"a»d/auant iy the randomized and quantum setting, respectively, where
§rand = g2 /Moge =17 and §94a1t = 1/(4[loge~1]). That is

|G — G(z;)| < e with probability at least 1 — rand/auant, (13)

The successive interval is chosen based on these approximate values G;. Note that the inte-
gration problem in Section 3 is defined on interval [0,1]. Here, to compute G(z;), we need
to compute the integral on [0,x;] for z; € [0,1]. However, we may pass to the interval [0, 1]
by substitution of variable and integrate the function f(x;t) instead of f(¢). Such defined
function still belongs to F™* and bounds on the cost and the error of the algorithm will not
change.

The bisection algorithm works in the following steps:

1. Set a=0,8=1andi=1.

2. Set x; = QTW Compute G; by the optimal integration algorithm in the respective
setting.
If |G| < € Or i = imqq = [loge™!] then finish and return £ = z;.
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3. If G; > 0 then set o := o and (8 := z;.
If G; < 0 then set o := x; and g := 5.
Set i := 1+ 1. Go to step 2.

Note that the bisection procedure finishes when for some ig, |Gj,| < € or ig = imaz = [loge™1].
The algorithm returns the value é = 24,. In all previous steps ¢ = 1,2,...,%9 — 1 we have
|G;| > . So, due to (13) if G; > 0 then G(z;) = G; + G(z;) — G; > G; —e > 0 (with
probability at least 1 — §ra»d/auant in the randomized and quantum settings). Similarly, if
G; < 0, then with the same probability we have G(x;) < 0. So, with probability at least
(1 — grand/auant)imes the last bisection interval contains the median. If the algorithm finishes
when i = image, then with probability at least (1 — §rand/auantyimes e have |¢ — €| < e. With
the same probability, if the algorithm finishes when |G;,| < &, then

|G($i0)| < |G($20> - Gio‘ + |Gi0| < 2e.
So, we have
|G(E) — G(&)| < 2¢ or |€ — €| < & with probability at least (1 — §rand/auantyimas (14)

We now state the error bounds. Consider first the residual error. Due to (14), |G(£) —G(€)| <
2 or |G(€) — G(€)] < sup, e |G/ ()| | — €] < DIE — €] < De. Thus,

eres(f, ¢det/rand/quant) < max{2,D}5.

This holds with probability at least (1 — grard/auantyimes > 1 _ ;- grand/quant — Recall,
that imee = [loge™1], 6™ = £2/[loge~!] and §9%#"* = 1/(4[loge~']). Thus, in the ran-
domized setting 1 — iy00 6774 = 1 — [loge™!]e2/[loge™] = 1 — €2 and 1 — ipq, 0920 =
1 — [loge=*]/(4[loge™']) = 3/4 in the quantum settings.
Hence we have

eduant (e gauanty < max{2, D}e (15)

res

and
edet (1P ety < max{2, D}e. (16)

res

To get the residual error bound in the randomized setting, note that always e“(f, *#"d) <
1/2. So we have in the randomized setting

(e 0)" = sup [ ((f )PP )

rer”)
—sw ([ Eremrape
fer,?

ew (f,¢rard)<max{2,D}e
(¢ (f,0)2dP(w) ) < (max{2, D})* e+ 1/4¢%
ew (f,¢rard)>max{2,D}e

Thus,

erd(FrP ¢) < \/(max{2, D})2 + 1/4e. (17)

res
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Let us pass to the absolute error. Recall that we have an additional assumption, that f(z) > v
for all 2 € [0,1]. Note that G(§) — G(£) = f(¢)(§ — €) for some ¢ € [0,1]. Hence, we have
1€ — €| < |G(€) — G(E)|/7. So, due to (14), |€ — ¢| < max{1,2/y}e with probability at least
1 — iy 0720d/aQuant iy the randomized and quantum settings. Hence, as in the case of the
residual criterion, we have

el M (P, ) < max{1,2/7}e, (18)
eare(F10, ¢%") < max{1,2/7}e (19)

and
el (F7, ¢) < /(max{1,2/7})% + 1e. (20)

Let us state the cost bounds. In the quantum setting, cost of one bisection step is the cost
of computing one integral in G(z;). Recall that 69Ut = 1/(4[loge*]). Due to (7) this
cost is for both criteria bounded by (the cost bound here is multiplied by a factor of order
log(1/§9%a1%) to get the success probability at least 1 — §9uant)

1\ Vet 1\ /)

O (5) log(1/69%2%) | = O (€> log(4[loge™'7)
1 1/(r+p+1)

=0 (€> logloge™' | .

The maximum number of bisection steps is at most 4,4, = [loge™1]. So, the total cost is

1\ Vot
A

cost M (FP @) < cost 1" (FP ¢) = O <<€ loge*loglog 5_1> . (21)

In the deterministic setting, due to (5), the cost of one bisection step (cost of computing the
approximation G; of G(z;)) for both criteria is of order O ((1/6)1/(r+p)). The number of
steps is at most imqe = [loge™!]. Thus, the total cost is bounded by

det 0 det det 0 det 1 1/(7"""/)) —1
cost™ (Fy”, ¢°") < cost " (F11,6°") = O | | = loge . (22)
’ €

In the randomized setting, due to (8), since §"*"4 = £2/[loge~!], the cost of one bisection
step is

1/(r+p+1/2) 1/(r+p+1/2) S
1 1 loge
of(- log(1/s™ ) | =0 | | = 1
((5) og(1/ )) ((6) g~ )
1\ Y/ (rpt1/2) 1\ Y/ (rpt1/2)
=0 (a) (logloge™ +1loge™2) | =0 (6) loge™t |.

So, the total cost in the randomized setting is

1\ ro+1/2)
Costrand(FlT,p, ¢rand) - Costrand(Pﬂl?‘,’/;7 ¢rand) =0 () 10g2 5—1 ) (23)
’ 3
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The bounds (15-20) show that in all cases the accuracy is O(e). Thus (21-23) prove the
theorem statement. 0

4.2 Lower bounds
The following theorem presents the lower bounds on the complexity of approximating the
median in the deterministic, randomized and quantum settings.

quant _det rand cduant det  rand

Theorem 2 There exist positive constants C,p ", Copes Cape s Cron 'y Cros» Cras . and €g, such

that for any e € (0, &)

res

1/(r+p+1)
uant 7Y uant
Compg,res (Fl ) > Cr (6) ’

) o (1\ V)
T7
complt(F1) 2 et (1)

res

1/(r+p+1/2)
compd(#7) > ezt (1) ,

)

1 > 1/(r+p+1)

quant ,0 quant [ -+
Compe,abs (Fl,’y) Z Cabs (6

) e (1O
t 0 t
Comps,eabs(Fl,'y) > caleas (8) ’

1>1/<r+p+1/2>

rand 0 rand
Comps,abs(Fl,—y) 2 Cabs (E

Proof: We will prove the theorem above by reducing the problem of approximating the mean
of the discrete sequence to the problem of approximating the median of the distribution. Let

€1 > 0 be a parameter to be specified later on. The class F™* contains n = © (51_1/(“")))

functions h;, i = 1,2, ..., n, with disjoint supports in the interval [0,1/4] and g;, i = 1,2,...,n
with disjoint supports in the interval [3/4, 1] such that

1 1
/hl(x)dx = /gi(x)dx = E}H/(Hp), max h;(z) = max g;(z) =ce1, i=1,2,...n
336[011] 326[0,1]
0 0

for some constant ¢ (see [20], p. 35). The support of h; (i = 1,2,...,n) is the interval (2, 1)
and the support of g; is (2 + =1, 3 + ;L) Thus all functions h; for i = 1,2,...,n are equal
to 0 outside the interval [0, 1/4] and all functions g; are equal to 0 outside the interval [3/4, 1].
Let x1,%2,...,z, be a sequence of real numbers in [0,1]. Then the function f., (z) = 1+

n n
Z xihi(z) — Z z;9i() belongs to the class Fy’? C F"".
i—1 -1

Note that for ;Llfﬁciently small £; we have 2/3 < f,, () < 2 for all € [0,1]. Let £ be the
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median of f.,. Since 1/2 = fog fer (x)dx = £ fe, (n) for some 1 € [0, 1], we have £ = 1/(2f., (n))
and 1/4 < ¢ < 3/4. This yields that on the interval [0, £] all functions g; are equal to 0. Thus,

1/2 = /gfel(x)dx = /E <1 + ixﬁtﬂx)) dzx = 1//4<1 + ixﬂﬂx)) dx + /£ ldx
0 0 =1 0 =1 1/4

=1/4+ e VN g 46— 1/40
=1

Thus

—~ _ 1)2-¢
> wi= 1/ +p)
i=1 €1

Suppose that algorithm ¢ (deterministic, randomized or quantum) computes the median of
the distribution with a density function f with error at most ¢ and cost @, for any function
fe F{ﬁ , and in particular for f = f.,. Denote the result of the algorithm ¢ for function f.,
by é Note that

1€ —¢l

1+1 :
el D)

1/2 ¢

1+1
el )

Tr; —

1
n

n
i=1

For the residual error using fe, () > 2/3 we have

/0 oo - / for(@)da

1
for some 7 € [0,1]. Hence, algorithm ¢ also computes the mean — ZCEZ with error at most
i=1

C
S R— , where C' = 1 for the absolute criterion and C' = 3/2 when the residual
nsiﬂ/(rﬂ)) €1

criterion is used.

= el 1€~ €12 SIE - €],

We now use lower complexity bounds for the problem of computing the mean of n real num-
bers from [0, 1] presented in Section 3.

Consider first the quantum setting. Recall that n = © (Efl/(r”)). We take g1 = e("2)/(moth),
From (4) the cost @ of the algorithm ¢ satisfies

Q= Q(min{n,e1/e}) = Q (5*1/(7‘+p+1)) ‘

Let us pass to the deterministic setting. We have that n > Gel_l/(r+p) for some G > 0. Take

€1 = 4Ce/G. From (2) we have that the cost of algorithm ¢ is bounded by

2Ce 2Ce
Q=QIn|l-——F =Q(n—- ————
n€}+1/(7+/’) 6}Jrl/(7+p)

_Q (Ggl—l/(w) B ;Gslsl‘l‘”"“*”)) _q (571/<r+p>) ,
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In the randomized setting, we take e, = e("+?)/("+p+1/2) "From (3) we have

Q=0Q (min {n, (61/6)2}) =0 (57W) =0 (E*W) .

The cost of any algorithm for computing the median must be at least (). This yields the desired
lower bounds on the complexity in the deterministic, randomized and quantum settings. [
Note that, since the lower and the upper complexity bounds match up to a logarithmic factor,
the algorithms presented in Section 4.1 are almost optimal.

5 Complexity bounds for computing of quantiles
5.1 Problem formulation

In this section we consider the problem of approximation of the vector of quantiles of an
absolute continuous distribution. Let f be a density function. Suppose that for kK € IN we are
given a vector a = (ay, as, ..., a;) € [0,1]%. Our aim is to approximate the vector of quantiles
£ = (&,&,...,&), such that [;* f(z)dr = ay, f§2 fl@)dx = as,..., 05’“ f(z)dx = aj. We
assume here that function f is separated from zero and belongs to the Holder class Fy”
defined in Section 2. We use the absolute error criterion, thus the local error of algorithm ¢
approximating the vector of quantiles £ for the density function f is defined by:

o(f.¢) = max |§ —&l, (24)

where é = (517 52, e ,ék) is the approximation returned by the algorithm ¢. The global error

in the class Ffs , the cost and the complexity are defined similarly as in Section 2.

5.2 Complexity bounds

The following theorem presents the complexity bounds for the problem of approximation of
the vector of the quantiles.

Theorem 3 There exist positive constants CAant (Cdet  Orand = cquant = cdet —prand gy g oo
which depend on r, p, D and v, such that for any k € N, a € [0,1]* and ¢ € (0,g0) the
e-complezity of quantiles approzimation problem satisfies

)

1)1/(T+p+1—5)

1 1/(r+p+1)
t quant ¢ 7or,p t
- (2) < comp () < 0 (2

1 1/(r+p) - 1 1/(r+p)
cdet <5> < comp{Sy, (F17) < C9* (€> ;

1\ M ret1/2) 1\ VOHot1/2)
e (1) < comptt (%) < ¢ (2

for an arbitrary 6 € (0,1) (C** may depend on 6).
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Proof: Let f € F|. Define the function F : [0,1] — [0,1] by F(z) = fox f(®)dt. Let

G = F~! be the inverse of F. Then, £ = (&,&2,...,&) = (G(a1),G(as),...,G(ak)). Note
that G is the solution of the initial-value problem

1
G'(x) = ——, z€[0,1], G(0)=0. (25)
f(G(z))
Since f € FyY, the function 1/f(x) is also Hélder continuous with the same parameters r

and p, but with different constant D dependent on D, r and . Let [ be the approximation
of G returned by the optimal algorithm solving initial-value problems in the Holder class
(deterministic, randomized or quantum). Then, the approximation of £ is defined by

é: (517527' .- 75’6) = (l(al)vl(az)’ .- '7l(ak))'

The upper bounds on the complexity of the problem of approximating of the vector of quantiles
follow directly from the upper bounds on the problem of solving the initial-value problems
presented in Section 3.

The lower bounds follow from the lower bounds on the complexity of approximating of the
median presented in Section 4.2. O

6 Remarks

Note that the upper bounds for the problem of approximating the vector of quantiles improve
slightly the bounds on the problem of approximating the median in the deterministic and
randomized setting for the absolute error criterion (by a logarithmic factor). This is the result
of different proof techniques. However, the algorithm for computing the median presented in
Section 4.1 is much simpler. These bounds match the lower complexity bounds. All the other
bounds are almost sharp.

The information cost of the algorithm for computing the vector of quantiles (and so the
complexity upper bounds for this problem) does not depend on the parameter k. Only the
combinatory cost grows with the length k of the vector of quantiles.

Note that in the definition of the error in the randomized setting any L, norm for 1 < p < oo
instead of Lo norm may be used and the result will not change significantly. The upper bounds
for the residual error follow from the local residual error and the derivation of equation (17).
The upper bounds for the absolute error follow similarly. The lower bounds for the error in
L, norm can be derived similarly as in Section 4.2 using the complexity of computing the
mean subject to the choice of the norm.
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Appendix A

We use in this paper standard definitions of the error in the randomized and quantum settings
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— the probabilistic error in the quantum setting and the expected error in the randomized
setting. These definitions are not equivalent. The definition in the randomized setting seems
to be more demanding. However, for the problems considered in this paper one may simply
pass from one definition to the other. To justify the speed-up of a quantum computer it
is sufficient to show suitable lower complexity bounds in the randomized setting using the
bounded probability error (as in the quantum setting) or upper complexity bounds in the
quantum setting using the expected error. It is quite straightforward to prove that the
bounded probability error cannot significantly reduce the randomized complexity. Suppose
that we have the optimal randomized algorithm having error ¢ with probability p > 3/4.
Using the standard technique of boosting the success probability by repeating the algorithm
O(log(e71)) times and taking the median of the results (see [9, Lemma 3]) we get an algorithm
with error & with probability 1 — 2. Since the error is always deterministically bounded by
1 we can show similarly as (17) that the average error of this algorithm is bounded by O(e).
Thus, the cost of the boosted randomized algorithm is bounded from below by the complexity
bounds from Theorem 2 and the cost of the original randomized algorithm may be reduced
only by a factor proportional to (log(e~1))~1.

On the other hand, it is easy to show that when we define the error in the quantum setting
similarly as in the randomized setting the upper complexity bounds for the approximation of
the median will grow only by a logarithmic factor. It is sufficient to take the failure probability
parameter 6991t = ¢2 /[log e =17, similarly as in the randomized setting, in the definition of
the algorithm and repeat the reasoning leading to (17).

Note that for absolute error the assumption that the function is bounded away from zero is
necessary at least in some neighbourhood of the median. Without this assumption, in all
settings, the e-complexity of approximating the median in infinite for sufficiently small €.
Consider the the deterministic setting. Let f,, s € F"” be the function with support in the
interval (m—4§/2,m~+4/2) and with the median equal to m. Let a = fol fm,s(t)dt. Let g € F™P
be the function, such that g(x) = 0 for all = € [1/4,3/4], " g(t)dt = [, g(t)dt =1/2—a/2.
Consider the deterministic algorithm ¢ that uses n function values. Let z1,x2, ...z, be the
information points of algorithm ¢ for function g. For 6 < 1/(8(n + 1)) there exist points
my € [1/4,3/8] such that fp,, s(z;) = 0 for i = 0,1,...,n, and my € [5/8,3/4] such that
fma,s(x;) = 0 for ¢ = 0,1,...,n. Define two functions hy = g+ fim,s and ho = g+ fim,.s
belonging to F;*”. Both functions share the same information and are indistinguishable by
the algorithm ¢. The medians of these functions are equal to m; and mgy, respectively. Since
mg —my > 1/4, the error of algorithm ¢ is at least 1/8. Thus, the problem cannot be solved
with precision less than 1/8.

We can prove in the similar way (see the proof of Thm 1 in [14]) that the complexity in the
randomized setting is infinite for sufficiently small €. In the quantum setting the statement
follows from the fact that the quantum qubit e-complexity (the minimal number of qubits
needed to solve the problem with precision €) is bounded from below by the deterministic
2e-complexity (see [24, Thm 8.1]). Thus, when the problem is unsolvable in the deterministic
setting, it remains unsolvable in the quantum setting.



