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1 Introduction

Suppose that two separated labs, but in a possibly entangled state, are conducting quantum
experiments. In this case we let p(i, j|v, w) denote the conditional probability that if the first
lab conducts experiment v and the second lab conducts experiment w, then they get outcomes
i and j, respectively. If each lab can conduct one of n experiments and each experiment
has k outcomes then the set of all such conditional probability densities, p(i,jlz,y), is a
set of non-negative n?k2-tuples. A subject of a great deal of current research has been
the study of various mathematical models for what should constitute the set of all such
bipartite conditional quantum probabilities, also called quantum correlations, beginning with
Tsirelson [1, 2] and continuing with [3, 4, 5, 6, 7, 8, 9, 10]. In particular, the Tsirelson
conjectures ask whether or not several different mathematical models for these conditional
quantum probabilities yield the same sets. Whether or not two of these models yield the
same sets of densities is now known to be equivalent to Connes’ embedding problem [3, 4, 5].

We will describe these models carefully later, but for now it is enough to know that if
we let Cy(n, k) denote the set of conditional probability densities p(i, j|x,y) arising from the
most commonly used (and smallest) model for n experiments with & outcomes each, and let
Cyc(n, k) denote the larger set of conditional probability given by what is called the quantum
commuting model, then Connes’ embedding conjecture is equivalent to determining if the
closure of the smaller set is equal to the larger set for all n, k.
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600 The Delta Game

Recently, W. Slofstra [9, 10] has shown that for n about 100 the set C;(n, 8) is not closed.
But it is still not known if its closure is equal to Cye(n,8). Slofstra’s proofs rely heavily on
some very deep results in the theory of finitely presented groups, and give little information
about the geometry of these sets, or what happens for smaller values of n and k.

Another topic of current interest is attempting to compute the quantum value of the I3300
game, which can be viewed as finding the supremum of a linear functional defined on Cy(3, 2),
and deciding if it is actually attained. If it was known that Cy(3,2) was closed, then, since this
set is bounded, it would be compact, and we would at least know that the value is attained.
This has been the subject of a great deal of research [11, 12, 13, 14]. The lack of a resolution
to this problem illustrates how little we understand about the sets Cy(n, k) even for relatively
small values of n and k.

Many authors believe that I3300 does not attain its quantum value, over the set of quantum
densities arising from this standard model for densities and hence that C,(3,2) is not closed.

In this paper we introduce and study a game, brought to our attention by R. Cleve, that
we call the Delta game. It is a simplification of the I3320 game, in the sense that the linear
functional that one needs to maximize to find its value has more symmetries.

We reduce the number of parameters further by requiring that all of our quantum prob-
ability densities are synchronous. A conditional probability density is synchronous provided
that whenever both labs conduct the same experiment, then they must get the same outcome,
i.e., for every v, p(i, jlv,v) = 0 whenever ¢ # j. The subsets of synchronous densities, which
we denote, Cy(n, k) C Cy(n, k) and Cj.(n, k) C C;.(n, k), respectively, are potentially easier
to describe. Following [7], we refer to the maximum of the value function of a game over all
synchronous densities as its synchronous g-value and synchronous qc-value, respectively.

Finally, we attempt to gain even more knowledge of the geometry of the set of synchronous
correlations by adding on the constraint that certain marginal probability densities are a fixed
value t. In this manner, we obtain two functions of ¢ that correspond to the constrained
synchronous g-value and synchronous gc-value of the Delta game.

Our main result is that these two functions are equal for all ¢ and that for each t the
supremum that defines the synchronous ¢-value is attained.

Our results lead us to believe that the set of all 3 input, 2 output synchronous quantum
probability densities given by the standard model, C§(3,2), is closed, while it is widely believed
that C,(3,2) is not closed. In fact, that it is believed that I3z does not attain its value and,
consequently, that C,(3,2) is not closed.

Note added in proof: Since this paper was written, we have shown in [15], using essentially
a constrained value function and an extension of this game, that the set of 5 input, 2 output
quantum probability densities given by the standard model, is not closed.

2 Preliminaries

Recall that a general two person finite input-output game G, involves two noncommuni-
cating players, Alice (A) and Bob (B), and a Referee (R). The game is described by
G = (Ia,1,04,05,\) where I4,Ip,04,0p are nonempty finite sets, representing Al-
ice’s inputs, Bob’s inputs, Alice’s outputs and Bob’s outputs, respectively, and with A :
Iy xIpx 04 xOp — {0,1} a function.

For each round of the game, Alice receives input v € I4 and Bob receives input w € Ip
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from the Referee and then Alice and Bob produce outputs i € O4 and j € Op, respectively.
They win if A(v,w,4,j) = 1 and lose if A(v,w,,7) = 0. The function A is called the rule or
predicate function.

Suppose that Alice and Bob have a random way to produce outputs. This is informally
what is meant by a strategy. If we observe a strategy over many rounds we will obtain joint
conditional probabilities p(i, jlv,w) for the event that Alice outputs ¢ on input v and Bob
outputs j on input w. For this reason, any tuple (p(i, j|v, w))ico.,je0p,vela,wely Satisfying

p(4,jlv,w) >0 and Z p(i, jlv,w) =1,V v e ls,w € I,
1€04,j€0B

will be called a correlation.
A correlation (p(i, j|v,w)) is called a winning or perfect correlation for G if

that is, it produces disallowed outputs with zero probability.
If we also assume that the Referee chooses inputs according to a known probability dis-
tribution 7 : Iy x Iz — [0, 1], that is,

m(v,w) >0 and Z m(v,w) =1,

(v,w)eElaxIp

then it is possible to assign a number to each correlation that measures the probability
that Alice and Bob will win a round given their correlation. The walue of the correlation
p = (p(4, jlv,w)), corresponding to the distribution 7 on inputs, is given by

V(p,m) = Z AMv,w, 4, §)m(v, w)p(i, v, w).

©,5,0,W

Note that a perfect correlation always has value 1 and, provided that w(v,w) > 0 for all v
and w a correlation will have value 1 if and only if it is a perfect correlation.

The value of the game G with respect to a fixed probability density 7 on the inputs over
a given set F of correlations is given by

wr(G,m) =sup{V(p,n):p € F}.

Because the set of all correlations is a bounded set in a finite dimensional vector space,
whenever F is a closed set, it will be compact and so this supremum over F will be attained.

A finite input-output game as above is called synchronous provided that I, = Ig := I,
O4 = Op := O and for all v € I, A(v,v,4,j) = 0 whenever ¢ # j. This condition can be
summarized as saying that whenever Alice and Bob receive the same input then they must
produce the same output. A correlation (p(i,j|v,w)) is called synchronous provided that
p(i,jlv,v) =0 for all v € T4 and for all ¢ # j. Note that when G is a synchronous game, then
any perfect correlation must be synchronous.

In this paper we are interested in studying the A game, which is a synchronous game, and
computing w(A, F) as we let F vary over the various mathematical models for synchronous
quantum correlations. We now introduce these various models for quantum densities.
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Recall that a set, {Ry}}_,, of operators on some Hilbert space H is called a positive
operator valued measure (POVM) provided Ry > 0, for each k, and >, _; R, = I. Also a
set of projections, {Py}}_,, on some Hilbert space H is called a projection valued measure
(PVM) provided Y ;_, P, = I. Thus every PVM is a POVM.

A quantum correlation for a game G means that Alice and Bob have finite dimensional
Hilbert spaces Ha and Hp, respectively. For each input v € I, Alice has a PVM — {P, ;}ico
on H 4, and similarly for each input w € I, Bob has a PVM — {Qu;}jeco on Hp. They also
share a state h € Hy ® Hp (||h]| = 1) such that

(i, jlv;w) = ((Po,i @ Qu,j)h, h) -

The set of all (p(4, j|v, w)) arising from all choices of finite dimensional Hilbert spaces H 4, Hp,
all PVMs and all states h is called the set of quantum correlations denoted by Cy(n,m).

Another family of correlations are the commuting quantum correlations. In this case there
is a single (possibly infinite dimensional) Hilbert space H and for each input v € I, Alice has
a PVM {P, ;}ico, and similarly for each input w € I, Bob has a PVM {Q, ; },c0, satisfying
P, iQuw,j = Qu,jP,,; (hence the name commuting). They share a state h € H (||h|| = 1) such
that

p(iv.ﬂv’w) = <(PU7iQw7j)h’ h> :

The set of all (p(4, j|v,w)) arising this way is denoted by Cjy.(n,m) and is called the set of
commuting quantum correlations.

Remark 1 In the above definitions one could replace the PVM’s with POVM’s throughout,
and this is used as the definitions of these sets in many references. Since there are more
POVM’s then PVM’s one might obtain larger sets, say C .(n,m) and ch(n m). But, in fact,
Cq(n m) = Cq(n,m) and ch(n m) = Cyc(n,m). The fact that C (n,m) = Cq(n,m) follows
by a simple dilation trick. On the Hilbert space Ha, one simply uses a Naimark dilation
to enlarge the space to K4 and dilate the set of POVM’s to a set of PVM’s on K. One
similarly dilates Bob’s POVM’s to PVM’s on Kg and then considers the tensor products of
these PVM’s on Ka ® K. The proof that éqc(n, m) = Cye(n, m) is somewhat more difficult
and can be found in [4, Proposition 3.4], and also as Remark 10 of [3]. A third proof appears
in [6]. We shall sometimes refer to this as the disambiguation of the two possible definitions.
Remark 2 By Theorem 5.3 in [8], Cy(n,m) C Cyc(n,m), with (p(i,jlv,w)) € Cq(n,m) if
and only if (p(7, jlv,w)) € Cye(n,m) such that the Hilbert space H in its realization is finite
dimensional.

There is yet another correlation set denoted by Cyect(n, m) that is often called the set of
vector correlations. It is the set of all (p(i, j|lv, w)) such that p(Z, jlv, w) = (T4, Yu ;) for sets
of vectors {z,; : v € I,i € O},{yw,; : w € I,j € O} in a Hilbert space # and a unit vector
h € H, which satisfy

(a) xy; L 2y and yyi L 4o ; for all 4 # j in O.

(b) ZiEO Ty,i = h = ZjEO Yw,j for all v, W € I.
(¢) (@virYw,j) > 0forall v,we I and i, jeO.

Since all of the inner products appearing in the above definition are real, there is no generality
lost in requiring H to be a real Hilbert space as well. These correlations have been studied
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at other places in the literature, see for example [16] where they are referred to as almost
quantum correlations and they can be interpreted as the first level of the NPA hierarchy [17].
Vector correlations also appear in [18] where they were used to approximate quantum values
for unique games.

The above correlation sets are related in the following way

Cy(n,m) C Cye(n,m) C Cyect(n, m) C R”2m2, (1)

for all n,m € N and they are all convex sets. It is known that the sets Cyc(n,m) and
Cyect(n,m) are closed sets in R™* ™ Set Cya(n,m) = Cy(n,m) so that

Cq(nvm) c an(nam) - an(na m)7 (2)

for all n,m € N. W. Slofstra [10] recently proved that there exists an n and m such that
Cy(n,m) is not a closed set. Hence Cy(n,m) is in general a proper subset of Cy,(n, m), but
whether or not they are different for all values of n, m is unknown. It also remains an open
question to determine whether Cyq(n, m) = Cyc(n,m) for all n and m or not. In [3], it was
proven that if Connes’ embedding conjecture is true then Cyq(n,m) = Cyc(n,m) for all n
and m. The converse was proven in [5]. Thus we know that Cyq(n, m) = Cyc(n,m), Vn,m is
equivalent to Connes’ embedding conjecture.

For t € {q, qa, qc, vect}, let C§(n, m) denote the subset of all synchronous correlations. The
synchronous sets C;(n,m) are also convex for ¢t € {q, qa, gc,vect}. The set of synchronous
commuting quantum correlations, Cgc(m m), may be characterized in the following way.

Let A be a unital C*-algebra. Recall that a linear functional 7 : A — C is called a tracial
state if 7 is positive, 7(1) = 1, and 7(ab) = 7(ba) for all a,b € A.

Theorem 3 (Theorem 5.5, [8]) Let (p(i, jlv,w)) € C5.(n,m) be realized with PVMs
{Pyi v € I}ico and {Qu,; : w € I}jeo on some Hilbert space H satisfying P, ;Qw ; =
Quw,j Py, and with some unit vector h € H so that p(i, j|lv,w) = (Py;Quw,jh, h). Then

(a) Pyih=Qyh forallvel,ieO;

(b) p(z’,j|v,w) = <(Pv,iPw,j)h7 h‘> = <(Qw7ij,i)h’ h> = p(jaﬂw’ U);

(c) Let A be the C*-algebra in B(H) generated by the family {P,; : v € I,i € O} and
define 7 : A — C by 7(X) = (Xh,h). Then 7 is a tracial state on A and p(i, jlv,w) =
T(Pv,ipw,j)-

Conversely, let A be a unital C*-algebra equipped with a tracial state T and with {e,; :
v e liec O CAa family of projections such that Y, 5ep; = 1 for all v € I. Then
(p(i, jlv,w)) defined by p(i,jlv,w) = 7(ev iew, ;) is an element of Cj.(n,m). That is, there
exists a Hilbert space H, a unit vector h € H and mutually commuting PVMs {P, ; : v € I}ico
and {Qu ;1 w € I}jeo on H such that

p(i,j|v,w) = <(P1),1'Qw,j)hah> = <(Pv,ipw,j)hah> = <(Qw,ij,i)ha h>

This theorem and Remark 2 lead to the following characterization of Cy(n,m):
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Proposition 4 We have that (p(i,jlv,w)) € Cg(n,m) if and only if there exists a finite
dimensional C*-algebra A with a tracial state T and with a family of projections {e,,; : v €
Ii € O} C A such that ) ,coevi = 1 for all v € I and p(i, jlv,w) = T(eyi€w, ;) for all
i, J,V,W.

The set of synchronous vector correlations is described in the next proposition.

Proposition 5 We have (p(i, jlv,w)) € C2

vect

(n,m) if and only if
p(i, jlv, w) = (Ty 5, T 5)

for a set of vectors {x,; : v € I,i € O} C H with z,,; L x,; when i # j, 2211 Ty = h for
some unit vector h € H, and (xy ;, Ty j) > 0.

The synchronous subsets satisfy inclusions as in expression 2,

Ci(n,m) C Cy,(n,m) C Cy.(n,m) C Cy.pp(n,m) CR"™

vect

and since Cyq(n,m), Cye(n,m), and Cyecr(n, m) are closed sets it is easy to see that their
synchronous subsets are also closed. We can also ask the synchronous analogues of the
questions described before. It is easy to see that, Ci(n,m) = Cy(n,m) = C{(n,m) =
% (n,m), but there is no a priori reason that the converses should hold. It is shown in [7]
that Cg(n,m) = C;.(n,m) for all n,m € N is equivalent to Connes’ embedding conjecture.
In [19] it is shown that Cf(n,m) = C?,(n,m), i.e., that a synchronous density that is a limit
of densities in Cy(n,m) is a limit of synchronous densities in Cy(n, m).
The questions described above can be formulated in terms of values of games. If we restrict
wr (G, ) to the synchronous subset F* of F, we obtain the synchronous value of the game G
given the probability density 7 defined by

wr(G,m) =sup{V(p,7):p € F°}.

As before we write this as wf (G, 7) when F = Cy(n, m). The following proposition relates the
synchronous values of a game to Connes’ embedding conjecture.

Proposition 6 (Proposition 4.1, [7]) If Connes’ embedding conjecture is true, then we
have wq(G, T) = wye(G,7) and wi (G, 7) = w;.(G,7) for every game G and every distribution
.

Remark 7 It is not known if the converse of any of these above implications is true. That
is, for example, if wy(G,T) = wqee(G,7),YG, ¥, then must Connes’ embedding conjecture be
true?

We now introduce the Delta game.

3 The Delta Game

The Delta (stylized as A) game is a nonlocal game with three inputs and two outputs. We
have I = {0, 1,2} as the input set and O = {0, 1} as the output set (thus n = 3,m = 2). Out
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of the 36 possible tuples (v, w,1,7), allowed rules (v,w,i,j) € I x I x O x O are

(0,0,0,0), (0,1,0,1), (1,1,0,0), (1,2,0,1), (2,2,0,0), (2,0,0,1),
(0,0,1,1), (0,1,1,0), (1,1,1,1), (1,2,1,0), (2,2,1,1), (2,0,1,0),

whereas the disallowed rules are

(070707]‘)’ (0?]"070)7 (]‘7]‘70?]‘)7 (]"27070)’ (2723071)7 (2707070)’
(0,0,1,0), (0,1,1,1), (1,1,1,0), (1,2,1,1), (2,2,1,0), (2,0,1,1).

The remaining 12 tuples (v, w,,7) are also all allowed.

The first 12 allowed rules may be visualized as in Figure 1. The allowed edges (0, 0), (1,1)
and (2,2) are shown with dashed lines while (0,1),(1,2),(2,0) are shown with solid lines.
The dashed lines are even while the solid lines are odd. This means that if Alice and Bob are
given inputs joined by dashed lines then they return outputs with even sum; and in the other
case they return outputs with odd sum.

Alice Bob

Fig. 1. A game rule function.

Alice and Bob receive inputs according to the uniform distribution 7 = (7(v,w)) on the
set of inputs

E= {(070)’ (17 1)7 (2, 2)’ <07 1)7 (1’ 2)7 (27 0)};

that is, m(v,w) = ¢ for all (v,w) € E (and zero otherwise). To compute the synchronous
value of the game given the distribution 7 we first compute the value of a single correlation
p= (p(ivﬂvvw))’ which is,

2 1
Vip, ) = é (Zzp(i,uv,v) +p(i,i+ v, v+ 1)) ,

v=0 i=0

where the sum over i is done mod 2, while the sum over v is done mod 3. The value of the
game then becomes,

1
wi (G, m) —sup{ (ZZ;D (iyilv,v) + p(i,7 + v, v—i—l)) :p(i, jlu, w) 605(3,2)},
=01:=0

where t € {q, qa, qc, vect}. Denote the expression inside the braces by,

— <22p2 ilv,v) 4+ p(i,i + v, U+1)>

v=0 ¢=0
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We will use Theorem 3 and Proposition 5 to simplify 6 and to obtain expressions involving
operators and vectors in the case of ¢ = gc and t = vect, respectively. Moreover, when ¢t = ¢,
by Remark 2 it suffices to proceed as in the case t = gc using Theorem 3 to simplify 5, but
restricting to the case of operators on finite dimensional Hilbert spaces.

We first handle the ¢ = gc case. By Theorem 3, a correlation (p(i, j|v,w)) is in C;.(3,2)
if and only if there exists a C*-algebra A of B(#H) generated by a family of projections
{A,; i =0,1and v = 0,1,2} satisfying A, o+ A,1 = Iy for v € {0,1,2} and a tracial
state 7 : A — C such that p(4, jlv,w) = 7(A4y,iAw,;) = ((AviAw,j)h, k), for some unit vector
h € H. For notational convenience we define

Ap = Aoy, Ay = Ajp, Ay = Asp.

Then Ay =1y — Ay = I3y — Ay o for v € {0,1,2}. Using this we can rewrite 0 as

-
] -

5: p(l,Z|U,U)+p(Z,Z+1|U,’U+1)
v=0 =0
RS
= 6 T(Ay,iAvi) + T(AyiAvitivr)
=0 i=0
1 1 1S
§+ﬂ%+m+@p52ﬂ&&m.

v=0

We now define a “parameter” 6 by setting
1 1¢
= gT(Ao + A1+ Az) = 3 ;P(Oa 0lv,v),

which enables us to write § as

2 2
~ 1 1
0= 5 + T(A() + Al + AQ § E: A Av+1 = + 0 — g E T(AUAU+1). (3)

v=0
Similarly, in the t = vect case, using Proposition 5 and proceeding as in the previous
paragraph, writing x; for z; o, we see that  is given by
2
~ 1 1 1
0= >t3 (o + 21 + 22, h) — 3 7;)<%7%+1>7

for some set of vectors {x¢, z1, 2, h} in some Hilbert space H satisfying ||h|| = 1 and, for all
v and w,

2y L (h—xy), (v, Tw) >0, (Tyy h — x4y >0, (h — @y, h — ) > 0.
Notice that , L (h — x,) implies (z,,h) = (z,,2,). Again letting 0 = % (zg + z1 + z2, h),
we may write

2

~ 1 1
9:§+9f§§:@mﬁﬁg. (4)

v=0
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For each t € {q, qa, qc,vect}, let ©F denote the set of all points (0,5) € R? that can be
obtained from correlations (p(i, j|v,w)) € C§(n,m) in the manner described above. Since the
above equations defining # and g involve linear combinations of p(i, j|v,w), the map sending
(p(i, jlv,w)) € R36 to (6,6) € R? will be linear.

We want to see how ©F behaves under different values of ¢. It is easy to verify that each
©f is a convex set since it is the image of the convex set C7(n, m). Moreover, since C§(n,m)
is compact for ¢t € {qa, gc,vect}, it follows that ©; is also compact (and hence closed). To
find ©f, it is enough to compute the following two functions for each 6,

f1(0) =sup{0: (0,0) € ©F},  f1(0) =inf{0: (6,0) € O},

where u and [ stand for upper and lower, respectively. We also need to determine if the
supremum and the infimum are attained or not. Notice that in the gc case, in order to find
the supremum (resp., infimum) of g=1 1+0— 12):0 7(AyAyi1), we need to find the infimum
(resp., supremum) of the quantity Zv 0T (A Ayq1). A similar statement holds for the vect
case.

In the gc case, notice that since A,’s are projections and 7 is a state we get, 0 < %T(A() +
A1+ Ay) < 1. Similarly in the vect case, by the Cauchy-Schwarz inequality we get 0 < %(xo +
21 +x2,h) < 1. Hence 0 < 6 < 1. Conversely, if § € [0, 1], then we can always find projections
Ag, A1, As in some C*-algebra with a tracial state 7, such that %T(AO + A1+ Ay) =0.

It is evident that G)Z C @Za - @s C ©F

vect*®

Theorem 8 Fort € {q, qa,qc}, we have

146 foro<g<l
1 310 forl <g<i
1 _ U _ 4 3 =7 =2
0)=— 0) = 5
fO=3  FO={ & oiZ,23 )
3 - for 2 <6<1.
Moreover, we have
1 140 foro<f<i
'leect(e) = 57 3ect(9) = W f07” % S 0 S % <6)
509  fori<o<l.

In all of the these cases, the infimum and supremum are attained by both f;' and fL. Since
(0,0) € ©3 if and only if 0 < 0 < 1 and f1(0) < 6 < f(0), we see that O3 is a closed set in
R? for each t € {q,qa, qc,vect}. In particular, we have

62 = 62 - @ZC g G)f)ect (7)

The functions as obtained in Theorem 8 are shown in Figure 2.
The fact that the functions fy., and f. are different allows us to deduce the following.

(3,2) and consequently, Cye(3,2) C Cyect(3,2).

vect

Corollary 9 We have that C;.(3,2) € C;
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0.9 +

> 0.7

0.5

col—
rol—
ol

—

Fig. 2. Plots of fé = fquect, fit and f ., from Theorem 8

Remark 10 There is another larger set of correlations that we could have considered, the
nonsignalling correlations. For a definition, see [20]. If we let C2 (n,k) denote the set of
synchronous nonsignalling correlations, then it is shown in [20] that the set CZ,(n,2) is a
polytope. If we let f*, denote the analogous function obtained by taking the supremum over the
set of synchronous nonsignalling correlations, then the fact that the set of such correlations is
a polytope implies that fY, would be piecewise linear. Hence, fi.. # frs and we can conclude

that Ciect(& 2) g C'ISLS(3? 2)

4 The Case of t = vect.

In this section, we compute f! ., and f%_, to prove (6) in Theorem 8. We will employ the
symmetrization provided by the next lemma.

Lemma 11 O3 ., is equal to the set of pairs (0,0) with 0 < 8 < 1, such that there exist
vectors xg,T1, T2, h in a Hilbert space with the properties:

(a) [|R] =1,
(b) Vv <xv>h> = <$L'U,CCU> =0, -
(¢) Yv (xy,xyy1) =5 >0, whereHZ%—ﬁ-e—B and 20 -1 <3 <6.

Proof. By Proposition 2.4, and the discussion in Section 3, O}, is the set of pairs

(0,0) such that there exist vectors xg, x1,z2, h in a Hilbert space H with the properties that
2]l = 1, for all v and w, we have

<£Ev,h> = <1‘U,l‘v>, <131),£Ew> >0, <$U,h—1'w> >0, <h_mvah_1‘w> >0

and, moreover,

2

v=0 v=0
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where 6 = % + 6 — 8. The conditions appearing in the lemma are precisely these, but with

the additional requirement that the quantities (z,,h) and (x,,z,+1) are the same for all
v € {0, 1,2}. However, given xq, x1, xa, h satisfying these weaker conditions and considering

~ 1 1
h:%(h@h@h), ivzﬁ(xUEva_H EBJ:UJ,-Q)

in the Hilbert space H®3, we see that Zg, 71, EQ,E satisfy the stronger conditions and yield
the same pair (60,6). O
We now prove the part of Theorem 8 involving the case t = vect.

Theorem 12 The functions

'tlzect(o) = lnf{g (07 g) € eisject}7 f'})tect(o) = Sup{§: (075) € efject} (8)

are given by

l ! %+€2 f0r0<9§ %
vect(e) = 57 :;Lect(e) = W f07’ 3<0< % (9)
B9 for2<f<l.

Moreover, both the infimum and supremum are attained, for all values of 6 € [0,1].

Proof. Fix 0 € [0,1]. By Lemma 11, we are interested in the set of 8 such that there exist
vectors xg, 1, T2, h in some Hilbert space satisfying the conditions listed there. Let y, = h —
x,. Consider the Gramian matrix G associated with the seven vectors h, g, 1, T2, Yo, Y1, Yo.
The conditions of Lemma 11 imply that this is the 7 x 7 matrix

1 0 0 0 1-0 1-0 1-0

0 0 3 3 0 05 0— 3

0 3 0 3 08 0 0— B

G=1| 0 B B 0 08 0—p 0
1-6 0 60-8 60-8 1-60 1+B8-20 1+8-20
1-6 6-8 0 60-8 14B-20 1-60 1+B-20
1-60 6-8 6-8 0 1+5-20 1+5-20 1-6 |

and furthermore, that G is positive semidefinite and
max(0,20 — 1) < 3 <46. (10)

Conversely, assume that we are given a positive semidefinite 7 x 7 matrix. Then it is
the Gramian of some set of vectors, h,xg,x1, T2, Y0, Y1,y2 and we claim that these vectors
satisfy the relations given in Lemma 11. To see this note that ||h||*> = 1, while ||z;]|> = 6
and ||y;||> = 1 — 6. The zeros in the matrix yield that z; L ;. Thus, ||z; + ;|| = 1. The
fact that (h,x; +y;) = w+ (1 —w) = 1, together with Cauchy-Schwarz inequality yields that
h = x; + y;. The rest of the relations follow similarly. Thus, we are interested in the set of 3
that satisfy (10) and yield a positive semidefinite matrix G given above.
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We apply one step of the Cholesky algorithm, and conclude that the 7 x 7 matrix G is
positive semidefinite if and only if the following 6 x 6 matrix G’ is positive semidefinite:

0—02 B—02 B—0> 02—0 0>—B 6>2—3
B0 0-62 B—62 2—B 02—0 0>—8
B0 B—02 00> 2—B 62-53 62-90
020 02-8 02-8 0-0> B—6> B—0?
028 0-62 02—8 B—0> 0-0> B—6°
028 02— 02-0 B—0> B—0> 60— 062

—A

This matrix G’ partitions into a block matrix of the form {_ A A

} , where

A:

8 &8 2
8 2 8
2 8 8

with @ = § — 0% and 2 = B — 0#?. Thus the matrix G’ is positive semi-definite if and only
if A > 0. Using the determinant criteria we see that A > 0 if and ouly if || < a and
223 — 3ax? + a® > 0. Simplifying we see that A > 0 if and only if —5 < < a. Substituting
the values of a and x, we find that the Gramian matrix G is positive semidefinite if and only
if

302 -0

<p<0.

Thus, the set of all possible § is the set satisfying

2 _
max{392 9,29—1,0} <pg <.

This becomes

0<B<O for0<60<3
W0 <B<O for <0< 2
20-1<pB<6 for2<6<1.

Thus, we obtain the values (9) and we have that the infimum and supremum in (8) are
attained. 0.

5 The Cases t € {q, qa, qc}.

In this section, we compute f! and f# when t € {q,qa,qc} to prove (5) in Theorem 8. We
begin with a symmetrization lemma, analogous to Lemma 11.

Lemma 13 The set O}, (resp., ©;), is equal to the set of pairs (0,0) with 0 < 6§ <1, such
that there exists a C*-algebra A (resp., a finite dimensional C*-algebra, A) with a faithful
tracial state 7 and with projections Ag, Ay, As € A such that for all v,

T(A,) =0, T(Ay A1) = B, (11)

wheregzé—i—G—ﬁ.
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Proof. By Theorem 3 and the discussion in Section 3, (6, 5) belongs to ©;, (respectively,
@2) if and only if there is a C*-algebra A (respectively, a finite dimensional C*-algebra A),
with a faithful tracial state 7 and projections Ag, A1, As such that

i i
g ZT(AU) = 9, g Z A AU+1 B
v=0 v=0

where § = % + 6 — 5. But if such exist, then we can consider the C*-algebra A=A Ad A
with the trace 7 = %7’ &) %T o %T, and projections A, = Ay ® Ayy1 @ Ayqo that satisfy the
stronger requirements of the lemma that include (11). 0.

We now have some C*-algebra results.

Proposition 14 Let A be a unital C*-algebra with a faithful tracial state 7. Let A and P be
hermitian elements in A. If AP — PA # 0, then there exists H = H* € A such that, letting
f(t) = T(A(etPe=t)) for t € R , we have f'(0) > 0.

Proof. If H € A is hermitian, then
£/(0) = ir(AHP — APH) = ir((PA — AP)H),

where we used the fact that 7 is a tracial state. Supppose AP—PA # 0. Let H = i(PA—AP).
Then H is hermitian and f/(0) = 7(|PA — AP|?) > 0, where the strict inequality follows
beacuse AP — PA # 0 and 7 is a faithful state. [J.

Corollary 15 Let A be a unital C*-algebra with a faithful tracial state 7. Fiz 6 € [0,1]. Let
8= mf{ T(AB + BC + CA) : A, B,C € A projections, 7(A) = 7(B) = 7(C) = 9}.

If there exist projections Ag, B, Co in A such that 7(Ag) = 7(Bg) = 7(Cp) = 0 and g =
%T(AoBO + BoCy + CQA()), then

[Ag, By + Co) = [Bo, Co + Ao] = [Co, Ao + Bo] = 0.

Proof. We will show that Ay commutes with By+Cy and the other commutation relations
follow by symmetry. Let P = By + Cy. Suppose, for contradiction, that [Ag, P] # 0. Then,
by Proposition 14, there exists H = H* € A such that if f(t) = 7(A¢(e'?*Pe~"1")), then
f'(0) > 0. Fix some small and negative ¢ such that f(t) < f(0). Letting B; = e*#*Bye~*H!
and C, = e'"*Cye "t we see that B; and C; are themselves projections in A and 7(Bt) =
7(Ct) = 0. But then for our value of ¢,

T(A()Bt + BtCt + CtA()) = T(AQ(Bt + Ct) + BtCt)
( ( thP 71Ht)) +T((ethBoefth)(ethCOefth))
= f() + 7(BoCo) < f(0) +7(BoCo) = 36,
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which implies that § is not the infimum, contrary to hypothesis. Thus, Ay commutes with
By + Co. .

We now consider the universal unital C*-algebra 2 generated by self-adjoint projections
A, B, and C satisfying the commutator relations

[A,B+C]=[B,A+C]=[C,A+ B]=0. (12)

This is the C*-algebra that one obtains in the following manner. First form the universal
unital complex algebra A generated by three noncommuting variables A, B and C. Each
time that we have a set of three self-adjoint projections on a Hilbert space H satisfying
the above equations, they induce a representation of this algebra, 7 : A — B(H). Setting
[||ul]| = sup ||7(u)||, where the supremum is over all such representations defines a seminorm
on A. The elements of norm 0 are a 2-sided ideal, 7, and this seminorm induces a norm on
A/J. The completion of A/ 7 is what we mean by 2. It has the universal property that given
three projections P4, P, Po on a Hilbert space, H, satisfying the relations, then there exists a
unique *-homomorphism 7 : A — B(H) with 7(A+7) = Pa,n(B+J) = P, n(C+J) = Pe.

Proposition 16 The universal C*-algebra 2 described above is isomorphic to CE@&M,, where
My is the space of 2 X 2 complex matrices, and wherein

A:O@O@O@O@l@l@l@l@(é 8>,
V3
4

3)’
4

_ V3

4

3 )
4 4

Proof. We will describe all irreducible x-representations of 2l on Hilbert spaces. Let

BzO@O@l@l@O@O@l@l@(

| > =
‘ N ‘& !
S

C—O@I@O@IGBO@IGBO@I@(

Y =2(B+C)—(B+C)* el

By the commutation relations (12), ¥ commutes with A. We also note that Y = B+ C —
BC — CB and
BY =B-BCB=YB,

namely, that Y commutes with B. Similarly, Y commutes with C. Hence Y lies in the center
of 2. Thus, under any irreducible *-representation 7, ¥ must be sent to a scalar multiple of
the identity operator. In other words, we have

(B4 C —BC —-CB)=n(Y) = Ar(1)

for some A € C, so that
m(CB) € spanr ({1, B,C, BC}).

Similarly, we have

m(CA) € spant ({1, 4,C, AC}), m(BA) € spant({1, A, B, AB}).
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Since 2 is densely spanned by the set of all words in the idempotents A, B and C, we see
m(A) = spanﬂ'({l,A, B,C,AB, AC, BC, ABC}).

This implies that dim 7 () < 8. Since 7(2) is finite dimensional and acts irreducibly on a
Hilbert space H, it must be equal to a full matrix algebra. Considering dimensions, we must
have dimH, < 2.

The irreducible representations 7 of 2 for which dim H, = 1 are easy to describe. They are
the eight representations that send A, B and C variously to 0 and 1. We will now characterize
the irreducible representations 7 of 2l for which dim H, = 2, up to unitary equivalence. Let
7 be such a representation. From the commutation relations (12), we see that, if 7(A) and
m(B) commute, then also 7(C') commutes with 7(A) and with 7(B), and the entire algebra
m(2A) is commutative. This would require dimH, = 1. By symmetry we conclude that no
two of m(A), m(B) and 7(C') can commute. In particular, each must be a projection of rank
1. After conjugation with a unitary, we must have

= 0) o=(arn 1)

for some 0 < t < 1. Since 7(B) + 7(C) must commute with 7(A4), we must have

m(C) = (_ a m) ,

t(l — t) C22

for some c11, co2 > 0. Since 7(C) is a projection, the only possible choices are (i) ¢117 =t and
ca2 =1 —tand (ii) ¢;; = 1 —t and ¢g2 = t. But in Case (ii), we have n(C) = I, — 7(B),
which violates the prohibition against 7(C') and 7 (B) commuting. Thus, we must have

7T(C):( t —Mﬂl—ﬂ).

t(1—1t) 1—t

Now, using that 7(A) + 7(B) and 7(C) commute, we see that we must have ¢ = 1 and we

easily check that this does provide an irreducible representation of 2. )

To summarize, up to unitary equivalence, there are exactly nine different irreducible rep-
resentations of 2, one of them is two-dimensional and the others are one-dimensional. Thus,
2l is finite dimensional and is isomorphic to the direct sum of the images of its irreducible
representations, namely to C® @ My, with A, B and C as indicated. .

We now prove Theorem 8 for the cases t € {q, qa, gc}.

Theorem 17 Fort € {q, qa, qc}, the functions

Fl0) =int{0: (0,0) €07}, f(0) =sup{d: (6,0) € O]} (13)
are given by
%—1—0 f0r0§9§%
1 310 forl<9<l
l 0) = -, u(g) = 4 3 =7 =2 14
fO=5  BO=00 2,5 (14
379 for%ﬁﬁgl.

Moreover, both the infimum and supremum are attained, for all values of 6 € [0, 1].
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Proof. Fix 6 € [0,1]. From the inclusions (7), we conclude

1.(0) < f1,(0) < fL(0) < £1(0) < 1 (0) < f(6).

To find f}.(0), by Lemma 13, we should find the supremum of values § such that there exists
a C*-algebra A with faithful tracial state 7 and with projections Ag, Ay, As such that

Yo, 7(A,) =0, T(AyApr1) = B. (15)

By Cauchy-Schwarz, 8 < 0. But taking A = C & C with A, = 1 ® 0 and an appropriate
trace T shows that 8 = 0 occurs, and in a finite dimensional example. Thus, we find f!.(0) =
THOESS

To find f;.(¢), again using Lemma 13, we should find the infimum By of values 8 as
described above. Since O, is closed, this infimum is attained. Thus, there exists a C*-
algebra A with tracial state 7 and projections Ag, A1, As such that (15) holds with 5 = (.
Morover, by the proof of Lemma 13, we have that 3y equals the infimum of %T(AB+BC+CA)
over all projections A, B, C' in some C*-algebra with faithful tracial state 7 such that 7(A) =
7(B) = 7(C) = 6. Thus, Corollary 15 applies and the commutation relations

[Ao, A1 + Ag] = [A1, Ag+ Ag] = [A2, Ag+ A1) =0

hold. Thus, there is a representation of the universal C*-algebra 2l considered in Proposi-
tion 16, sending A to Ag, B to A; and C to As. So, using Gelfand—Naimark—Segal repre-
sentations, in order to find Sy, it suffices to consider tracial states (faithful or not) on . In
particular, By is the minimum of all values of 8 > 0 for which there exists a tracial state 7 on
2 satisfying

T(A)=7(B)=7(C)=6, 7(AB)=171(AC)=71(BC)=25. (16)
Since A is finite dimensional, we get f..(6) = f;'(0).

An arbitrary tracial state of 2 is of the form

8
11 T12 S
A DA = tix;i | += +
7—< 1D DA D <x21 1‘22)) jEZI Y 2(m11 Z92),

for some t1,...,ts,s > 0 satisfying ¢; + - -- +tg + s = 1. The conditions (16) applied on A, B
and C' as in Proposition 16 become

s s s
t5+t6+t7+t8+§:t3+t4+t7+t8+§:t2+t4+t6+t8+§:ea

trdtts+ o =tgttg b o =ty ttgto =0
7 8 8_6 8 8_4 8 8_

These are equivalent to
t :1+3B—39+§—t8

tQ:t3:t5:9—26—Z+t8

S
ti=to=tr=f——1s.
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Thus, writing ¢ = tg, B is the minimum value of 8 such that there exist s,t > 0 such that
the inequalities

1+3ﬂ—3&+§—tzm 0—2B—Z+t20, 6—§—t20

hold. This is a linear programming problem. We solved it by hand using the simplex method
and also (to check) by using the Mathematica software platform [21]. The solution is,

0, 0<h<3
360—1 1 1
Bo=d 1 303
560—2 1 2
T 250<3
20-1, 2<6<1,

which, using fg:.(0) = 1 46 — By, yields the values given in (14). O.
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