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We study quantum information transmission in a Heisenberg-XY chain where qubits are
affected by quasi-local environment action and compare it with the case of local action
of the environment. We find that for open boundary conditions the former situation
always improves quantum state transfer process, especially for short chains. In con-
trast, for closed boundary conditions quasi-local environment results advantageous in
the strong noise regime. When the noise strength is comparable with the XY interac-
tion strength, the state transfer fidelity through chain of odd/even number of qubits in
presence of quasi-local environment results smaller/greater than that in presence of local
environment.
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1 Introduction

Quantum state transfer from one site to another is a key task in the field of quantum in-
formation and quantum computation [1]. In addition to its essential role in quantum com-
munication protocols, it is required for connecting small quantum processors in a quantum
computer. Moreover, it might help us to get deep understanding of the behavior of natural
systems, particularity biological systems [2]. Transmitting information demands a physical
system to serve as quantum channel, through which a quantum state is carried. There exist
some schemes considering qubits as the electronic states of trapped ions and transfer quantum
information between ions through their Coulomb mutual interactions [3], vibrational mode
(bus-mode) [4] or photons [5].

Recently, Bose exploited nearest-neighbor interactions of Heisenberg-XY chain to perform
swap operations to transfer quantum state from one end to another along the chain with
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232 Quantum information transmission through a qubit chain with quasi-local dissipation

some fidelity [6]. Despite the previous protocols [7] applying external controls (which are
decoherence sources as well) to switch coupling between qubits to transmit information, this
protocol does not need any external control on the interconnecting qubits between the input
and output qubits. An experimental implementation of the protocol based on Josephson
junction array is provided in [8]. Then, Datta et. al. in [9] proved that fixed but different
couplings can provide perfect state transfer in Heisenberg-XY chain.

Considering the unavoidable noisy effects in the dynamics of real quantum systems as
well as the necessities of miniaturizing devices applied in quantum technologies like quantum
computers, it may happen that nearest-neighbor qubits in Heisenberg-XY chain become so
closely spaced to experience the same environment effects [10]. Inspired by this fact, we would
like to investigate quantum state transfer in a Heisenberg-XY chain with open and periodic
boundary conditions in the presence of “chained” (quasi-local) environments and compare
the results with the case of local environments. This investigation may address the question
of whether one should allow the qubits interact through chained environments or realize a
situation in which each qubit interacts with its own environment.

Here, we found that chained environments in comparison with local ones, giving rise
to indirect interactions between contaminated qubits, facilitates information transfer over a
(short) chain with open boundary conditions. However, due to quantum interference phe-
nomena, these noise induced links enhance/suppress the transfer process through the chain
with periodic boundary conditions depending on its even/odd number of qubits.

The paper is organized as follows. We introduce the model and the master equation
governing its dynamics in Sec. 2; then we describe the strategy to solve such equation and
consider the fidelity as a measure of information transfer efficiency. In Sec. 3, we present
the solution for XY chain with open boundary conditions, analytical for the smallest non
trivial length (3 qubits) and numerical for longer (up to 10 qubits). The results for chains
with periodic boundary conditions are provided in Sec.4, again analytical for the smallest non
trivial length (3 qubits) and numerical for longer (up to 10 qubits). Finally, conclusions are
drawn in Sec. 5.

2 The model

We shall consider a chain of qubits with nearest-neighbor Heisenberg-XY interactions, a model
realized in both condensed-matter [11] and quantum computing [12]. The Hamiltonian of the
Heisenberg-XY chain is given by

N
Hyy=¢ Z (UHUILH + Ulgn-s-l)’ (1)
n=1
where o; := |0)(1| and |0) (resp. |1)) is the ground (resp. excited) state of the ith qubit and ¢
represents the coupling strength between nearest-neighbor qubits. Furthermore N’ for chains
with open and periodic boundary condition equals N — 1 and N respectively, being N the
total number of qubits in (length of) the chain (in closed boundary conditions the (N + 1)th
qubit coincides with the 1st). The Hamiltonian (1) is hence defined on the Hilbert space H
(of N qubits) spanned by @ {|0);, [1);}.
Realistic quantum systems are generally open, always exposed to surrounding environ-
ment. Thus, we must take into account the influence of external environment to get a proper
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understanding of the real dynamics of quantum physical systems. Here we shall consider
quasi-local (or chained) environments affecting the Heisenberg-XY chain as well as local en-
vironments.

e
/AN

Fig. 1. Schematic diagram of 4-qubit chain with chained environments (a) and local environments
(b). Rectangles denote qubits, straight lines XY interaction, and ellipses/circles environments.

In the former case, as shown in Fig.1la, each individual qubit dissipates into two environ-
ments: one common with its left and another with its right nearest neighbor [13]. The time
evolution of the global system consisting of IV qubits that interact with each other according
to Eq.(1) as well as with chained environment is described by the following master equation:

N/
p=Dilp) = ~i[Hay o) + > 7 [2 (00 + 0uin) p (oh + o)
n=1

Al ok ool @

in which + is the dissipative parameter and {, } denotes the anti-commutator.

In the latter case, as can be seen in Fig.1b, each individual qubit dissipates only, and in-
dependently, into its local environment. The master equation governing the system dynamics
of the Heisenberg-XY chain in presence of local environments can be written as

p= DQ[p] = —1 [Hwyvp] + Z Y I:QUTLPUIL - {Ulanvp” : (3)

n=1

In order to solve Egs. (2) and (3), we follow the same approach used in [14]. In the sense
that we start with the formal solutions p(t) = e'Pip(0), i = 1,2 and then substitute Taylor
expansion of eP::

t2
2!

tS

2

p(t) = p(0) +tD;p(0) + D} p(0) + ... (4)
As can be seen, repeated applications of the super operator D; to the initial state p(0) will
result in the state within the subspace of H,(y C H where H = H ® H* (being H* the
dual of H). In the case of small number of initial excitations e (e << N) that implies
dim(H,,) << dim(H) [15], we can expect to find analytical solutions. Therefore, applying
the super operator D; to the initial state p(0), we achieve closed relations determining a

complete set of operators {Il;} spanning IH, ), that is H,) = span{Il;}. Hence p(t) can be
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expanded in terms of them:
p(t) = Z a;i (t)IL;. (5)
K3

Substituting this into the corresponding master equation (Eq. (2) or Eq. (3)), we find a set
of coupled ordinary differential equations for the coefficients a;(t).

Once we have the density operator at any time, we consider the optimal average fidelity
between input and output states as measuring the goodness of information transfer. We set
the initial state of the chain as

p(0) = [¥)1(| ©0)2(0] @ ... ® [0)n (0, (6)

where
[4) = cos(6/2)|0) + sin(8/2)e™|1). (7)

Qubit 1 is considered as the input, while we label by o the output. It will be o = N for open
boundary conditions and o = (%} + 1 for closed boundary conditions. In such a way the
output qubit will always be the farthest from the input one.

After time ¢, the output state is obtained by reduced density operator of the output qubit
po(t) = Tryp(t), where Try means the trace overall qubit of the chain but the output (oth)
one. As we will show the dynamics imposes the following general form for output state at
qubit o in the basis {]0),]1)}:

(o) sin?(0/2) (t) sin fei®
polt) = (f(t)* sinfe~i¢ 1 —gg(t) sin2(9/2)) ' o

The time dependent coefficients ¢(¢) and o(t) will be explicitly derived in the next Sections.
Furthermore, we allow the possibility of acting a suitable unitary transformation V on the
output qubit. Therefore, the input-output fidelity is obtained as [16]

Flo = WIVpo(OV1), (9)
where V takes the general form V = 1:} 75 ) with |ul? + |v]? = 1. As we will see later V'

allows us to introduce phase shifts on the off-diagonal elements of the output density matrix
and affects the fidelity [17]. The average fidelity can be found by integrating over all input
states, that is over the Bloch sphere:

1 T 27 1 1
F1‘,/o = 4—/ df sin(@)/ d¢f1‘{0(9, O, t) = -+ = {2g|u|2 + 2(§u*2 + C*u2) — Q} . (10)

We then maximize it over V obtaining the optimal value of u to be

Uopt = ei{1/2 tan~—! [I’m(g’)/Re(g’)]+sgn[Re(g)]7r/2}. (11)

Hence the optimal average fidelity F}" Pl reads as

FY = % + % {g +4+/[Re(<)]? + [Im(g)P} : (12)
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3 Open boundary conditions

In this section, we shall consider a Heisenberg-XY chain with open boundary condition in
presence of quasi-local and local environments. First, we shall analytically calculate the
optimal average fidelity for the shortest non trivial chain with 3 qubits. Then, we shall
provide the results for longer chains by numerical calculations and analyze the effects of the
local and chained environments on the state transfer process.

3.1 Quasi-local environments

The master equation (2) for a 3-qubit chain with open boundary condition reads

p="Dilp] =—i& (0102 + 0102) + (0'20'; + 0503) ,p]
{2 (o1 +02)p (aif + a;) — {(UI + a%) (o1 + 02) ,pH

_|_
+ {2(02 +U3),0(U§ +09T,) - {(a;+o—§) (02 +U3),PH )
(13)

where we recall that £ denotes the coupling strength between nearest-neighbor qubits and ~
the dissipative parameter. Using the strategy mentioned in Sec.2, we get the set of operators
{II;} that span H, ) as follows:

Iy = [0)(0],

I, = [k) (K|,

Mogt2 = [k)(0] + |0) (K[,

o5 = i(|k){0] — |0)(k[),

Mogtora = [K)(IU + [1)(K],

Wopy2145 = i(|k)(I| — |1){k|), (14)

with k,1 = 1,2,3 and | < k. Here |k) stands for the chain state with a single excitation
located on the kth qubit. Expanding the density matrix as Eq.(5) and inserting into Eq.(13),
we find a set of coupled ordinary differential equations for the coefficients that are reported
in Appendix A. Just coefficients as, ag, a9 appear in output state. Solving the differential
equations for these coefficients (see appendix A) we find the output state (8) with

- %
sin?(0/2)

1 t t
== {6_27t — 2e~t/2 [cosh(%) COS(%) +

y cosh( %) sin(2%Y) + 2 cos( L) Slnh(%)}

2
4 2 + 92

—_

+ —e™3 [cos(*yty) + cosh(vytz) +

[\

2y sin(yty) + 2z sinh(~tx) — cos(yty) + cosh( ’yta:
x2 492
(
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and
ag + i(lg
{) =89
<@ sin(0)e?®
t .
Lot o=37t/2 Nt _ tanh (%(z + zy))
= + 1 cosh (?(m + zy)) 1+ P , (16)
where
£)\2 £ 3 1/2
- 8(£)2 4 /81 +112(£)2 4 64(5 )4
- 5 ,
1/2
—9+8(5)2 + /81 4+ 112(5)? + 64(5)*
g R v (17)

Y= 9
Inserting Eqgs.(15) and (16) into (12), we get

1 1 1 1 t t
FoPl— - — 4 — {6_2'”5 [1 + 56_7t [cos(ty) 4 cosh(ytz)] — 2e~7¢/2 cosh(%) COS(%)

-1 t t
672 (f[cosh('ytm) — cos(yty)] + x sinh(%) +y sin(%)

+:c2 + 92 \2
ta t ta ty ]2 ’
— 272 sinh(2=2) cos(“=2) + y cosh(1—2) sin(ﬁ)]) +1p .
2 2 2 2
(18)
3.2 Local environments
We rewrite Eq.(3) for a chain of three qubits with open boundary condition
S Dol — t. ot
P 2 (0] i€ | (o104 + ojo2 ) + (020} + 0303 ), p
+17 201p0] = olorp - polon]
T T o7
+ {202002 0902p 00202]
+7 [203,00;; —olosp — pO’;O’g] . (19)
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Then, the action of Dy on the initial state p(0) of three qubits (of which the first is the input
one) leads to the subspace H, ) spanned by

10)401,
k) (K|,
Mot = [k)(0] +[0) (K],

o3 = i(|k){0] — |0)(k]),

o = i(|2) (1] — [1){2]),

Iy = [3)(1] + [1)(3],

o = i(|3) (2] — [2)(3), (20)

1Ty
1T,

with & = 1,2,3. Substituting Eq.(5) into Eq.(19) we get the set of ordinary differential
equations reported in Appendix A together with its solutions. Using them we arrive at the
elements of the reduced density operator for the third (output) qubit

R §t)
= e sin? [ == |,
¢ (ﬁ
1 ¢t
¢ = ——e gin? () )
2 V2

Finally, thanks to Eg.(12), the optimal average fidelity reads:

N[ —

1
FB =-+ 5 {o+ 4k}

S () ()

We are now going to compare the effects of local and quasi-local noise on information
transfer in Heisenberg-XY chain. Fig.2 (a,b) show Eq.(18) (blue dots) and Eq.(22) (red
squares) in two different noise regimes.

Fi Fi%
0.70; 0.70;
F

0.65] 070 0.65}
0.60 0.60

0.55 0.55}
0.50f 050

0.45f 0.45f

0 50 100 150 200" 0 50 100 150 200
(3)5217724 (b)£:177:20

Fig. 2. Optimal average fidelity between first and third qubits of a three-qubit Heisenberg-XY
chain with open boundary conditions in presence of chained (blue dots) and local (red squares)
noise. Insets magnify to short time behavior.
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According to inset of Fig.2 (a), when 7 is comparable to £ we observe residual oscillatory
behavior that comes from the Heisenberg-XY Hamiltonian dynamics. Also, chained environ-
ments induce indirect links between nearest-neighbor qubits and increase the fidelity with
respect to the local environments. The behavior in strong-noise regime (y >> £), inset of
Fig.2 (b), for local environments can be interpreted by the quantum Zeno effect. That is, re-
peated measurements on the quantum system can freeze its Hamiltonian evolution [18]. Here
the strong interaction of the quantum chain with its local environments, playing the role of
measuring apparatus, effectively decouples each qubit from its nearest neighbors in the chain
and leads to the lowest optimal average fidelity. In contrast, chained environments inducing
long-lived indirect interactions between contiguous qubits significantly enhance the optimal
average fidelity and quantum state transfer process.

In the long-time behavior the optimal average fidelity in presence of local environments
exhibits a fast decay to the value % (according to the law v~ 1), while there is a relatively long
timescale to reach such a value in case of dimerized environment. Actually this occurs on a
timescale of the order 10y for increasing values of v up until v = 20, after which it remains
the same. Notice that the value Fy” ? =1 can be obtained by taking the limit ¢ — oo in Egs.
(18) and (22) and it tells us that on average we get an output maximally mixed state.

Next, we have numerically solved the differential equations in I, obtained by Eqgs.(2)
and (3) for system’s size N = 4,...,10, found the optimal average fidelity (Ff’}\t,) between
the first and last qubits of the chain. Then we have numerically maximized Flo lj\t,(t) with
respect to the time ¢ and denoted the maximal value by F|"\" representing it for different
chain lengths in Fig.3.

FIR' FIRS
b [ ]
0.60} 0.60f
[ ] [ ]
™ [ J
0.55] ® Y 055} ° .
= ® o
n o o
| | [ ]
0.50f " m g o 050f ™ m ®m ®m ®m ®m ®m =m
0.45 ‘ ‘ : : N 0.45 ‘ ‘ : : N
2 4 6 8 10 2 4 6 8 10
(3)5:177:4 (b)£:177:20

Fig. 3. Maximum of optimal average fidelity between the two ends of the chain vs number N of
qubits with open boundary conditions in presence of quasi-local (blue dots) and local (red squares)
environments.

According to Fig.3, the fidelity of state transfer in both cases of local and quasi-local
noise decreases by increasing the chain’s length. This behavior, that is also reported in [6] for
Heisenberg-XY chain in the absence of noise, comes from the dispersion of information over
the chain (see also [19]). The better performance of quasi-local environment with respect to
the local one (which is more evident in the strong noise regime) tends to be washed out over
a length of more than 10 qubits.
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4 Periodic boundary condition

In this section, we study the effects of local and quasi-local environments on the efficiency
of state transfer through a chain having closed boundary conditions. Likewise the previous
section analytical calculations for the fidelity in the case of three qubits will be provided for
input qubit 1 and output qubit 3 (although it might have been output qubit 2 as well, due
to the symmetry of configuration, see Fig.4). Moreover, the fidelity for longer chains will be
evaluated numerically in this section.

(b)

Fig. 4. Schematic diagram of 3-qubit chain with periodic boundary condition in the presence
of chained environments (a) and local environments (b). Rectangles denote qubits, straight lines
XY interaction, and ellipses/circles environments.

4.1 Quasi-local environments

Eq.(2) for a three-qubit chain with closed boundary condition becomes:
p="Dilp] =—i& [(Jlag + O'IO'Q) + (Jgag + J%a;;) + (0301 + 0;01) ,p]
+7 {2 (01 +02)p (UI +U;) - {(UI +U§) (01 + 02) 7PH
+ 7 [2 (o2 +03)p (U; + Jg) — {(U% + Ug) (02 + 03) 7/)H
+7 [2(03+01)p(0§+01) - {(O’;+O’I) (03+01),pH .
(23)

Applying the operator D; on p(0) yields the complete set of operators as in Eq.(14) and a set
of ordinary differential equations that are reported in Appendix B together with its solutions.
Then the reduced density operator for the third qubit results as Eq.(8) with:

67271‘/
0o = 9 {1 +e 67 _9e73t7 cos(3t§)} ,
e
— = T oovt(igty) _ 1} ) 24
¢ —{e (24)

Finally, using Eq.(12), the optimal average fidelity can be found as

) 171 11
F1fst = 5 {3\/e2vt + e 87t — 2e=57 cos(3t€) + 1} ~ t5 (25)
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4.2 Local environments

The master equation governing the dynamics of a chain of three-qubit with periodic boundary
conditions is obtained from Eq.(3) as

p =Dap] = —i& {(0103 + 0102) + (CTQO'; + Ugag) + ((7301f + 0;01) ,p}
+7 [201,001 —olop— paial]

+v [202po§ — oloap — PU$U2}

+ {203;)0:; — 0';0'3[) — p0§03:| .
(26)

Then, one can arrive at the Eq.(14) and a set of ordinary differential equations for coefficients
a; that are reported in Appendix B together with its solutions. We can then find the elements
of the reduced density operator of the output (third) qubit:

4
0o = 5672“"581112(3155/2)7
¢ = —%e—vt—”ﬁ/?sin(?)tg/z). (27)

The optimal average fidelity results

e 11 o (12 L, (3te\ 1 2
Fl’gt = 5 — ge 2t {2 — gSlHQ <2) — T8[5+4COS (3155)} — gS’Yt

a(Z)[} ey

At the end, we compare the influence of local and quasi-local noise on the optimal average
fidelity. In Fig.5, we report the optimal average fidelity (25) and (28) for two different noise
regimes.

opt opt

F1,3 F1,3
0.70; 0.70;
0.65} 065;
0.60+ 0.60F
0.55F O.SS%E
050 0.50 paan o S
0.45¢ 0.45r
‘ ‘ ‘ . ‘ ‘ ‘ ‘ ‘ ‘ o
0 1 2 3 4 0.0 0.2 0.4 0.6 0.8 1.0 1.2 14
(a) §=1y=4 (b) £=1,y=20

Fig. 5. Optimal average fidelity between the first and third qubits of a closed three-qubit chain
with local (red squares) and chained (blue dots) environments.

As shown in Fig.5, when the dissipative parameter is not large enough to establish strong
environment-induced chain links in quasi-local case, due to the interference phenomena, local
environments are more efficient. Anyway, the decaying timescale can be considered v~! for
both kind of environment.
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To have a clear picture of the effect of these two kind of noise we report the maximum of
optimal average fidelity between the 1st and its farthest qubit (denoted by F"'*) for chains
with periodic boundary condition of odd and even sizes in Figs.6,7.

Flo" Flo"
oeol " 0.60}
[ ]
0.55} = ossf  ®
[ )
| = °
] °
0.50} 0.50f " " |
: : : N : : : S N
3 5 7 9 3 5 7 9
(a)E=1y=4 (b) E=1,y=20

Fig. 6. Maximum of optimal average fidelity between the first qubit and its farthest neighbor in
a closed chain of odd size (N = 3,5,7,9). Here o = [%] + 1 labels the output qubit affected by
chained (blue dots) and local (red squares) environments.

Flo" FioX
0.60} s 0.60} -
[ |
[ |
0.55] ° m 0.55} -
L n
[ )
0.50} 0.50} e ° ° °
0.45 : : : : N 0.45 : ‘ ‘ ‘ N
2 4 6 8 10 2 4 6 8 10
(3)621,7:4 (b)§:1,7:20

Fig. 7. Maximum of optimal average fidelity between the first qubit and its farthest neighbor in
a closed chain of even size (N =4, 6,8,10). Here o = [%] + 1 labels the output qubit affected by
chained (blue dots) and local (red squares) environments.

In the regime in which v is comparable with &, both Hamiltonian and dissipative terms
play relevant roles in the system’s dynamics. The wave function propagating in a closed chain
depending on the odd/even number of qubits experiences opposite phases, as a consequence
of the quantum interference phenomena, hence the induced links by dimerized environment
reduce/enhance the performance of information transfer (see Figs.(6a,7a)). In the strong
dissipative regime (v >> &), there is weak direct connection between qubits (due to quantum
Zeno kind effect) that implies """ ~ 0.5 in the case of local noise. However, the dimerized
case exploits the indirect induced connections and significantly enhances the state transfer
process on the chain (Figs.(6b,7b)). However, this higher performance is also decreasing by
increasing the system’s size.

5 Conclusion

We have studied the effect of two different kinds of dissipation, quasi-local and local, on quan-
tum state transfer precess in Heisenberg-XY chain with open and closed boundary conditions.
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We have shown that the chained environments inducing indirect connections between nearest-
neighbor qubits remarkably enhance the fidelity of state transfer in short chains (N < 10)
with open boundary conditions. In the situation of chains with closed boundary conditions
the same behavior is found in the strong noise regime. However, due to quantum interfer-
ence phenomena, distinct behaviors appear in the weak-noise regime: chained environments
decrease/increase the fidelity of state transfer in chains with odd/even number of qubits.
Going beyond the quasi-local dissipation model investigated here, we might claim that the
fidelity enhancement can be related to the spatial extension of non-local environment effects.
The obtained results highlight the relevance of the topology of environmental actions on a
set of Hamiltonian interacting qubits. A subject that deserves attention due the continuing
miniaturization of quantum devices.
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dz t) = —2’}/[0/10“) + a14(t) + QGQ(t)] + 25[0,15@) — au(t)],
(

= —7[aa(t) + ag(t )] + &aq(t),
as(t) = —vlas(t) + a7 (t)] — &ag(t),
ag(t) = —v[aa(t) + 2a6(t) + as(t)] + Elas(t) + ao(t)],
ar(t) = —ylas(t) + 2a7(t) + ag(t)] — Elaa(t) + Eas(t)],
as(t) = —vlae(t) + as(t)] + az (1),
ag(t) = —ylaz(t) + ag(t)] — £as(t),

ao(t) = —vlar(t) + az(t) 4+ 3ai0(t) + ar2(t)] + Las(t),
ar(t) = —vy[3a11(t) + ar3(t)] — &lai (t) — az(t) + ar2(t)],
ar2(t) = —vlaro(t) + 2a12(t) + ar3(t)] + €fai1 (t) — ais(1)],
a13(t) = —y[ar1(t) + 2a13(t) — a15(t)] — Elaio(t) — ara(?)],
a14(t) = —vlaz(t) + az(t) + a12(t) + 3a14(t)] — Lars(t),
a15(t) = —vlars(t) + 3a1s(t)] — Elaz(t) — as(t) — ai2(t)],

with the following initial conditions:

ao(0) =
as(0) =

a;(0)

cos?(0/2), ay = sin®(0/2),

1 1. .

e in(#) cos(¢), as(0) = B sin(6) sin(o),
0,Vi #0,1,4,5.

(A.2)

We only report solutions for coefficients as, ag, ag that are required to calculate the reduced
density matrix for the third qubit.

as

asg

+

L t t
— e 2t _9e50t/2 cosh(ﬁ) cos('y y)
4 2
y cosh(22) sin(2%Y) + 2 cos( ) smh(%)}

2 + y?

—e 3t [cos('yty) + cosh(vytz)

2y sin(yty) + 2z sinh(ytz) — cos(yty) + cosh('ytx)]
22 4 y?

sin?(0/2),

1 t . 1
ge*% {267”2 cos ¢ + e ¢ cosh[ (x — %)] (
x
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tanh[%t(x — 1ii5)] i ~t 164
z — 16i€/z )+e coshl5-(w+ = )}(Jr
tanh[”t (x + 1615)] )
+ - ToE x sin(6),
1 3+t . 162
ag = ge_T {—267”2 sing + ie™" cosh[’y;( - 6725)](1—1—
tanh[ % (z — 16?’5)] b vt 163¢
+ z — 16z ) — ie'? cosh[-(w + 7”( +
tanh[ % (z + 18] .
+ L 10 ) x sin(6). (A.3)

In the case of local environments, using Egs.(5) and (14) into (19), we get

ao(t) = 2v[as1(t) + az(t) + as(t)],

ar(t) = —2va1(t) + 28a10(t),

az(t) = —2vaz(t) + 2€lar2(t) — aro(t)],
az(t) = —2vas(t) — 28ara(t),

aq(t) = —yaq(t) + Ear(t),

as(t) = —yas(t) — Sas(t),

ae(t) = —yag(t) + €las(t) + ao(t)],
ar(t) = —vyaz(t) — Elaa(t) + as(?)],
as(t) = —yas(t) + az(?),

ao(t) = —yay(t) — Lae(t),

a10(t) = —2ya10(t) + €laz(t) — ar(t) — an1(?)],

a11(t) = —2va11(t) + Elaro(t) — ar2(?)],
a12(t) = —2ya12(t) + Elarr (t) + as(t) — az(t)],

(A.4)
with the initial conditions as Eq.(A.2) and the following relevant solutions
as(t) = e~ sin(t&/v/2) sin?(6/2),
as(t) = — e " sin?(16/V3) sin(6) cos(6),
ao(t) = —%wt sin? (£¢/v/2) sin(6) sin(6).
(A5)

Appendix B (Density matrix for closed boundary conditions)
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The time evolution of density matrix of a three-qubit chain with closed boundary con-
ditions interacting through XY Hamiltonian in presence of quasi-local and local noises are
given by Eq.(23) and Eq.(26), respectively. In the case of quasi-local noise, the coefficients
of Eq.(5) determining the density matrix are obtained through the following set of ordinary
differential equations:

ao(t) = 2v[ar(t) + az(t) + as(t)],

a1 (t) = —2yaa(t) + 2€[an (t) + ar3(?)],

as(t) = —2yas(t) + 2§[ar5(t) — ani(t)],

as(t) = —2yas(t) — 2§[ars(t) + ars (1)),

aa(t) = —yaa(t) + €lar(t) + ao ()],

as(t) = —vas(t) — &las(t) + as(t)],

ae(t) = —vas(t) + Elas(t) + ag(t)],

az(t) = —vaz(t) — &laa(t) + as(t)],

as(t) = —vas(t) + &las(t) + az(t)],

ag(t) = —vag(t) — &laa(t) + as(t)],

a10(t) = —2va10(t) + £fais(t) + ais(t)],

a11(t) = —2van1(t) + €laz(t) + awa(t) — ai(t) — ar2(t)];
ar12(t) = —2va12(t) + €lani (t) — ais5(t)],

ar3(t) = —2vai3(t) + Elas(t) + ara(t) — a1 (t) — a1o(t)],
a14(t) = —2ya14(t) — &lain (t) + ass(t)],

a15(t) = —2va15(t) + Efas(t) + ar2(t) — aa(t) — aio(t)], (B.1)

where the initial conditions read as Eq.(A.2).
The coefficients that we need to find the reduced density matrix of the third qubit read

az(t) = efgw {1+ e 97" —2e7%7 cos(3t€) } sin®(0/2),
ag(t) = e_(:t {737 cos(¢ — 2t&) — cos(¢ + t&) } sin(h),
ag () = %t (e~ sin(¢ — 2t€) — sin(¢ + ££) } sin(0). (B.2)

When the chain is affected by local environments, we get

ao(t) = 4v[ai(t) +az2(t) + as(t) + ao(t) + ar2(t) + a1a(t)],
ar(t) = —2v[2a1(t) + aro(t) + a12(t)] + 2£[a11 (t) + a13(t)],
ax(t) = —2v[2a1(t) + aro(t) + a1a(t)] — 2§[a11(t) — a15(¢)],

az(t) = —27[2a3(t) + ar2(t) + a1a(t)] — 2§[ar(t) + a15(¢)],
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ag(t) = —[2a4(t) + ae(t) + as(t)] + Elaz(t) + ao (V)]
as(t) = —[2a5(t) + ar(t) + ag(t)] - Elas(t) + as(P)],
ag(t) = —vlaa(t) + 2a6(t) + as(t)] + Elas(t) + ag (V)]
ar(t) = —rlas(t) + 2a7(t) + ag(t)] - Elaa(t) + as(t)],
ag(t) = —rlaa(t) + ae(t) + 2as(t)] + Elas(t) + ar(1)],
ag(t) = —as(t) + 2a9(t) + ar(t)] — laa(t) + as(D)],
aio(t) = —vlai(t) + az(t) + 4aio(t) + bi2(t) + a1a(t)]

+  lais(t) + ais(t)],

du(t) = —7[&13(t) + a15(t) + 4&11(t)]
+  laa(t) — ai(t) — aia(t) + ara(t)],

dlg(t) = —’y[al(t) + a3(t) + alo(t) + 4&12(t> + a14(t)]
+ Elan(t) — ais(8)];

aiz(t) = —vlari(t) + 4ais(t) + as(t)]
+ €laia(t) —ai(t) + az(t) — awo(t)],

a1a(t) = —v[az(t) +as(t) + aro(t) + a12(t) + 4aa(t)]
= &lan(t) + ais(t)],

a5(t) = —v[dars(t) — an(t) + ai3(t)]
+ €las(t) — az(t) — aio(t) + ar2(t)], (B.3)

with the initial conditions mentioned in Eq.(A.2) and the following relevant solutions:

az(t) = ge—w sin?(3t£/2) sin®(0/2),



