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Measurement-Based Quantum Computing (MBQC) is an alternative to the quantum
circuit model, whereby the computation proceeds via measurements on an entangled
resource state. Noise processes are a major experimental challenge to the construction
of a quantum computer. Here, we investigate how noise processes affecting physical
states affect the performed computation by considering MBQC on a one-dimensional
cluster state. This allows us to break down the computation in a sequence of building
blocks and map physical errors to logical errors. Next, we extend the Matrix Product
State construction to mixed states (which is known as Matrix Product Operators) and
once again map the effect of physical noise to logical noise acting within the correlation
space. This approach allows us to consider more general errors than the conventional
Pauli errors, and could be used in order to simulate noisy quantum computation.
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1 Introduction

Quantum computing is a novel and powerful paradigm of computation, whereby quantum
algorithms offer the possibility of a speed-up over their classical counterpart [1]. However,
a major challenge to the construction of a universal and scalable quantum computer is the
sensitivity to noise of quantum states and operations. Indeed, our current models of compu-
tation and algorithms are developed for noiseless systems, that is, for pure states undergoing
unitary evolution. In practice, noise processes affect the computation from preparation to
measurement, thus corrupting the computation and rendering the output useless. Although
fault-tolerant MBQC can be achieved [2], it is nonetheless important to understand how noise
acting on physical states and operations affects the computation at hand.

Measurement Based Quantum Computing (MBQC) [3, 4, 5, 6, 7] is an alternative model
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of computation to the circuit model, whereby the computation is implemented by perform-
ing single qubit adaptive measurements on an entangled resource state. The resource state
considered is the cluster state, which consists of qubits initialised in the |+) state arranged
on a lattice structure, where neighbouring qubits are entangled via a controlled-Z gate. By
performing single qubit measurements in either the computational basis or onto the equatorial
plane of the Bloch sphere, a unitary operator is applied to the input state, up to a random
by-product operators dependent on the measurement outcome.

One-dimensional MBQC refers to MBQC performed on a cluster state of dimension one,
i.e. qubits placed on a line. It has been shown that a computation performed on a one-
dimensional resource state is classically efficiently simulatable [8, 9, 10, 11], and thus two
or three dimensional resource states are typically considered. Nonetheless, the study of one-
dimensional MBQC has allowed for interesting results, such as for different families of resource
states to be studied, and in addition, it has notably been shown that one-dimensional MBQC
can be represented with Matrix Product States (MPS) [12, 13, 14, 15].

MPS belong to the family of tensor network states, which include Projected Entangled Pair
States (PEPS) and Multi-Scale Entanglement Renormalization Ansatz (MERA) and which
refer to classes of quantum states which can be described using a tensor network. There
has long been a close relationship between tensor networks and MBQC. Indeed, the PEPS
formalism itself [16] was first introduced as a tool for the study of MBQC, and its relationship
with gate teleportation.

It has been shown that tensor network states offer good approximations to ground states
of certain common physical Hamiltonians, as illustrated by the success of Density Matrix
Renormalization Group (DMRG) numerical methods, which is a variational algorithm over
MPS [17]. In addition, these can be used to describe the state of a system and its evolution over
time, and can also be diagrammatically represented. The dimension of the tensor network
depends on the complexity of the state, as for instance determined by the locality of its
interactions or its entanglement.

MPS is a tensor network framework for one-dimensional quantum states, which is efficient
in the case when the amount of bipartite entanglement is bounded. Here, the complex co-
efficients are expressed as a product of a polynomial number of matrices. The size of these
matrices is determined by a parameter called the bond size or Schmidt rank, a quantity con-
nected to the amount of bipartite entanglement present in the system. Vidal [9] showed that,
when the size of these matrices is bounded, MPS states can be used to classically efficiently
simulate slightly entangled quantum computation.

Beyond pure states and unitary or isometric evolution, tensor networks have also provided
powerful tools for the study of mixed states and noisy, non-unitary evolution. For example,
the Matrix Product Operators (MPO) framework, generalises MPS from states to (density)
operators [18, 19, 20].

In the following, we consider one-dimensional MBQC and introduce two frameworks for
one-dimensional mixed state computation. This in turn allows us to study how physical noise
acting on quantum states is mapped to logical errors acting on the computation. Here, noise
is modelled as the application of a local, single qubit, noise channel to the state, as these are
simple yet relevant for experimental quantum computing. Moreover, whereas error correction
schemes focus on the occurrence of Pauli errors, our frameworks allow for the analysis of more
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general noise models, and can thus be used to simulate noisy quantum channels.

Our first result is a theorem mapping local noise in a one-dimensional MBQC to errors
on the output of the computation. This shows us that even in the case of what we call a
noisy resource state or a noisy measurement, the logical errors acting on the the output of
the computation can be determined. This is achieved by breaking down the computation into
what we call fundamental blocks, which can subsequently be composed in order to form the
complete computation. This simplifies the task at hand, and allows us to study the action of
local noise channels on the directly on the fundamental block itself.

Our second result is twofold: first, we propose an expression for Matrix Product Operators
(MPOs), closely related to what was proposed in [18, 19, 20]. Next, we use this framework
in order to study one-dimensional noisy MBQC. More precisely, we will express the cluster
state in this framework and study how local, single qubit noise channels acting on the physical
qubits transform the associated logical superoperators acting on the correlation space.

The standard approach towards achieving fault tolerance is to devise error corrections
codes whereby errors are first detected and then corrected, thus allowing us to recover the
framework of pure states undergoing unitary operations. On the other hand, in the one clean
qubit model of computation [21], an n-qubit maximally mixed state is used as a resource in
order to perform an interesting task, which could not classically be achieved. Thus, we can
ask whether other classes of noisy resource states and computations could be exploited in
order to perform a non-trivial computation. In [22] noise has been studied by considering
decohered measurement bases, in [23] by considering the connection between gate fidelities
and error, and finally in [24, 25] noise was analysed by perturbing the parent Hamiltonian
of the cluster state. In the following, building upon these results, we adopt the approach of
understanding the effect of noise on the computation, and in particular of building a model
of computation where the effect of noise on physical states are mapped to logical noise on the
computation. We then argue that our model can be used in order to simulate noisy quantum
computation.

This paper is structured as follows. In section 2, we consider quantum teleportation in the
presence of a noisy resource state. This provides us, in section 3, with a motivation to more
generally study one-dimensional MBQC in the context of mixed resource states. By breaking
down the computation in a single building block, we map the effect of local Pauli operators
acting on the state to noise on the output. In section 4, we derive an expression for MPOs,
and subsequently, in section 5 study one-dimensional MBQC in the MPO framework, thus
finding how local noise acting on the physical qubits transform the logical superoperators
acting within the correlations space. Finally, in section 6 we conclude with a discussion of
our results and further research directions to be investigated.

2 Motivation

The entanglement present in a multi-qubit state is a resource which can be exploited for
quantum computation and communication tasks. For example, quantum teleportation al-
lows for information to be transmitted by utilising the entanglement present in the Bell state
| Boo) = %(|00> +]11)) [26]. Here, Alice and Bob are each in possession of one of the two
qubits, and in addition Alice has an arbitrary single qubit mixed state p = 3_,  auyy|u)(v]
which she wishes to teleport to Bob. By performing a Bell measurement on her pair of qubits,
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Alice can transmit the unknown state p to Bob, up to some additional Pauli operators depen-
dent on the measurement outcome. If she thus sends the two bits of information corresponding
to her measurement outcomes to Bob, this will allow him to undo the Pauli operators, thus
leaving him in possession of the original unknown state p.

Alice Bob

Fig. 1. Teleportation Alice is in possession of the two leftmost qubits (labelled 1 and 2), on which
she performs a Bell measurement (illustrated with the dotted box), whilst Bob has the qubit on
the right (labelled 3). The qubits 2 and 3 are the entangled resource state.

Crucially, this protocol relies on the ability to prepare the pure maximally entangled Bell
state |Bgg). In the following, we ask what would be the effect of instead having access to a
noisy mixed state as a resource. This is modelled by the application of a single qubit local
Pauli channel ¢ to the originally entangled state |Bgg).

More precisely, we consider a noisy process whereby the Pauli operators X*Z! are applied
with probability pg; to the second qubit of the entangled qubit pair. This results in the
original resource state evolving to one of the four orthonormal Bell states |B;;) = %(]1 ®
X?Z7)(|00) 4 11)), and the resource state is thus now given by A = Y, . 11i)(j| @ e(|i) (j])-
This channel is assumed to be a Completely Positive Trace Preserving (CPTP) map, thus
having Kraus decomposition e(p) = >, KnpK],, where the Kraus operators must satisfy
Dom K! K,, = 1. Here, the Kraus operators are given by Ky = \/pTleZl, and thus the

resource state can equivalently be written as:

1
A= —pr(1 @ X*ZNi) (j7]1(1 @ Z'XF). 1
%;%:QPM( )id) (Gl ) (1)
Henceforth, we shall refer to such a state as a diagonal resource state. Indeed, the set of
four Bell states form an orthonormal basis, and thus any arbitrary two-qubit state can be
expressed as p = 3 pijit| Bij) (B, with the special case p = 37, pij|Bij)(Bij|, being viewed
as diagonal.

In the case of having access to a noisy diagonal resource state, we find that if p is the un-
known state we wish to teleport, then this will instead result in the state €(p) being teleported,
where ¢ refers to the original noise channel applied to the resource. Thus, this situation is
equivalent to a noise channel acting directly on the arbitrary single qubit input state. More
formally:

Proposition 1 Given a resource state diagonal in the Bell basis £(p), the application of the
teleportation protocol results in the state X*Zte(p)Zt X * being teleported, where s and t denote
the outcome of the projective measurement onto the Bell basis |Bs:) of the first qubit.

In order to further understand the trade-off taking place between the amount of noise
affecting the resource state and the entanglement present in the system to be exploited, we
apply Proposition 1 to a couple of examples. First, we consider the worst case scenario of a
completely noisy resource state, and find that, as expected, no information will be transmitted.
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Example 1 The application of the completely depolarising channels, with corresponding Kraus
operators K;; = %mj, fori, 5 = 0,1 results in the resource state being transformed to the maz-
imally mized state. From proposition 1, the completely depolarising channel is applied to the
transmitted state p. Thus, it will now be transformed to the maximally mized state. This gives
us absolutely no information as to what the unknown state p was, and our interpretation is
that nothing has been teleported.

Next, we consider the case when a dephasing channel with respect to the computational basis
is applied, and find that in this case information has been teleported.

Example 2 When the dephasing channel with respect to the computational basis is applied,

the resource state gets mapped to an equal mizture of the two Bell states |Bog) = % and

|Bo1) = %. We thus have that the resource state can be expressed as |A) = 0.5|Boo) +
0.5|Bo1), which is a separable state. As a channel, this corresponds to Kraus operators K, =
%Z’”. From Proposition 1, we have that the teleported output state is mow be given by
05> X2 ZmpZ™Z' X 5. Thus, some entanglement has been left in the resource state.

Thus, the effect of a having access to a noisy resource state can be observed in the output of
the computation, which crucially will depend on the noise channel that occurred. This thus
motivates our study of one-dimensional MBQC within the context of a noisy resource state,
and in the next section, we introduce a framework which will allow us to map the effect of

local noise channels acting on the state onto the computation.

3 Noisy MBQC

One-dimensional MBQC consists of adaptive single qubit measurements in either the com-
putational basis or onto the equatorial plane of the Bloch sphere to be performed on a one-
dimensional cluster state, as illustrated in Fig. 2.In [3], one-dimensional MBQC was shown to
correspond to gate teleportation on a cluster state, where measurements are performed either
in the equatorial plane of the Bloch sphere or in the computational basis. In the following,
we build on this insight in order to study the effect of local, single qubit noise channels acting
on the physical state and determine their effect on the computation. In In order to do so,
we choose to break down MBQC into fundamental “building blocks”, which can then be con-
catenated thus forming the complete computation. Then, the effect of noise channels on the
individual building block is studied, and thus their effect on the output state is determined.
Finally, we will argue that by concatenating such noisy blocks, we can model the effect of
noise on the entire computation, thus understanding how noise affecting the physical state
gets mapped to noise on the computation.

) ——

+)

+)

+)

+)
Fig. 2. A one-dimensional cluster state. Circuit of a one-dimensional 5 qubit cluster state. Each
qubit is initialised in the |+) state, and then entangled via a controlled-Z gate with its neighbour.
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3.1 The Noiseless Model via The Building Block

—The Building Block— The fundamental building block of MBQC in one dimension is a two
qubit state, where the first qubit is in an arbitrary mixed state p and where the second qubit is
a pure qubit initialised in the |+) state. These are then entangled via a controlled-Z operator
before a final measurement of either the observable Z or R,(¢)XR,(—¢), denoted by ¢, is
performed on the first qubit, yielding outcome k, see Fig. 3. This circuit results in the state
p being teleported onto the second qubit, with the added application of a unitary operator
— dependent on the measurement basis — and a potential Pauli by-product operator due to
the randomness of measurement outcomes.

p—efd)= &

+)(+| X*FHei 52 pei5Z [ X*

Fig. 3. Modified quantum teleporation. The two qubits are entangled via a controlled-Z, and the
first qubit is measured in the equatorial plane of the Bloch sphere yielding measurement outcome
k, which results in a unitary operator being applied to the input state p

—Block Notation— Depending on whether the measurement was of the observable Z or
R.(¢)XR.(—¢), the output is given respectively either by e, x(p) = 2Z%pZ* or e41(p) =
%XkHei%Zpe_i%ZHXk. We introduce the following shorthand notation: let ¢; 1 (p) denote
the output of the computation, where i € {Z, ¢} refers to the observable measured and & to the
measurement outcome. This is illustrated in Fig. 4, with the effective implemented quantum
channel in Fig.5. In [27], an introduction to MBQC with the effect of various measurements

on the output state is presented.

,0—1 k

)+ ————  cix(p)

Fig. 4. The MBQC Building Block. The two qubits are entangled, and the first qubit is measured in
either the computational basis or in the equatorial plane of the Bloch sphere, yielding measurement
outcome k. The resulting state on the second qubit is given by a map acting on the input state p,
which depends on the measurement bases 7 and measurement outcome k

p Eik €ik(p)

Fig. 5.  Channel Building Block The building block effectively implements a quantum channel
€,k on the input state p where i refers the measurement bases and k the measurement outcome.

—FEffective computation—The measurement thus implements a unitary operator on the
state p described by the superoperator ¢; ,,,. The output state can then be used as the input to
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a new block, a process which will be repeated until the computation terminates. If it consists
of L such blocks, then the final output state is given by p’ = €;, &, 0. .. iy ky 9€iy .k, (p), Where
o denotes the composition of superoperators, i.e. aoe(p) = a(e(p)), and where i; € {z, ¢},
k; € {0,1}for j = 1,...,L. We note that the measurement bases are still dependent on
previous measurement outcomes, although we have for clarity chosen not to explicitly state
this dependence.

We have thus now decomposed one-dimensional MBQC as a sequence of building blocks
acting on an input state p. Henceforth, we shall exclusively consider the building block
and investigate how noise acting on the physical states is mapped to noise acting on the
computation. But first, we consider a couple of simple examples in order to develop an
intuition as to how noise propagates in this model.

3.2 General Local Noise

We now introduce a framework which will allow for the study of arbitrary noise acting on
single qubits, which provides a systematic method for mapping errors acting on the circuit
to errors acting on the computation. In order to do so, we will consider how errors acting at
various locations of the fundamental building block are transmitted, although we note that
the noise will not necessarily be independent.

Any quantum state p can be decomposed in the computational basis as p = > @, j, %) (Jo|,
and is thus a linear combination of basis elements |ig)(jo|. The Choi matrix C. of a CPTP
map ¢ stores the transformed basis states £(|ig) (jo|) of a quantum channel ¢, in a similar way
to matrices which store transformed basis vectors. By linearity, the Choi matrix thus provides
us with a way of computing the output state of a quantum channel. Thus, we henceforth
limit our study to that of inputs of the type |ig) (jol-

We consider a local single qubit noise model, represented by a CPTP map having a Kraus
representation a(p) = > . K.pK} . FEach Kraus operator is a matrix of dimension two,
which can thus be decomposed in the Pauli basis K,, = Zgﬁ QghOgh, Where o4 = i9h X9 7k
Each noise channel o« may act at one or more of the four possible locations depicted in Fig.6.

lio) (jo| —— @1 | k
) (+] ?

Fig. 6. General noise on the building block. An input |ig)(jo| is entangled with a |+)(+| before
the first qubit is measured in the equatorial plane of the Bloch sphere. The noise channels «; may
occur at four possible locations, thus disrupting the computation.

Finally, we note that as Z measurements have the effect of destroying the entanglement
present between the measured qubit and its neighbours [7], we shall now exclusively focus on
measurements performed onto the equatorial plane of the Bloch sphere, and write € instead
of 4 . In [22], the effect of noise generated after the state preparation is considered, which
corresponds to noisy measurements. There, they studied the effect of such a process on the
entanglement required and the fidelity of the computation. Here, our framework considers
amongst others the case of noisy measurements, and thus extends this to a more general case.
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First, we introduce two lemmas which treat the two trivial cases of a noise channel acting
directly on the input or output states. If the noise acts on the input, then it is this mixed
state which is teleported.

[io) (ol k

[+ —————=—  eroai([io)(ol)

Fig. 7. Noise acting on the input state.The noise channel a acts directly on the input |io)(jol,
which is thus directly transmitted, resulting in the output e o a1 (|30) (jo!)-

Lemma 1 Let oy be the single qubit noise channel acting at location 1, as shown in Fig.7.
Then, the output is given by the channel

€L O 01 (2)

Proof. This is equivalent to the noise channel o acting on the input state itself, and
thus the teleportation protocol is directly applied to a;(]ig)(jo|), thus resulting in the state
er o a1(]éo) (Jo|) being transmitted. O

Next, the following lemma formalises the trivial case when the noise channel acts on the
output state.

jio) Gol ——4——— )= &

) (] —— a0 x(lio) (Jol)

Fig. 8. Noise acting on the output state. The noise channel a4 acts directly on the output thus
resulting in the output a4 o ex(|é0) (jol)-

Lemma 2 Let oy be the single qubit noise channel acting at location 4, as shown in Fig.8.
Then, the output is given by the channel

Q4 O €. (3)

Next, we consider the case where noise has been applied to the system before the custer
state has been formed. Here, when the noise channel is applied onto the second qubit—
the resource—just before the states are entangled, we will say that this corresponds to a
noisy cluster state. MBQC relies on the preparation of a pure cluster state which will serve
as a reservoir of correlations to be used by the subsequent computation. As we previously
saw, noisy resource states are not useless, and thus perhaps could lead to an interesting
computation being performed. Here, we model this noisy cluster state as a local noise channel
acting on the |+) input states.

Lemma 3 Let as be the single qubit noise channel acting at location 2, as shown in Fig.9
and which is expressed in Kraus form as(p) = >, K.pK} . If the Kraus operators are
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lio) (jo| ————9—{9)= m
[+)(+] —Ja2}—e— a2 oex(lio)(jol)

Fig. 9. Noise acting on the resource state. The noise channel ag acts directly on the resource,
thus resulting in the output a2 o e (|io) (jol)-

(m)

decomposed in the Pauli basis K., = Zgh Ay, Oghs then the output is given by:
dlp O €, (4)
where the modified channel aa(p) =", ~mpf(;fn has Kraus operators given by:

K=Y alyzme, (5)
with G = 3, (—i)"aln’.
Proof. The proof is given in the appendix 1. The Kraus operators K, are decomposed in

the Pauli basis, and their effect on the resource state |+) is studied, thus giving the output.

0
The results from Lemma 3 are summarised in table 4, which illustrates how each Pauli

basis element is mapped to a Pauli element in order to form the final noise channel acting on

the output.
Coefficient agy Qg1 Q1p ait
Initial operator 1 X zZ —iZX
Final operator 1 I Z —i7

Table 1. Mapping of Pauli basis elements for a noisy cluster. The initial channel ag is given
by Kraus operators which can be decomposed in the Pauli bases o4, with coefficient ayp,. The
final channel &g is given in terms of Pauli operators 1 and Z, with coefficients determined by the

mapping.

Finally, we consider the case of a noisy measurement, which is modelled by applying a
noise channel to the first qubit just before the measurement is performed. Here, we can ex-
ploit the fact that the measurement basis is known. Indeed, a unitary operator U followed by
a projective measurement in the basis |vy) can alternatively be viewed as a measurement onto
the state UT|vg). Here, the measurements are onto e"i%Z 7k |+), and we thus choose to decom-
pose the Kraus operators in the rotated Pauli basis Uo g, U T with U = =157, Hence, each
Kraus operator can now be expressed as K, = > agnUoy,UT, where agy, =Tr(K,,Uo,,UT),
and where we now define o,, = (—i)9"Z9X". Thus, we can study the effect of a noisy
measurement and find that:

Lemma 4 Let ag be the single qubit noise channel acting at location 3, as shown in Fig.10

and which is expressed in Kraus form az(p) = >, KmpK},. If the Kraus operators are

(m) —igz

decomposed in the Pauli basis K,, = Zgh Agp Ughei%Z, then the output is given by:

€k OO~[3’]C (6)
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Ji0) ol —— k

)+ ———— a0 e(fio)(jol)

Fig. 10. Noisy Measurement. The noise channel a3 acts on the first qubit just before the
measurement in the equatorial plane. This results in the output given by &3 x o €(|io) (jo|), where
the noise now also depends on the measurement outcome k.

where the channel ds® has Kraus operators defined as:

Kn=Y a7z (7)

(

=3 (i)“”(—l)’”au:?) and k denoting the measurement outcome.

. . ~(m)
with coefficients a,,,

U
Proof. The proof relies on decomposing each of the Kraus operators in the rotated Pauli
basis and studying its effect on the computation, given in appendix 1. [J

This mapping is summarised in table 2, where each Pauli basis element is mapped to a
Pauli element, with certain coefficients now depending on measurement outcome k.

Coefficient  agg ao1 ang ait
Initial 1 e 527687 ifZXei3Z  jeisZX gei5Z
Final 1 Z (-1)k1 i(-1)*Z

Table 2.  Mapping of Pauli basis elements for a noisy measurement. The initial channel a3 is

. . . . _i2 s
given by Kraus operators which can be decomposed in the rotated Pauli bases e™*2 Zaghe% 4

with coefficient agj,. The final channel &3 is given in terms of Pauli operators 1 and Z, with
coefficients determined by the mapping.

We have thus studied the mapping of noise onto computation, when a local noise channel
acts in one of the four possible locations of the MBQC building block. Finally, we consider
the case whereby noise acts simultaneously at all four locations of the building block. By
combing the four previous lemmas, we obtain the following theorem, mapping noise on the
state to noise on the computation:

Theorem 1 Let oy, for i = 1,2,3,4 be noise channels acting at all four possible locations
of the building block, as depicted in Fig. 6. Each channel is a single qubit CPTP map which
may be expressed as a Kraus decomposition. Then, upon input |io){jo|, the output is given by
the channel:

Q4 0 Qig © €, © iz ) © Q11,4 (8)

where the new channels & and &3, are defined as follows and where

1 . 4
en(p) = §XkHeZ%Zpe_Z%ZHXk

If the original channel cg can be expressed as a Kraus decomposition az(p) =, KnpK}

and each Kraus operator decomposed in the rotated Pauli basis K., = Zgh as,?)e_igzagheigz

)
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then the channel ds® will have Kraus operators given by:

K=Y alyze, (9)
with coefficients CNLS[Z) =>. (i)“”(fl)k”agﬁf) and k denoting the measurement outcome. If the
original channel o is expressed as a Kraus decomposition oz(p) = Y, KmpK],, then the

channel ao(p) will have Kraus operators given by:

Ko =3 b 2™, (10)

u

and with coefficients by = Zv(fi)u”b%)-

Proof. The theorem 1 can be proven by combining Lemmas 1, 2, 3, and 4, and can be found
in appendix A.4. [J

3.3 Examples

Thus, we next revisit the previous examples of the bit-flip and phase-flip channels acting on
either the cluster state or the measurement, before considering a more general noise model.
First, we consider a noisy cluster state, which may easily be studied using Lemma 3 and table
4.

Example 3 When the bit-flip channel is applied, the Kraus operators Ky = \/psX°, s =

are mapped to Ks = \/ps1, thus resulting in the identily channel: the outpul state sk( ) as
been unaffected by the noise channel.

Example 4 When the phase-flip channel is applied, the Kraus operators K, = /psZ°, s =
0,1 remain unchanged under the mapping K, = VDsZ?, and thus the phase-flip channel has
been applied to the output Y psZ°c(p)Z®.

Next, we consider the case of a noisy measurement in the X basis, which may easily be
studied using Lemma 4 and table 2, which reduces to table 3 for the case ¢ = 0. Once again,
we consider the effect of the bit-and phase-flip channels on the output.

Coefficient agg ao1 alo aiy
Initial 1 Z X 1XZ
Final 1 Z (=DF1 i1z

Table 3. Mapping of Pauli basis elements for a noisy X measurement. Here, we consider the
special case of Lemma 4, where the measurement is in the X basis and thus ¢ = 0. The initial
channel a3 is given by Kraus operators which can be decomposed in the Pauli bases o4, with
coefficient ayj,. The final channel &3 is given in terms of Pauli operators 1 and Z, with coefficients
determined by the mapping.

Example 5 When the bit-flip channel is applied, the Kraus operators Ky = /psX°®, s =0,1
are mapped to K, = \/ps(—1)**1, thus resulting in the identity channel: the output state e (p)

has been unaffected by the noise.

Example 6 When the phase-flip channel is applied, the Kraus operators Ky = \/psZ® are
mapped to Ky = \/psZ°, thus resulting in the phase-flip channel acting on the output ", ps Zcr(p) Z°.
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Next, having considered Pauli noise, we look at the more general case of unitary noise,
whereby a unitary operator is applied to a physical qubit with probability p, thus disrupting
and potentially destroying the computation. In the following, we shall study the effect of a
Hadamard gate H = %(X + Z) on both the cluster and the measurement.

Coefficient 0 \/g \/g 0
Initial operator 1 X Z  —iZX
Final operator 1 1 Z —iZ

Table 4. A Hadamard acting on the cluster. The initial channel ag is given by Kraus operators
which can be decomposed in the Pauli bases o4 with coefficient agp. The final channel &gz is
given in terms of Pauli operators 1 and Z, with coefficients determined by the mapping.

Example 7 When a Hadamard gate is applied with probability p1, the Kraus operators of the
corresponding channel are Ky = \/psH?®, s = 0,1. From table 4 which are mapped to Ky = Ky
and K1 = +/2p1|0)(0] thereby destroying the computation.

Coefficient 0 % % 0
Initial 1 Z X 1ZX

Final 1 zZ (-DF1 i(-1)rZz

Table 5. A Hadamard before the measurement. The initial channel a3 is given by Kraus operators
which can be decomposed in the rotated Pauli bases o4;, with coefficient ayp. The final channel
&g is given in terms of Pauli operators 1 and Z, with coefficients determined by the mapping.

Example 8 Here, with probability p a Hadamard gate is applied to the second qubit before
the control-Z and a measurement in the X basis is performed. This corresponds to Kraus
operators K1 = /1 —pl and Ko = VPH. From table 2, the new modified Kraus operators
can be immediately computed, and we find that: K1 = K1 and Ko = \/2p|k) (k|

Thus, we have been able to use the framework derived in order to map physical errors acting on
qubits to logical errors acting throughout the computation. Next, we consider the framework
of MPS which is a natural framework for the study of one-dimensional MBQC. Here, the
effect of measurements on the physical state can easily be observed as logical operators acting
on the correlation space. This provides us with motivation to investigate how a mixed state
generalisation of MPS could be used in order to study noisy MBQC, and understand the
mapping between the noise channels acting on the state and the information processed.

4 Matrix Product Operators

Matrix Product Operators (MPOs) are an extension of the formalism of MPS to mixed states.
In order to develop an intuition as to what this might look like, we first consider the example
of a one-dimensional cluster [1)) expressed as an MPS:

) = S inlAlin1] .. Alia] |41 - i), (11)
where Ak] = H|k){(k|, k = 0,1 are logical operators acting within the correlation space. When
a physical qubit is measured, its associated logical operator is updated and mapped to a new
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logical operator dependent on the measurement basis and outcome. Thus, as measurements
are implemented, the evolution of the computation can be observed within the correlation
space, with operators proportional to unitary operators acting on the logical |+) state. Hence,
this is has been a natural framework for the study of one-dimensional MBQC.

In order to generalise the MPS framework to mixed states, we first consider the rank one
density operator of a pure cluster state:

O] = 30 D il Alin-a] . Al ][ +) (AL

< Algnallin)liy - in) (Gl (12)

Previously, we thought of the logical operators A[i] as acting on the logical |+) state, in
analogy with unitary operators acting upon quantum states. Here, we wish to consider mixed
state evolution, which is typically represented by a superoperator acting on a density matrix.
We thus propose to now interpret the MPO representation as that of a map acting upon an
input |+){(+|, and we thus write:

) (] = Z Za[in,jn] oglininl  glinil(|4)(4))
tog

v in) (G- dnls (13)

where we have introduced the logical superoperator el*#7+] acting on qubit k, which is defined
as:

eliedl(p) = Alix] pAljnl, (14)
an expression similar to the Kraus decomposition of a CPTP map, and where the boundary
conditions are given by:

alimdnl(p) = (inlpljn)- (15)

This intuition is formalised in Lemma 5, where an expression for an MPO is given in terms

of logical superoperators acting on an input within the correlation space. To our knowledge,

similar MPO representations were first studied in [20]. The key idea is that the initial mixed

state is first purified before then, successive Schmidt decompositions are applied to the state

and finally, the auxiliary qubits are traced out. Thus, the coefficients of the final state will be
expressed as the composition of logical superoperator acting on a rank one density matrix.

Lemma 5 An n-qubit mized state p can be expressed as an MPO:

p :ZU[i"’j"] oglin—vin=alo ... o glindal(pliy, 4y])
(2]

v in) (g1 dnls (16)

where elirdrl(p) = S Aliy, s|pAl[ji, s] denote the logical superoperator associated with qubit
k and where the boundary conditions are given by olininl(p) = S o'[i, s|pv[j, s]. Alix, s]
correspond to matrices of dimension & and the v[ji, 8] to vectors, both of which depend on the
state of the physical qubit k and an index s.

The proof of Lemma 5 is given in appendix A. When a single qubit measurement is
performed, the associated logical superoperator is evolved, which is then given by the following
proposition.
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Proposition 2 When the k' physical qubit is measured in an orthonormal basis |v,,), the
logical superoperator elixJxl evolves to elVmvml(p) = 3" Aoy, s|pAt[vm, 5], where Alvy,, s| =
S (vmli) Al 5.

The proof simply relies on applying the measurement and studying its effect on the relevant
operators.

Thus, having derived and expression for the MPO of a mixed state, we now consider a
couple of examples where this representation can be applied. The first example is the density
matrix corresponding to a pure cluster state.

Example 9 The MPO representation of a cluster state is given by:

p= Z glindnlglin—1.n-1l o o E[iz,jQ](‘+><+|)

liv . in) (1 -l (17)

where €091 (p) = AlilpA[j], Alk) = HIk) (k| and a3)(p) = (ill5).
Next, we consider the case of the maximally mixed state on n qubits, 5w 1. This can be easily
obtained by first constructing the all zero state, and then applying the channel K, = %X s
to every qubit.

Example 10 The MPO representation of the mazimally mized state on n qubits is given by

711” 720[%%] o glin—1in—1l o ... o glinanl(|0)(0])
2%

|len><J1]n‘ (18)

where £l (p) = 1 3 A[i1X*pX* Alj], ol 9 (p) = 1 57, (i X*pX " ju), and A[K] = [0) (k.
Finally, we consider the input state used in the one clean qubit model of computation, which
is the state |0)(0] ® 5=

Example 11 The state |O><O| ® which was the input state of the one clean qubit Model

can be expressed as: 27”
|0) O|® ZU’” ) o eliy_1,jn_1] 0+ o elodl|0) (0|
|zlzn)(]13n\ (19)
where 09l (p) = Alio]pAljo], e (p) = 5 3=, Alix] X*pX*A[ji], o9l (p) = 5 32, (in| X pX"|jn).
and Alk] = |0)(k|. Here, we can note that the assumption of translational invariance does not
hold.

Thus, this shows us that the MPO framework can be applied to mixed states, and in the next
section, we shall consider the case of noisy one-dimensional MBQC expressed in the MPO
framework.

5 Noisy MBQC in the MPO framework

In the following, we wish to consider one-dimensional MBQC in the case of a noisy resource
state, and once again map the effect of physical errors to logical errors. In [28], the framework
of finitely correlated states was introduced, whereby noisy maps are sequentially applied to
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the input state. Furthermore, in [24, 25], families of universal resource states for MBQC
were considered. Here, the parent Hamiltonian of the cluster state was considered and, under
certain symmetry assumptions, classes of ground states of a perturbed Hamiltonian were
obtained.

In the following, we adopt a similar approach whereby CPTP maps are successively applied
to the physical qubits and their effect is mapped onto the logical computation. This is achieved
by first considering the effect of a Pauli operator, then a unitary operator and finally a channel
on a physical qubit and determining their effects on the associated logical operator.

When a Pauli operator is applied to the state, the logical operator associated with the
relevant qubit is transformed. Proposition 3 allows for this mapping to be determined:
Proposition 3 If a Pauli operator og, is applied to the j** qubit, the logical operator Aliy]
is mapped to the logical operator oo, Alij]oas, as illustrated in table 6.

The proof is given in appendix 1, where we successively consider the effect of applying an
individual Pauli operator to the physical state and determine its effect on the relevant logical
operator. Next, this allows for the effect of a unitary operator on the physical qubit to be

Pauli operator X Z 1XZ
Logical operator ZA[k|X Alk|Z iZAk|XZ

Table 6. Mapping from Pauli errors to logical errors. A Pauli operator is applied to the kt"

physical qubit, which will cause its associated logical operator to evolve to a new logical operator.

determined in proposition 4. Indeed, the unitary operator can now be decomposed in the
Pauli basis, and thus its effect mapped onto the associated logical operator, bringing A[k] to
the transformed A[k].

Proposition 4 When a unitary operator U = Zg,h UghOgn acts on the jth qubit, the associ-
ated logical operator evolves to:

Alij] = £(Ali;]) = > ugnoogAlijlogn. (20)

g,h

This defines a channel & which maps logical operators to logical operators.

Proof. The unitary operator U may be decomposed in the Pauli bases: U = ) 9.1 UghTgh-
Then, by proposition 3, the effect of Pauli operators on logical operators can be determined,
and by linearity the final result obtained. O

Finally, we consider the case when a local noise channel acts on the physical qubit,
thus resulting in a noisy resource state. This is modelled by a CPTP map with Kraus
decomposition n(p) = Y., KnpK},, and its effect will be to map the logical superoperator
associated with qubit [ to a new logical superoperator. The mapping in question given by the
following proposition:
Proposition 5 If the I qubit undergoes a CPTP map, represented by the quantum channel
np) = >, K,.pK},, where each Kraus operator can be decomposed in the Pauli basis as
K,, = ZS,Z) EavOay, then the logical operator is mapped to Elb1)(p) = > m Em (A[i]) p&im (Ald]),
where:

lth

Em(Ali) = Y kG ol Alilo (). (21)
a,b
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Proof. The result is obtained by considering the Kraus representation of the CPTP map
and decomposing it in the Pauli basis. By applying Proposition 3, the final result is obtained.
O

Next, we consider first examples of Pauli channels which may act on the cluster state, and
their effect within the correlation space.
Example 12 The phase-flip channel has Kraus operators K, = %ZS, s =0,1. The logical
operator will thus evolve to &s5(A[i]) = %A[i]ZS, and the logical superopertaor to:

. 1
glil(g) = 3 Z Ali)Z°0 Z° A[j). (22)

Example 13 The bit-flip channel has Kraus operators K, = %XS, s = 0,1. The logical

operator will evolve to: &;(Ali]) = %ZSA[i]XS, and thus the superoperator to:

gliil(g) = % > ZPAlX 0 X Al Z°. (23)

Next, we show how our framework allows for the study of error propagation by considering
Pauli channels followed by a measurement in the X basis. Note that it can be shown that if
a qubit is measured in the X basis, then its logical operator A[i] is mapped to %HZ’"7 with
m denoting the measurement outcome.

Example 14 A’Agfi% If a bit-flip channel is applied to the k" qubit, then its associated
logical superoperator evolves to El:Ixl(p) = 23 ZoAlig)| X pX° Aljp) Z*.  If the qubit is
now measured in the X basis, the associated logical superoperator to evolve to é[i“jl](p) =
%25 ZPHZMXpX°ZM™HZ® = %HZmpZmH, and thus the output has not been affected by
the channel.

Example 15 The channel given by Kraus operators Ko = \/pol, K1 = \/p1X and Ky =
\/D2Y is applied to the k" physical qubit. Thus, the associated superoperator evolves to:
gliwiel = /poAlirlpAt (] + V1 ZAlin) XpX At i) Z + /02 Z Alix|Y pY AT[j]Z. Neat, the
qubit is measured in the X basis, resulting in: &®m*ml = L(\/pg + \/pr)HZ™pZ™H +
%\/ZTQHZmZpZZmH. This is equivalent to a Z gate applied with probability ps to the qubit
before the measurement.

Finally, we consider the more general model of unitary noise by studying the effect of a
Hadamard gate probabilistically applied to the physical qubit followed by an X measurement,
as in example 8.

Example 16 The channel with Kraus operators K1 = \/1 —pl and K> = \/pH is applied to
the physical qubit. Thus, the associated logical superoperator evolves to Elx-7¥] = Aliy]pAt[ji],
where: 1 1

Ali] = EA[z‘]z + %ZA[Z']X. (24)

Next, the qubit is measured in the X basis, and thus the logical operator is transformed to
glememl(p) = Al | pAt 2], with:

~ 1 1
Alw,] = —HZ™Z + —
(] V2 V2
which reduces to Alz,,] = V2H|k) (k.

ZHZ™X, (25)
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6 Discussion

Noise remains one of the major challenges in the quest to build a scalable quantum computer.
In this paper, we have introduced two frameworks which allow for the effect of physical noise
on the computation to be studied. More precisely, we consider the effect of single qubit local
noise channels in the context of one-dimensional MBQC. This is first achieved in the circuit
model, and next in the derived MPO representation.

First, we considered teleportation in the presence of a noisy resource state, and found
that the effect of the noise channel on the output could be determined. This then motivated
us to consider the impact of noise in one-dimensional MBQC, as indeed, preparing pure
states and performing clean measurements is experimentally challenging. Here, the introduced
framework allowed us to understand the impact of having access to a mixed resource state on
the computation, and the effect of performing noisy measurements. Moreover, this could be
used in order to simulate noisy computation.

Thus, the next step would be to use these frameworks in order to represent noisy computa-
tions, and perform simulations. When MBQC is represented in the MPS formalism, the goal
is to implement an operator A via successive measurements in the correlation space. Due to
the random nature of measurement outcomes, random Pauli by-product operators will occur
throughout. By exploiting the properties of Clifford operators, we find that we are instead
implementing the operator U A where U is a unitary operator depending on measurement out-
comes and which may be subsequently corrected for. A similar analysis could be performed in
the case of mixed states acted upon by logical superoperators. Another interesting question
would be to study the numerical simulation of errors on the state and their impact on the
computation. Overall, MPO offer us a flexible framework in which we can study how noise on
cluster state computations affects the computation. Here, our simple examples illustrate its
capabilities. Its full power might be in modelling the error channels that arise in experiments,
and may prove to be useful for experimental groups in their modelling. Finally, the connec-
tions between these families of states and their parent Hamiltonian, as in [24, 25], could be
investigate.

An alternative direction for future research would be to consider more complex noise
channels, and studying how the concatenation of building blocks will impact on the logical
operators implemented by the computation. Indeed, the computation requires for precisely
these blocks to be concatenated, sequentially implementing a logical operator on the teleported
state. Now, in the presence of noise, errors will be layered throughout the computation.
It would be useful to study how the measurement patterns, the logical operators and the
noise channels relate to one another, and what is their effect on the computation output.
Furthermore, a natural extension would be to study the generalisation of this framework to
two-dimensions, by for instance considering grid-like structures [15].

We have studied the effect of local noise channels on physical states and their impact on the
computation performed. The former provides a better understanding of the role of errors in
the computation, and the latter could allow for the simulation of noisy quantum computation.
We hope that this work will stimulate further investigations of measurement-based quantum
computations in the presence of noise and with mixed state resources.
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Appendix A Proofs

A.1 Proof of Proposition 1

Proof. If we express the state on the first two qubits in the Bell basis, then the state of the
joint system p ® A is given by:

pRA=- Z 3 o (1) "™ %2 Bugi 1) (Buajinal ® () (51). (A1)

U, 4,5

Next, the first two qubits are measured in the Bell basis (Ps ® 1)(p ® A)(Pst ® 1), where
Pyt = |Pst){Pst|. The orthogonality of Bell states will demand that s = u @i = v @ j and
t = k1 = ko, and thus we have that:

(P @ 1)(p@A)(Pyy ® 1) = i D (=D Py @ Ky X P lu) (] XK, (A.2)
u,v,k,l
- % Z Qo Pst @ KleSZt|“><U|ZtXSKZl’ (A.3)
u,v,k,l
_ % 3 Py ® X°Z'KupK|,2' X", (A.4)
k,l
= ipst @ X*Zte(p)ZtX>. (A.5)

We can see that the state (p) has been teleported instead of the state p, and thus the quantum
channel can be thought of as acting directly on the input state itself. O

A.2 Proof of Lemma 3

Proof. The quantum channel a;(p) = >, K,,pK] is applied to the cluster state. Each
Kraus operator K, can be decomposed in the Pauli bas1s as K, = aoo "™ a(l X + a(w )7 —
zagl )ZX7 where a;; € C for 4,5 = 0,1. Here, we know that this channel is applied to the
cluster and can thus exploit this information by considering the action of a Kraus operator K,
on an X eigenstate |[+). It can easily be seen that this is equivalent to applying the operator
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K = (a7 + a1 + (a{7” — ia{T))Z to the |+) state. By defining alf” = alo” + a7

and dgo) = aggl) zagl ), thls new modified Kraus operator can be expressed as: K,, =

(m)]]__|_ (m)Z
Thus, the original quantum channel as(p) = >, KpK}, has been mapped to a new
channel az(p) = 3, KinpK],, where K,, =3, &(m)Z“ and where G, = Y, (—1)" ayyp.
Thus, if we consider the circuit shown in Fig. 9, the input is given by |ig){(ig| ® |+){+]|.
First, the second undergoes the noise channel as and which, given the previous argument,
can now be expressed as:

(lio) ol ® e (|+)(+1)) = (lio) {Go| ® Ga(|+)(+])- (A.6)

Next, the two qubits are entangled via the control-Z gate:

CZ(Jio) (jo| ® as(|4)(+])CZ = lio)jo| ® D at ave’” 2" Hlio) (ol HZ", (A7)

m,u,v

Finally, the first qubit is measured in the equatorial basis |sj) = e"isZz7 k|+), with measure-
ment outcome k obtained:

PSkCZ(lz‘o><J‘ol ® az(|+){(+)CZ) Py
= (+|Z%e 22 i) (ole 22 ZF |4\ Py, @ Z al™alm* 74 Hlio) (o HZY,  (A.8)

m,u,v

where Psy, = |si(4)){sk(¢)|. This can be seen to be equal to the following expression:

P CZ(lio)(jo| ® cz(|+)(+))CZ) Pay,

= 561%(_1)06_1%( DR () otiokpy o ST almals) 2 Hlio) (jol HZY.  (A.9)

m,u,v

By rearranging the coefficients onto the state of the second qubit, the original channel e can
be recognised to have been applied to the original input |ig){jol:

s 1 (M) w15\ = (M)
PuiCZ(Jio) (ol © aa(14)(+)C2) P = 5P, @ Y i Z"enfio) Gol) @y 2°), - (A.10)

m,u,v

which can be written as:

PukCZ(lio) (jo| ® az([+)(+)CZ) Py, = Psk © Y Kmen(lio) (o) K- (A.11)

Thus, the output on the second qubit is given by és o ek (|ig){(jo|). O
A.8 Proof of Lemma 4

Proof. The quantum channel az(p) = >, K..pK} is applied to the first qubit just
before a measurement is performed. Each Kraus operator is decomposed in the rotated

Pauli basis, where the rotation is around the Z axis by an angle ¢, that is 1524 hel2Z

oh o —i® itz

Thus, we can express each Kraus operator as K, = Y., agni9e 22X9Z"e'2% and thus
Ngho—i® i &

Ki =3 a™*(—i)shei52 zh X 96152,

m “gh
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We now study the effect of the operator K, on an equatorial basis state |s(¢)y) =
eﬂ%ZZkHX

Kfe 32 7%4) = Za;’;f)* ohe=i37 Zh X915 2157 7k 4y, (A.12)
_ Za m)* gh 1)gk67i%ZZth|+>, (A13)
= ZdJ,?*Z“e-ZfZZ’M (A14)

where szg)* = Zv(—i)“”(—l)k”a%)*. This allows us to define the new modified Kraus

operator K, = 3, al"™* 7" and associated quantum channel s, where the index k has
been appended in order to emphasis the dependency on the measurement outcome k.

Thus, the input to the circuit depicted in Fig. 10 is |ig)(jo| ® |[+)(+|. The two qubits ae
entangled by a control-Z gate, and then the quantum channel a3 is applied to the first qubit,

which can be transformed to ds:

S (25 E 2 K i) ol e 132 244 Py, @ Hlio) (ol H, (A.15)
or equivalently:
m)k wl - . v —i2 . .
Zauk al™" (| 28157 Z%ig) (jo| 20127 ZF|+) Py, ® Hlio) (jo| H. (A.16)

By expanding out this expression, we obtain:

1 m) ~(m) i(_1)i0 & , i 1Vio ¢ , .

5 D AA D ()i S ()t Py @ Hlig) ol H. (A7)
This can alternatively be expressed as:

*P @ Y alYaly  Hz 5% 70 ig)(jo| 27e 157 2V H, (A.18)

m,u,v

where we recognise the initial channel acting on the output:
1 . - - )
5P © Y HZY 32K, lio) (ol K}e 32 ZF H. (A.19)

Thus, this results in the channel g o &3 ;;, being applied to the input state, where we note the
dependency on measurement outcome for both channels. [

A.J Proof of Theorem 1

Proof. In order to determine the output of Fig. 6, we will first consider the simpler case
depicted in Fig. A.1.

The input to the circuit is given by lig)(jo| ® |+)(+|. Next, the noise channel ay affects
the cluster state, which can be transformed to ao as discussed in Lemma 3, before a control-Z
gate acts on the two qubits:

C2(Jio) (ol ® as(1+)(+))CZ = lio) (ol @ Y al aly” 2" Hlio) (o HZ". (A.20)

m,u,v
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|i0) (jo| ————— k

|+ (+| a2 ?

Fig. A.1. Noisy cluster state and measurement. The cluster state is affected by the noise channel
«ag whilst the measurement will be affected by the noise channel a3.

Next, the noise channel as is decomposed in the rotated Pauli basis, as discussed in Lemma 4
and applied to the first qubit:

n)* i2 . . —ig ~(m m U T . v
Z agk aék) (+]2%e'2% 79)ig) (jo| Z"e ZZk|+ L ® Z aq(w a, g Hlio)(Jo|HZ".
n,g,h m,u,v
(A.21)
From here, we see that the coefficients can be directly moved onto the state of the second qubit,
as in the proof of Lemma 4:

Lo S alaly) zee T 2K Jio) (ol K e 152 2V H 2", (A.22)
m,u,v,n
Thus, the channel ¢y o€y 0 €3, was applied to the input. [
In the more general case shown in F'ig. 6, the channel oy o Gy 0 € 0 €31, 0 aq is applied to
the input state.

A.5 Proof of Lemma 5

Proof. Consider a mized state on n qubits on a space H 4, expressed in its diagonal basis:

A4 =5 peloly (o). (A.23)
k

The Schmidt decomposition tells us that there exists an auxiliary system Hg, of identical
dimension 2", which we may add to the system. The resulting joint state |¢) on the larger
Hilbert space Ha @ Hp is a pure state:

=" vy ® iy, (A.24)
k

such that Trr|v) (| = p[A]. We know nothing about the entanglement induced by the purifi-
cation between the system of interest and the reference system. We choose to picture them as
shown in Fig. A.2, where we label the qubits of the system of interest from 1...n, and the
qubits from the reference system from 1'...n'.

The idea is now to consider the joint system of a real and auxiliary qubit, and apply the
same proof as Vidal to these objects. Thus, we first partition the qubits between the utmost
left real and auziliary qubits, and the other 2(n — 1) qubits. A Schmidt decomposition is then
performed across this partition:

¥y =D A8l @ @), (A.25)
Qp

where there are x[1,1/] terms in this sum, a quantity proportional to the amount of entangle-
ment present between the first qubits of the initial and reference systems and the rest. The
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Fig. A.2.  Purification. Two systems, in black the system of interest and in blue the reference
system.

first Schmidt vector is expanded in the computational basis, where the index i is used for the
real qubit and s for the virtual qubit:

|‘I)g{1,]> = Z ngll]ilslﬁlsl% (A.26)
11,81
thus yielding the state:
= > AL s) @ (@2, (A.27)
ai1,i1

Now, the second Schmidt vector is expressed as:

B2 =3 Jinso) @ |75, (A.28)
1282
and thus |¢) may be written:
[y =Y ALV i) @ finso) @ 785D, (A.29)
Q1,i1,12

The arbitrary state on the qubits [3,...,n'] is expressed in the Schmidt bases for the partition
[3,...,n]:

3..n Nios ’ n'
i) ZF[Q sl 22|l ), (A.30)
which thus give:
[y = Z A[@}{y]r[@}{y]hF[Qi,i’lizsz)\[o? ,2'] |71131> ® |izse) ® |(I)[3 n’ > (A.31)

1,i1,i2,002

This process is repeated, until finally we obtain:

|w> — Z )\[1 1 F[l 1 21511—\{ 1252>\[2 2 F[nln 2n8n|1151 Zn3n> (A32)

Q1,01...Qp

The Schmidt coefficients are then absorbed into the tensors:

|¢> = Z f‘([)}l,l’]ilm f*([fl,igizw . f‘([;i;n’]insn |’i181 o Zn5n> (A33)

Q1,81...Qp,
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The alpha indices can be thought of as implementing the multiplication between these different
tensors, and thus, by associating vectors v with tensors with one index and matrices A for
those with two, we obtain:

Wy = > wlir, s1]Alia, 52] . Vlin, sullirs1 - insn), (A.34)

118100 5n

where we have also assumed translation independence. By relabelling, we finally get:

) = Z V[in, Sn]Alin—1,Sn—1] ... v[i1, $1]|i151 - . . inSn)- (A.35)

9181.--InSn

These tensors now are not only dependent on the state of the real qubits, but also on the state
of the auziliary qubits. Whereas previously the dimensions of the matrices were upper bounded
by the mazimum Schmidt rank over the (n — 1) partitions, their dimension is now dependent
on the amount of entanglement induced by the reference system.

Next, we can trace over the reference system and obtain an expression for the state of the
system, and by defining the matriz pliy, 1] = Y., v'[i1, s1]v[j1, s1], where vlir, s1] denotes a
line vector and v1[j1, s1] a column vector, we thus obtain:

P =N " wfin, sl - Alia, s2lplin, 1] AT, s2] o v [y snllin - cin) (1 Gl (A36)
s [

The superoperator lxx] s defined as:

el (p) = > Aliy, s]pA[ji, 5], (A.37)

and

ol (A) = olfi, 5] Avfj, s]. (A.38)

S

Thus, the mized state is finally given by:
pt =" oliminloglinmvinaal o glinmvin=al(pliy, y))iy . in) G- - (A.39)

This initial state is thus acted upon by sequence of n — 2 superoperators denoted by e, and
where o denotes the composition of superoperators. Finally, the operator o~I» acts on the
evolved logical state, and is analogous to a measurement. The key difference with MPS is the
additional index s which arise in the logical operators Alk,s]. O

A.6 Proof of Proposition 3
Proof. The MPS representation of a cluster state is given by

) = S (inlAlin1] ... Alia] Alir] |4 i - .- i0)- (A.40)
If a Pauli X is applied to the j** qubit, then the state evolves to:

Xl =D (=)ot (=) (=) (=) 2 i 1) © D).
(A.41)
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By relabelling:
Xy =Y (1)t (=) D () G EDE (1) 2y ) i) ),

(A.42)
= S il Alina] - Hligon) (g iy @ 1)y D Higo1) (il Afia]| 9] - i),

(A.43)
=S linlAlin-1] ... Alij] ZAL X Alij_a] . Al |41 - i), (A.44)

and we can interpret this as the logical operator acting on the jth qubit being mapped to
ZA[]{Z}X = 0’01A[ij]0’10.
If a Pauli Z is applied to the j' qubit, then the state evolves to:

Zjlp) =Y (=1t (=) (1) (=) (1) iy ). (A.45)

The effect on the logical operators can be expressed in two ways. FEither:

Zil)y = inl... Alija)Hliz)(i5| ZA[i; 1] . |4 |ix - i), (A.46)
= (in] ... Alij1]Ali|ZAlij 1] .. [H)]i1 - . i), (A.47)
where we can now define A[k] = A[k]Z, or alternatively:
Zilb) =Y in|Alin-1]. .. Alij 1] X H|i;)(i;|Ali;—1] ... Alia][+)|i1 . - in), (A.48)
= (inlAlin-1] ... Alij1] X Ali;]Ali; 1] ... A[i]|H)]in - i), (A.49)

where we can now define A[k] = X A[k]. Thus, when the Pauli Z = oo, operator is applied,
the logical operators can be represented by two equivalent evolutions: Ali;|Z = Alijlogr =
X Ali;) = o104li;). Finally, if a Pauli operator Y = iXZ is applied to the j** qubit, then the
state evolves to:

Vi) =D (=1)mimt (1) == 1) i )] © Dl ) (A.50)

Once again, its effect on the logical operators can be expressed in two ways:

Vi) = SO =1yt (<) () (DR (1) i) @ i),

(A51)
= (inlAlin_1]... Hli;}(i51Z ... A[i]|H)]iv, - - ij—1)li; @ Dlijen - in), (A52)
which if we relabel:

Yilw) = inl... Hliy @ 1){i; ® 1Z .. |H)]ir, - dj-1) i) i1 - i), (A.53)
= (inl... ZAG)XZ .. |4)ix .. i), (A.54)

where we can now define Afi;] = ZA[i;]XZ = ZA[i;]Y. Alternatively,
Vi) = inl. .. HZJij & 1)(i; @ 1] .. |1, - dj-1) i) i1 - - i), (A.55)
= (inl ... HZX|i;)(i;|X ... |[)]i1 ... in), (A.56)

= (in]... XZA[G]X .| +)i1 .. i), (A.57)
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where we can now define Ali;] = iXZA[i;]X = Y Alij]X. Thus, when the Pauli operator Y =
o11 acts on the state, the logical operators evolve to: ZA[i;|XZ = ZA[i;]Y = oo1Alijlon =
YA[’L]}X = O’llA[ij]O'lo. O

A.7 Proof of Proposition 5

Proof. The Kraus operators K,, are decomposed in the Pauli bases: K,, = Za,b kgT)ogT).
Thus, when the CPTP map acts on the I*" qubit, we have:

=33 N ottmindo. ol () () i) (|- B RS S (i) Gio ST i) Gl

m 4,5 a,b,g,h

(A.58)
By linearity, and applying proposition 3, this can be expressed as:

= glminloglinuinilo o glivilo  oel@dl(|4)(+ )iy .. in)(j1 .. jnl, (A.59)

where we have defined £31(p) = 3= &, (Ali])pel, (A[j]), and where &, (p) = Dab kabaOa paaT).
0



