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After Bob sends Alice a bit, she responds with a lengthy reply. At the cost of a factor of
two in the total communication, Alice could just as well have given Bob her two possible
replies at once without listening to him at all, and have him select which one applies.
Motivated by a conjecture stating that this form of “round elimination” is impossible
in exact quantum communication complexity, we study the orthogonal rank and a sym-
metric variant thereof for a certain family of Cayley graphs. The orthogonal rank of
a graph is the smallest number d for which one can label each vertex with a nonzero
d-dimensional complex vector such that adjacent vertices receive orthogonal vectors. We
show an exp(n) lower bound on the orthogonal rank of the graph on {0,1}"™ in which
two strings are adjacent if they have Hamming distance at least n/2. In combination
with previous work, this implies an affirmative answer to the above conjecture.
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1 Introduction

The orthogonal rank of Cayley graphs. In the following all graphs are simple and
undirected. For a graph G = (V,E), a map ¢ : V — C? is an orthogonal embedding in
dimension d if (¢(v),¢p(v)) =1 for all v € V and (¢(v), p(w)) = 0 for all (v,w) € E. The
orthogonal rank of G, denoted £(G), is the smallest positive integer d such that there is an
orthogonal embedding of GG in dimension d. Here we prove bounds on the orthogonal ranks
of certain Cayley graphs.

For a finite group I' and a subset S C T', the Cayley graph G = Cay(T,S) is the graph
with vertex set V = I and in which g, h € I" are connected by an edge if and only if gh=! € S
or hg=! € S. We shall also be interested in the following variant of the orthogonal rank. Say
that an orthogonal embedding ¢ : I' — C? is symmetric if there exists a function f : ' — C
such that (¢(g),¢(h)) = f(gh™!) for all g,h € T. Then, the symmetric orthogonal rank

“Email: j.briet@cwi.nl. Supported by a VENI grant from the Netherlands Organisation for Scientific Re-
search (NWO).
bEmail: j.zuiddam@cwi.nl. Supported by NWO through the research programme 617.023.116.

106



J. Briét and J. Zuiddam 107

of G, denoted &y (G), is defined as the smallest positive integer d such that there exists a
symmetric orthogonal embedding in dimension d. Note that, clearly, £(G) < &ym(G).

Our main results concern bounds on the orthogonal rank and symmetric orthogonal rank
of certain Cayley graphs based on powers of cyclic groups. For a positive integer m, let
Cm ={0,1,...,m — 1} be the cyclic group of m elements. For a positive integer k, let [k]
denote the set {1,2,...,k}. For a positive integer n and parameter d € [(m — 1)n], define
H} (d) to be the Cayley graph Cay(C)",S) with § = {x € C;" : >°, x; > d}, where in the
summation we consider the elements z; as elements in N. Then, the graph HZ(d) is precisely
the graph with vertex set {0,1}" where two strings form an edge if and only if they have
Hamming distance at least d.

Quantum communication complexity. The orthogonal rank in general is a poorly un-
derstood parameter. Much impetus for its study has recently come from quantum information
theory, in particular in the context of quantum entanglement [1]. The problem of bounding
the orthogonal rank of the above-mentioned Cayley graph H(d) arose from a question in
exact quantum communication complexity. Here two parties, Alice and Bob, receive inputs
x,y from sets X', Y, respectively, and their goal is to compute a function f(z,y) depending
on both of their inputs, using as little communication as possible. In a promise problem, the
inputs are guaranteed to be drawn from a subset D C X x ) known to the parties in advance.
In the most general deterministic classical protocol the parties take turns sending each
other binary sequences until both of them know the answer. The (exact) communication
complexity is defined as the minimum number of bits sent back and forth in such a protocol
under worst-case inputs. The one-round communication complexity is the length of the
shortest string Alice can send Bob so that he can learn the answer under worst-case inputs.
In the quantum setting, the parties may send each other qubits instead of classical bits,
which gives them at least as much power as in the classical setting and is well-known to
sometimes lead to dramatic savings [2] (see [3, 4] for an introduction to quantum informa-
tion theory). The quantum communication complerity is defined analogously to its classical
counterpart. The one-round quantum communication complexity turns out to be character-
ized precisely by the orthogonal rank of the graph G = (V, E) with vertex set V = X and
where u,v € V form an edge if there exists a y € ) such that (u,y) € D and (v,y) € D.
De Wolf [5, Theorem 8.5.2] showed that the one-round quantum communication complexity

equals [log, £(GQ)].

Impossibility of quantum round elimination. Round elimination is a basic procedure
whereby the number of rounds of communication is reduced at the cost of some additional
communication. For example, if Bob is supposed to send Alice a single bit after which she
is supposed to reply with a k-bit string, she could just as well immediately send Bob the
two k-bit strings corresponding to the bits he might have sent, after which he picks out the
appropriate one. This removes one round of communication at the cost of roughly a factor of
two increase in the total number of communicated bits.

It was conjectured in [6] that a quantum analogue of round elimination is impossible,
in the sense that removing a round can result in unexpectedly large increases in (quantum)
communication. The following promise problem was suggested as a possible candidate to
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show this: Alice is given an n-bit string « and Bob is given a set Y C {0,1}" containing x
such that for some integer d > n/2 the pairwise Hamming distances between the strings in YV’
equals d. The parties’ goal is for Bob to learn z, that is f(x,Y) = x. The authors gave
a two-round protocol for this problem in which Bob first sends Alice a single qubit, after
which Alice replies with a k = [logy n + 1]-qubit sequence. The naive analogue of the above
round-elimination example would say that there is a one-round 2k-qubit protocol. However,
in [6] it was conjectured that the orthogonal rank of the graph associated to the problem, the
graph HJ(n/2), is of the order n“M | implying that the one-round quantum communication
complexity is in fact w(k). It was shown that for n even, 2n < &(H$(n/2)) < 2M1/4n+l
20-817 wwhere h(p) = —plogy p — (1 — p)logy(1 — p) is the binary entropy function.

Towards resolving this conjecture, it was suggested by Buhrman [7] to examine the po-
tentially easier problem of determining the symmetric orthogonal rank of H%(n/2). Here we
determine this parameter exactly for the more general class of Cayley graphs described above.

Theorem 1. For all positive integers m,n and any d € [(m — 1)n] that is divisible by m — 1,

we have
d

§sym(H;ib(d)) =m" m-1,

Observe that the above result improves on the upper bound of the orthogonal rank of [6],
since £(Hy (n/2)) < &ym(Hz (n/2)) < 272,
More importantly, the main conjecture of [6] can be resolved in the affirmative.

Theorem 2. There exist absolute constants c,e € (0,00) such that for every positive integer n
that is divisible by 8, we have
§(H3 (n/2)) = 27"7°.

Remark 3. Our proof of Theorem 2 indirectly establishes the result by bounding the Lovész

theta number ¥(G) of the complement of G = HJ(n/2) (see Section 3) and using the fact
that £(G) > 9(G) [6]. While writing this paper, Amir Yehudayoff brought to our attention
an unpublished manuscript of Samorodnitsky’s [8] where he proves a slightly better lower
bound on ¥(G). He determines this value almost exactly with the use of cleverly-chosen
orthogonal polynomials, giving 9(G) ~ 2°19". Using more elementary methods, we prove
that 9(G) > 20:0435n—logs(5/2)

Based on Theorem 1 and Samorodnitsky’s results, which cover the graphs HZ(d) for all

d € [n], the best bounds on the orthogonal rank of G = HJ(d) can be summarized as follows:
2(17h(d/(2n)))n70(n) < ﬂ(é) < ﬁ(G) < fsym(G) _ 2nfd7

where i denotes the binary entropy function defined above.

Connection with k-wise independence. Before going into the proofs, we would like to
mention a connection between the Lovdsz theta number of the graph HY(d) and (d — 1)-
wise independent distributions on {0,1}". A probability distribution P on {0,1}" is k-wise
independent if for any k indices i; < iy < -+ < it and any string v € {0, l}k

Pr (i, iy -1y, = v] =275
x~P
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In words, the restriction of P to any k indices is a uniform distribution. Now view P as a
function {0,1}™ — R such that P(x) > 0 for allz € {0,1}" and ) P(z) = 1. It is a standard
and easy fact that P being k-wise independent is equivalent to the Fourier coefficients 13(2)
being zero for all z € {0,1}"™ with Hamming weight |z| € {1,2,...,k}. Let G = HJ*(d). With
the above observation and Equation (3) on page 115 one can prove that the value of

max P[00---0] s.t. 1. P is a prob. distr. on {0,1}"

2. P is (d — 1)-wise independent

is exactly 27" ¥(G). The maximal probability that all bits are zero was studied in [9] and [10]
and it was stated as an open problem in [9] to determine this value for all d € [n/2,n) N N.
Our proof of Theorem 2 gives a nontrivial lower bound for d = n/2. The results of [8] yield
the asymptotically tight value 2-"(4/ (27 for any d € [n].

A concise way to phrase the above in Fourier analytic terms is as follows. For a function
f:{0,1}" - R and p € [1, 00), the £,-norm of f is defined as

71, = (2 @)

z€{0,1}"

Define || f|| . = maxge(o,13» |f(z)|. The above lower is then equivalent to the assertion that
for any d € [n] and any function f : {0,1}" — R of polynomial degree d, we have

1fllo < 207 P@/ Gkl g

This may be compared with the following standard consequence of the hypercontractive in-
equality [11, Corollary 5.16], which says that for any function f :{0,1}" — R of polynomial
degree d and for all 1 < p < q < o0,

—1\d/2
17, < (5=5)" 1l

2 The symmetric orthogonal rank

In this section we prove Theorem 1. Let us first review some results on the character group
of a finite abelian group (for a more detailed introduction, see for example [12]). Let T be
a finite abelian group and let C* be the multiplicative group C\ {0}. The character group
T of T is the group consisting of all homomorphisms G — C*, that is, maps f : G — C*
such that f(gh) = f(g)f(h) for any g,h € T. Now consider the complex vector space CI
consisting of all maps I' — C. Endow this space with the inner product defined by (f’, f) :=
||t >_gec f'(9)f(g). Then the characters [ form an orthonormal basis of CT. We can thus
write every map f : I' — C in the form

Flo) =" T x(@)

xel'

with f(x) € C. The complex numbers f(x) are called Fourier coefficients and the map f — ]?
is called the Fourier transform.
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Let m € N and let ¢, € C* be an mth primitive root of unity. Let I" be the cyclic group
Cm =40,1,...,m — 1}. Then the character group I' consists of the maps

Xz Cm — C* i x— (C5)” with z € C,,.

Let n € N and let I" be the direct power C;{™. Then the character group T consists of the
maps

Xzt Cp" = C* = ()™ - ()™ with z € CX™.

We will write the product (¢Z)** --- (¢Zr)™ as (%%, and f(xz) as f(z)

We will use Bochner’s theorem for finite groups. Let f be a map I' — C. Let e be the
unit element of T'. We say f is normalized if f(e) = 1. We say that f is positive semidefinite
(PSD) if for any k € N and any g1,...,gr € I' the matrix (f(gigjfl))i’je[k] is PSD.

Theorem 4 (Bochner’s theorem for finite groups). Let I' be a finite abelian group. Let T be
the character group of I'. Let f be a map I' — C. Then, the following two statements are
equivalent:

1. The map f is normalized and PSD.

2. The map f satisfies f(x) € R>q for all x € f, and erf f(x) =1.

Proof: Assume f is normalized and PSD. Consider the Fourier decomposition f = erf f(x)x.

Then f(xy~!) = 2 f(X)X(x)X(y) Define the matrix M = (f(gh™'))yner. Then for any
vector v € C', we have v*Mv € R>( and

’UMU—’U(Zf T))gh)
=3 Fooe

where in the last line we used x to denote the complex vector (x(g))q. By taking v = x
and using the orthogonality of the characters, we get f(x) € R>q for all x. Also 1 = f(e) =

> FOOx(e) = X, F).

Assume f has real nonnegative Fourier coefficients summing to 1. Then
(e)=> flox(e) =) flx) =
X X
Let ¢1,...,gr € I'. Define the matrix M = (f(gigjfl))i’je[k]. Then

M =" 700 (x(9:)x(9))ijem = Zf

where each NV, is a submatrix of the PSD matrix xx*. Therefore, the matrix M is PSD. 0O

The following proposition relates symmetric orthogonal embeddings to maps f : I' = C
with restrictions on the Fourier coefficients. For a map ¢ : S — C on a finite set S, we define

supp(¢) == {z € S| ¢(x) # 0}.
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Proposition 5. Let ' be a finite abelian group and let S be a subset of I'. Let f : T — C be a
map such that f(e) =1 and f(g) =0 for all g € S. Then, there exists a map ¢ : I' — C¢ such
that (¢(g), p(h)) = f(gh™') if and only if all Fourier coefficients f(x) are real and nonnegative
and |supp(f)| < d.

Proof: Let ¢ : ' — C% be a map such that (¢(g), ¢(h)) = f(gh™!). We have the following
equality of matrices

((6(9), () g.ner = (F(gh™)gmer = >_ FOO)XX

The left-hand side is a Gram matrix and therefore PSD. Bochner’s theorem (Theorem 4) says
that the Fourier coefficients f( ) are then real and nonnegative. Moreover, the rank of the
left-hand side is at most d while the rank of the right-hand side equals |supp(f )|

On the other hand, suppose f(x) € R for all x. Let S be the set {x € T: f(x)# 0}
For any g € T', define the vector

olo) = (VI x(e) e

We claim that ¢ satisfies (¢(g), ¢(h)) = f(gh™!) for all g,h € T. Indeed, we have, for any
g,hel,

(@(9), 8(h)) = FO)x(g)x(h) = f(gh™') =0, when gh™" € S,

XES
(6(9),0(9)) = > JO)x(9)x(9) = fle) =1,
XES
which proves the claim. O

We also use the following well-known result on the number of roots of multivariate poly-
nomials, the particular form of which is taken from [13]. View the cyclic group C,, as a
multiplicative subgroup of C by mapping a generator to a primitive mth root of unity. As
usual, for a field F, denote by F[z1,...,z,] the ring of polynomials with variables x1, ..., 2,
and coefficients from F. The degree of a nonzero polynomial

p(x1;-~-7xn) == Z ctxil xf’tn

teN™

is defined as deg(p) := min{t; + -+ + ¢, | ¢¢ # 0}. For any map f : C\" — C, we define
the polynomial degree deg(f) to be the smallest number d such that there is a polynomial
p € Clzy,...,z,] of degree d that interpolates f, that is, p(z) = f(z) for all z € CX"™. We
write U(f) :=={z € Cx™ | f(2) # 0} for the set of nonzeros of f in C)™.

Theorem 6 (DeMillo-Lipton-Schwartz-Zippel). Let f : CX™ — C be a nonzero map of

polynomial degree d. Then,
mn

\U(f)|ZW~
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Proof: By viewing C), as a multiplicative subgroup of C we can identify f with a nonzero
polynomial in C[zy,...,z,] of degree d such that each variable in f has degree at most m — 1.
We induce on n. For the base case n = 1, f is a nonzero univariate polynomial of degree at
most m — 1 and f thus has at most m — 1 zeros. Therefore, |U(f)| > 1 > m/m®/(m=1),
Assume the theorem statement is proven for polynomials in n—1 variables. We can write f
in the form

d
Fyrs s yn) = > 0y, yna),
=1

with g; € Cly1,...,yn—1] & polynomial of degree at most d — 4. Let k be the maximum i for
which g; is nonzero. By the induction hypothesis, the polynomial gj, satisfies

U (gr)| = mnL fmld=k)/(m=1)_
For each y € U(gx), let hy, € C[t] be the univariate polynomial defined by

hy(t) = f(tayb s ayn—l)-

We know that each h, is nonzero and has degree k. Therefore, |U(h,)| > m/m*/ (M=) We
conclude that

U] =Y U (Ry)| = m" /m® =D,
y€U(gk)
which proves the theorem. O

Proof of Theorem 1: We begin with the upper bound. For z € C)", define the weight
|z| to be ), x; where the sum is taken in N. Denote the unit element in C)" by 0. Let
f:CxX™ — C be a map satisfying the three properties

1. £(0)
2. f(x) =0 when |z| > d,

L

-~

3. f(z) >0forall ze CX™

Write f in the Fourier basis, f = >° oxn f(2)xz(2). Define g : C;i" — C by g(2) = f(z)
Then g(2) = m™"f(z). The Fourier expansion of g is thus g(z) = m™" 3" _xn f(2)xz(2).
Since f(xz) = 0 when|z| > d, the polynomial degree of g is at most d. By Theorem 6 there are
at least m"/md/(m_l) points where g is nonzero. The map f thus has at least m”/md/(m_l)
nonzero Fourier coefficients, which means by Proposition 5 that &ym(G) > mn—d/(m=1),

To prove the lower bound, define k = n —d/(m — 1). Let h : CX¥ — C be the indicator
function of the zero element in CX*, so h(0) = 1 and h(x) =0 for all # # 0. Let g : " — C
map z to h(xy,...,xr). We see that g(0) = 1 and that g(x) = 0 whenever || > d. For the
Fourier coefficients of g we get

]. ]_ /. !
(9.0 = — > g@)xa(e) = s > G,
zeCy" z€CK™:
z=0"z’
where 2/ € C5% ™™ is the vector consisting of the last d/(m — 1) entries in z, and similarly

for /. If 2/ = 0, then the above expression is positive. If 2’ # 0, then the above expression
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k

is zero. We conclude that g has m” nonzero Fourier coeflicients and moreover all nonzero

Fourier coefficients are positive. Therefore, by Proposition 5, there is a symmetric orthogonal

embedding of the graph H" (d) in dimension m*. O

3 Lower bounds on the orthogonal rank

In this section we prove Theorem 2. The workhorse in this proof is the following special
case of [8, Lemma 3.3], for which we give an alternative, more elementary proof, albeit with
slightly worse constants.

Proposition 7. There exist absolute constants c,e € (0,00) such that for every n € N that
is divisible by 8 and any p € R[z] of degree < n/2, we have

p0) <273 (7 bt

=0

Proof: Let S C {0,1,...,n} be any set of size at least n/2. Writing p as an interpolation
polynomial in Lagrange form with respect to the set S, gives

pa) = Y0t JT 5

€S LeS\{i}

By the triangle inequality, p(0) is therefore at most

w0 <Xl I 7=

ies tes\{i}
o\ (n\ ! 12
= Z p(4)] i\ H m
€S LeS\{i}
" /n n\ " l
O ) 1
i=o \' SN sy €=l
Hence,
n —1
n n l
20 < (3 (7)) minmex () T oo
; i ‘ | 5 ies \1 eeg\[{i} [ — i
where the minimum is taken over all sets S C {0,1,...,n} of size at least n/2. To prove the

result it thus suffices to exhibit a set S for which the maximum is exponentially small in n.
To this end, define the sets S; = (%,22] NN and S5 =[5, 72) NN and let S = S U Ss.
Define

n\ " l

=" T — 1)
i L=
LeS\{i}

Since f is symmetric about n/2, we have max;cg, f(i) = max;es, f(i) and it follows that to
bound max;eg f(4), it is sufficient to maximize f over Sj.
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Define k = n/8. Let j € [1, 3] such that i := jk € S;. We claim that
Gi) () )
("5 ) Ge)

Indeed, in (1) we can split the product over S into a product over S; and a product over Sy

f@@) < (2)

to obtain

8k\ ! ¢ ¢
k)= , ,
Tk (Jk‘> 11 €=kl 25, € = 7Kl

teSi\{jk}

_ (8k>_1 (3k)! (Tk — 1)1 ((5 — j)k — 1)!
—\Jk/)  EHB= )R = DR (Bk = DT = j)k = DI

Multiplying with (jk)!?/(jk)!? and grouping appropriately, one recognizes the required bino-

mial coefficients.

Observe that the product of the first and third coefficients in the numerator of (2),
namely (f’;) (%F), counts the number of ways to choose a jk-subset in a 3k-set and then
a k-subset in this jk-subset. We get the same count by first choosing a k-subset in a
3k-set and then choosing a jk-subset in the 3k-set which includes the k-set. Therefore,

(?1]:) (jkk) = (?}f) (?ﬁ::) = (3:) (],ffk) Next, it follows from the Cauchy-Vandermonde iden-

tity [14, Exercise 1.9],
m-+n - m n
(") =2 ()0

— . — -1 . . .
that (3,5) (j,?fk) < (?z) = %(5’;% 1). Hence, f(i) < 5%],(7];,c 1) (?Z) . Finally, since j < 3
and for any integers b < b+ ¢ < a, we have (*}°) (‘;)71 < (2=P)e [14, Exercise 1.18], it follows
that

o<s5(% 6

IN

| Ot DN Ot Ot

which establishes the result. O
For a matrix X € R™*", we write X 3= 0 if X is symmetric and PSD.

Proof of Theorem 2: Let G = H}(d). We lower bound £(G) by lower bounding 9(G).
This we do by looking at the value of ¥(G). By definition,

J(G) = max E Xij st 1. X is areal 2™ x 2™ matrix
i,j€[2"]
2. X =0

3.9 Xy=1
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If X is a feasible solution to the above maximisation, then for any element a € G (we implicitly

identify G' with the group C;™ here) the matrix Y defined by V!, = X, 14,y+a is a feasible
solution with the same value. Let Y be the average % Y wcc Y This is again feasible
with the same value. Moreover Y, , depends only on  — y; namely, if x —y = 2’ — ¢/, then
Yoy =Ya_yo=Ye_y o =Yy, . With this observation and Bochner’s Theorem (Theorem 4)

we obtain

WG =max S f@) st L fi{01}" SR
z€{0,1}" ~
2. f(z) > 0forall z € {0,1}"
3. f(0)=1
4. f(z) =0 for d < |z|.
Through the Fourier transform we get

J(G) =max 2"¢(0) s.t. 1. g: {0,1}* - R (3)
2. g(z) >0 for all z
3. 27G(0) =1
4. g(z) =0 for d < |z|.

(See [15] for a similar description.) Because ¥(G)9(G) > 2™ (see [16]), we have

_ on
> t. . n
HG) 2 — 375 (0) 8.t 1. g:{0,1}" 5 R

2. g(z) >0 for all z
3. 27G(0) =1
4. g(z) =0 for d < |z|.

Now let d = n/2. According to Proposition 7, the value of g(0) is at most 27""¢ so the

value of ¥(G) is at least 257 ¢. O
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