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Quantum algorithms for simulating Hamiltonian dynamics have been extensively de-
veloped, but there has been much less work on quantum algorithms for simulating the
dynamics of open quantum systems. We give the first efficient quantum algorithms for
simulating Markovian quantum dynamics generated by Lindbladians that are not nec-
essarily local. We introduce two approaches to simulating sparse Lindbladians. First,
we show how to simulate Lindbladians that act within small invariant subspaces us-
ing a quantum algorithm to implement sparse Stinespring isometries. Second, we de-
velop a method for simulating sparse Lindblad operators by concatenating a sequence of
short-time evolutions. We also show limitations on Lindbladian simulation by proving a
no—fast-forwarding theorem for simulating sparse Lindbladians in black-box models.
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1 Introduction

The original motivation for quantum computers came from the observation that such a device
would be ideally suited to simulating quantum systems [21]. Over the past two decades, there
has been substantial work on the development of quantum algorithms for simulating Hamilto-
nian dynamics. Lloyd [32] gave the first explicit quantum algorithm for efficiently simulating
local Hamiltonians. Aharonov and Ta-Shma [1] introduced the more general notion of sparse
Hamiltonians and showed that they can also be simulated efficiently. The complexity of sparse
Hamiltonian simulation was subsequently improved using approaches based on product for-
mulas [6, 12, 15], discrete-time quantum walks [7, 13], and methods for implementing linear
combinations of unitaries [8-11, 16, 33].

Hamiltonian dynamics represent an idealized scenario in which the system is perfectly iso-
lated. More generally, a quantum system coupled to an inaccessible environment can evolve
nonunitarily. Such open quantum systems arise naturally in areas including quantum statis-
tical mechanics and quantum optics, and in the description of realistic quantum information
processors that are subject to noise. However, there has been relatively little work on quantum
algorithms for simulating open quantum systems.

In this paper, we focus on quantum algorithms for simulating Markovian quantum dy-
namics, a well-studied special case that describes a situation in which a system is coupled to
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902 Efficient simulation of sparse Markovian quantum dynamics

a large, memoryless environment. For an N-dimensional system with density matrix p, such
dynamics can be described by a Lindblad equation [30] of the form

%:c() Hp—i-z pLT—fLTLp—&-pLTL)) (1)
where H is an N x N Hermitian matrix and the L; are N x N matrices called Lindblad
operators. The superoperator £ that generates the dynamics is called the Lindbladian. We
say that a Lindbladian £ can be efficiently simulated if, for any ¢, € > 0, there exists a quantum
operation £ consisting of poly(n,t,1/¢) gates such that ||€ — e“!||, < ¢, where | - |, is the
diamond norm (see Definition 4 below).

Of course, one possible approach to simulating open quantum systems is to explicitly
simulate the environment [41, 43]. However, this introduces considerable overhead, and it
is challenging to analyze such an algorithm rigorously. To the best of our knowledge, the
only case for which explicit, efficient algorithms have been presented is the setting of open
quantum systems with local interactions (i.e., with Lindblad operators that act nontrivially
on a constant number of qubits). Kliesch et al. [28] gave the first efficient algorithm for this
case. That work has been extended to some non-Markovian open systems [38].

More generally, it may be useful to have efficient algorithms for simulating Lindbladians
that are not necessarily local. Such a framework might be applied to develop quantum
algorithms based on Markovian dynamics, just as sparse Hamiltonian simulation can be used
to implement adiabatic optimization [1], quantum walk algorithms [14, 19], and the quantum
linear systems algorithm [25]. It might also be useful for simulating realistic systems that are
not necessarily described by local Lindbladians, just as sparse Hamiltonian simulation has
been useful in the context of quantum chemistry (see for example [3] and references therein).
(We give a simple example of such a Lindbladian, a truncated version of a damped harmonic
oscillator, in Section 5.3.)

Just as in Hamiltonian simulation, a simple counting argument shows that Lindbladians
must have some special structure to be efficiently simulated. In particular, it would be natural
to develop an analog of sparse Hamiltonian simulation for Markovian dynamics. In this paper,
we develop two approaches to simulating sparse Lindbladian dynamics.

First, we develop a simulation framework that we call the sparse Stinespring isometry
framework. As in sparse Hamiltonian simulation, we divide the Lindbladian into a sum of
terms, each of which generates evolution within a low-dimensional subspace. To simulate
one such term, we implement it by a sparse Stinespring isometry, which we show how to
implement efficiently in Theorem 2. The quantum algorithm first implements the isometry
using an ancilla system and then uncomputes this ancilla to obtain the correct isometry.
While the first step is reasonably straightforward, the second is more technically challenging,
requiring careful application of the orthogonality properties of the Stinespring isometry to
uncompute the ancilla without disturbing the effect of the first step.

Second, we develop a method for simulating Lindbladians with sparse Lindblad operators
(Theorem 8). We simulate such Lindbladians by concatenating a sequence of short-time
evolutions, where the error in the implementation of each piece is quadratic in the evolution
time. By generalizing efficient implementation of sparse unitaries [26], we implement these
pieces by approximately implementing a sparse map that we show is close to the desired
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] class \ nonzero entries | # nonzeros | rank | result |
Identical-coordinate Alrek) (1) O(N?) O(N) | Theorem 4
Sparse-diagonal A1), (kD) O(dN) ©(dN) | Theorem 5
Dense-diagonal Alre), (k1) N? N? Theorem 6
1-ket-sparse A(k,l),(k,l)7 A(k,l),(u(k),l) @(N) @(N) Theorem 7
Sparse Lindblad operator A (8).8),(v5 (). O(N?) O(1) | Theorem 8

Table 1: Summary of the main results of this paper. The second column describes the nonzero entries
of the matrix A characterizing the overcomplete GKS form presented in (3). Here v is a permutation
that encodes the location of the nonzero entries. The third and fourth columns describe the number
of nonzero entries and the rank of A, respectively, where N is the dimension of the Hilbert space and
d is the sparsity.

quantum operation.

We apply these two methods to simulate five classes of sparse Lindbladians, which we
characterize in terms of a matrix that we call the overcomplete GKS matriz, denoted A.
When the Lindbladian acts on an N-dimensional system, A is an N? x N? matrix.

These simulations are summarized in Table 1. We call the first class identical-coordinate
Lindbladians because the nonzero entries of the overcomplete GKS matrices have two identical
coordinates for the row, and similarly for the column. In particular, if all Lindblad operators
of a Lindbladian are diagonal, then this Lindbladian is identical-coordinate. In the second
class, sparse-diagonal Lindbladians, the overcomplete GKS matrix A is diagonal, and the
diagonal of A is described by a d-sparse matrix. If the matrix A is diagonal but its diagonal
is not described by a sparse matrix, then it may be difficult to simulate in general. However,
we define a class of dense-diagonal Lindbladians for which the entries of the diagonal can
be partitioned into N sets of identical entries, such that with appropriate query access to
partial sums of the entries, these Lindbladians can be simulated efficiently. The fourth class
of efficiently simulatable Lindbladians, which we call 1-ket-sparse Lindbladians, has nonzero
off-diagonal entries, but the sparsity is special as the permutation is independent of the
second coordinate of both rows and columns. In the fifth class of Lindbladians, the Lindblad
operators are sparse.

More generally, our results show how to efficiently simulate any Lindbladian that can be
expressed as a positive linear combination of (efficient unitary transformations of) Lindbladi-
ans from the five classes represented in Table 1, together with local Lindbladians.

We describe two applications of our results. First, we show how to efficiently simulate a
truncated damped quantum harmonic oscillator, which is not described by a local Lindbladian.
Second, we give an efficient implementation of open quantum walks—a mutual generalization
of classical Markov chains and quantum walks—on sparse graphs.

Finally, we also show a limitation on Lindbladian simulation by proving a no—fast-forwarding
theorem for Markovian quantum dynamics (Theorem 10). For two natural black-box models
of sparse Lindbladians, we show that the complexity of a simulation for time t is at least
linear in ¢.

The remainder of this paper is organized as follows. In Section 2, we define the overcom-
plete GKS form, invariantly d-sparse Lindbladians, and d-sparse Stinespring isometries, and
establish an equivalence between the latter two notions. We also discuss product formulas for
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superoperators. Then, in Section 3, we establish our sparse Stinespring isometry framework,
which reduces the Lindbladian simulation problem to the task of finding the Gram vectors of
a certain matrix and efficiently implementing a sparse Stinespring isometry defined in terms
of these Gram vectors. In Section 4, we apply this framework to efficiently simulate four
classes of nonlocal Lindbladians. Then in Section 5, we show how to simulate Lindbladians
with sparse Lindblad operators. In Section 6, we describe how to use our results to efficiently
simulate open quantum walks. We then turn to limitations on simulation in Section 7, where
we prove a no—fast-forwarding theorem for Lindbladians. Finally, we conclude in Section 8
and present some open problems about simulating open quantum systems.

2 Preliminaries

2.1 Owvercomplete GKS form

Gorini, Kossakowski, and Sudarshan [22] gave an equivalent characterization of Markovian
quantum dynamics that is a convenient alternative to the Lindblad equation (1). Given a

basis {0} 21_1 of traceless operators on N x N density matrices, £ is the generator of a
Markovian open system evolution if and only if it can written as

N2-1

L(p) = —i[H, p] + Z Aij([oip, UJT-] + [%PUJT-]) (2)

4,j=1

for some N x N Hermitian matrix H and some (N? — 1) x (N? — 1) positive semidefinite
matrix A.

It is more convenient for our purposes to choose a basis of matrix elements in the compu-
tational basis. Although the resulting form is no longer unique, it provides a natural setting
to describe sparse Lindbladians. The resulting overcomplete GKS form is as follows. Here
and throughout this paper, let [N]:={0,1,..., N — 1}.

Theorem 1 L is a Lindbladian if and only if there exists an N? x N? positive semidefinite
matriz A with entries Ay 10y for k1K' 1" € [N] such that

L(p) = —i[H, p] + Z Ay, (k1) (2<I|P|l/>|k><k/| — O (1)U p — 5kk/ﬂ\l/><l|)- (3)
k,Lk' I’ €[N]

Proof. For each j in (1), write the Lindblad operator L; in the computational basis in the
form

Li= Y ajuplk)l (4)

k,lE[N]

Then

1
> (LpL} - §(L}Ljp +pLiL)))
J

=33 @ U RE = S (1)l + )0 (5)

j kLK, 'E€[N]
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Define an N2 x N2 matrix A with composite indices by
1 *
Alht).(v.0) = 5 D ()T 10) (6)
J

Clearly, A must be positive semidefinite. On the other hand, if A is positive semidefinite, it
can always be written in the above form using the spectral decomposition. 0

2.2 Sparse Stinespring isometries

We develop a framework for simulating sparse Lindbladians by implementing sparse Stine-
spring isometries. We begin by defining notions of sparsity for Lindbladians and quantum
operations.

Definition 1 A linear map T on density matrices is d-sparse if for any pair (x,y) € [N]?,
T (lz)(y]) € span{|z)(y'| : 2" € Sz, ¥’ € Sy}, (7)

where S, C [N] is the set of basis states to which |x) can transit and max, |S;| < d. If for
arbitrary x # y, either Sy NSy =0 or Sy = S, then we say T is invariantly d-sparse.

Invariantly sparse operations are especially simple since their evolution is confined to low-
dimensional subspaces. In particular, observe that for any invariantly d-sparse Lindbladian
£ and any time ¢t > 0, £ = ¢! is an invariantly d-sparse quantum operation.

In our sparse Stinespring isometry framework, we focus on simulating invariantly d-sparse
Lindbladians. It is helpful to have a similar notion of invariant sparsity for Stinespring
isometries.

Definition 2 An isometry V is invariantly d-sparse if for any x € [N],

Vig)= > v (@))|ds) (8)

1€[ry]

for some (not necessarily normalized) ancilla states |¢,;), where v is a permutation of order
at most d and r, < d is the order of x.

The assumption that v is a permutation of order at most d ensures that the quantum

operation obtained by applying V and tracing out the ancilla is invariantly d-sparse. More
precisely, we have |S,| = r, for each z, and we may assign a cyclic order of all r, elements
in S, according to the order of their indices. Thus v can be viewed as a “neighbor function”
where the first neighbor of x is v(z), the second neighbor of z is v?(x) (which is also the first
neighbor of v(z)), etc. Then we have S, = {z,v(x),...,v =~ (x)}, which contains all r, — 1
neighbors of = together with itself.
Example 1 With N = 7, suppose Sy = S; = Sy = S5 = {0,1,4,5} and Sy = S3 = Sg =
{2,3,6}. Then we can take the elements of Sy (or S1, Sy, Ss) in the order0 -1 —-4 —5—0
and of Sy (or Ss,Sg) in the order 2 — 3 — 6 — 2. In other words, we can define the
permutation v to be v(0) = 1,v(1) = 4,v(2) = 3,v(3) = 6,v(4) =5,v(5) =0,v(6) = 2.

Our definitions of invariantly d-sparse quantum operations and invariantly d-sparse Stine-
spring isometries are equivalent in the following sense:
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Proposition 1 A quantum operation £ is invariantly d-sparse if and only if there exists an
invariantly d-sparse Stinespring isometry V. such that

S(p) = Tranc [VpVT] (9)

for all density matrices p.

Proof. The “if” part is trivial since a d-sparse Stinespring isometry can only map |z)(y| into
span{|2’)(y'| : 2’ € Sz, y' € Sy}, where S, = {x,v(z),...,v"="(z)} for arbitrary z. Also, for
arbitrary = # y, either S, NS, =0 or S, = S,

It remains to prove the “only if” part. Assume that a quantum operation £ is d-sparse.
Since for arbitrary x # y either S, NS, =0 or S, = S,, we may define a permutation v of
order at most d for any input such that S, = {z,v(x),...,v"™=~(z)} for arbitrary z, where
ry = |Sz| < d is the order of . Without loss of generality, we may assume that r, = d for
each x. Thus we may write

E(lz)(yl) = Za v (y)l (10)
1,j=0

for all z,y € [N], where a Y e C for all 4,5 € [d] and z,y € [N]. Since £ is trace-preserving,

Tr [ (|x)<x|) = Za“—l YV € [N]; (11)

Tr [E(j2) (Vi (2))] =0 = Z o —0 Vre[Nie{l,....d—1}.  (12)

By (10), the Choi matrix of £, defined as J(£) := (€ ®I)(>, , [2)(y| @ [2)(y]), is

N-1 d-1

JE) =Y (Y afl @) w)) ® lz){yl. (13)

z,y=0 14,7=0

The Choi matrix of any quantum operation is positive semidefinite. In other words, for any
state |@) = ]Icvl_zlo cri|kY|1), we have (p|J(E)|e) > 0. By (13), this is equivalent to

N—-1 d-1
Z Z Cl,i(m)ﬁzazycuj(y%y > 0. (14)
z,y=014,7=0
Denote
N-1 — N—-1d-1
= > Z a;?[i)(j) @ |z)(yl, e} = Cui(z),21K)|2), (15)
z,y=0 1,j=0 z=0 k=0

where we call Mg the Gram matrix of £ (see Definition 3 below). Eq. (14) is equivalent to

(c|Mele) > 0. (16)
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Since (14) holds for any |p) € CV*Y Eq. (16) also holds for any |¢) € C4V. In other words,
Mg is positive semidefinite.

Since every positive semidefinite matrix is a Gram matrix, Mg is a Gram matrix. In other
words, there exist vectors {|¢z.i) }ze[n], ic[q) such that for all z,y € [N] and 4,5 € [N],

<¢Ua ¢$Z>: zj (17)

For each z, define V]z) := Z;.tol |v4(2))|pr.i) as in (8). Then by (11), (12), and (17), V is a
d-sparse Stinespring isometry:

IV]a)* = anm\? Za“=1 Va e [N]; (18)
) d—1 d—1
W @OWVTVIE) =3 (o) jlbies) = D ail D =0 Vae [N ie{l,...,d—1}. (19)
=0 Jj=0

Furthermore, for arbitrary x,y € [N],

Tranc[V]2)(y|VT] = Trane [ }dzl [V (2))|,0) (V7 () [(Dy. 5] (20)
e
= MZ::O aif [V (@) (v ()] (21)
=é(|$><y\)- (22)
Consequently,
E(p) = Tranc[VpVT] (23)

for all density matrices p, which completes the proof. [
We refer to the matrix Mg appearing in the proof of Proposition 1 as the Gram matrix of &:

Definition 3 Given an invariantly d-sparse Lindbladian £ and a time t > 0, the Choi matriz
of & = e*t can be written as

N-1 d-1
JE) =D (D al (@) (w)]) @ ) (yl- (24)
y=0 14,7=0

Then the Gram matrix of £ is

N-1 d-1
Mg = ZO ( 42._:0 ai? i) (j]) @ |z){yl. (25)

2.3 Product formulas for Markovian quantum dynamics

Product formulas are a useful tool for Hamiltonian simulation because they ensure the ad-
ditivity of efficient Hamiltonian simulation: if H; and Hy can be efficiently simulated, then
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Hy + H, can be efficiently simulated. In particular, reference [6] has carefully analyzed the
complexity of Hamiltonian simulation using high-order Suzuki product formulas [36, 37].

Often the spectral norm is applied to characterize the magnitude of Hamiltonians or the
distance between the unitary evolutions they generate. While the diamond norm has a clearer
operational meaning, the spectral norm distance suffices to characterize unitary dynamics
since it is within a constant factor of the diamond norm distance [10, Lemma 7]. Recall that
the diamond norm is defined as follows:

Definition 4 ([27]) Let T be a superoperator in L(L(CY)), where L(X) is the set of linear
operators acting on the space X. Define the diamond norm of T as

1T llo = max |IT°@Zn(p)l, (26)
1=
where || - ||1 is the trace norm (i.e., the sum of the absolute values of the eigenvalues), Ty is

the identity superoperator in L(L(CY)), and p is an arbitrary density matriz in L(CV).
Error estimates for first- [28, Theorem 1] and second-order [45] product formulas have
been generalized to Markovian quantum dynamics. In the latter case, we have the following;:

Proposition 2 Fiz a constant m, let L1, La, ..., Ly, be Lindbladians, and L := max;e(,) || Li[o-
25(mtL)3/?

\/E ;

Then for any 0 < € < 1 and any positive integer r >

<e. (27)

<

m m 1
Hexp (tZﬁi) — (Hetﬁi/r H etcj/r)
=1 i=1 j=m

Since the complexity of Hamiltonian simulation can be reduced using high-order product
formulas, it is natural to consider an analogous strategy for Lindbladians. However, because
Lindbladian dynamics are irreversible, this is only possible if the coefficients in the product
formula are positive. Suzuki proved that product formulas of order 3 and higher must include
negative coefficients [37, Theorem 3|, so we cannot simulate Lindbladians using higher-order
product formulas.

Proposition 2 shows that efficient Lindbladian simulation is closed under positive linear
combination. In other words, if £q,Ls,...,L,, are (polynomially many) Lindbladians that
can be efficiently simulated, then Y !, £; can be efficiently simulated. Note that unlike
the case of Hamiltonian simulation, we are restricted to positive linear combinations since
Lindbladian dynamics are not in general invertible.

If we can efficiently simulate a Hamiltonian H with corresponding Lindbladian H(p) =
—i[H, p] and a Lindbladian £ with zero Hamiltonian, then we can efficiently simulate H + £
by Proposition 2. Thus we assume in the rest of the paper that the Hamiltonian parts of (1),
(2), and (3) are zero.

3 Sparse Stinespring isometry framework
3.1 A brief introduction

We now introduce the sparse Stinespring isometry framework, which can efficiently simulate
many classes of Lindbladians that are invariantly sparse in the sense of Definition 1.
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As in sparse Hamiltonian simulation, the sparse Stinespring isometry framework expresses
the Lindbladian as a sum of terms, each of which generates evolution within a low-dimensional
subspace. To simulate one such Lindbladian £ acting for time ¢ > 0, first we explicitly compute
(in superposition) a classical description of the action of the quantum operation e“* on that
low-dimensional subspace. Specifically, we compute the coefficients of the Gram matrix M of
e“t as defined in Definition 3.

Second, we decompose the Gram matrix M into Gram vectors within low-dimensional
subspaces. By Proposition 1, the Gram vectors of M are the ancilla states |¢z )/ |||¢z.i)] of
a sparse Stinespring isometry V that implements the quantum operation e*t.

Finally, we efficiently implement V' by Theorem 2. The implementation has two stages.
First we efficiently implement the isometry using an ancilla system; then we efficiently uncom-
pute the ancilla to obtain the correct isometry. As discussed in the introduction, the second
step is more technically challenging, as it requires careful application of the orthogonality
properties of the Stinespring isometry to uncompute the ancilla without disturbing the effect
of the first stage.

The main difficulty in applying the sparse Stinespring isometry framework is to efficiently
decompose M into its Gram vectors and to efficiently prepare each Gram vector. We demon-
strate how to do this in several cases (namely, local Lindbladians and the first four classes
presented in Table 1).

e In Theorem 3 we show that for a local Lindbladian, this can be done because M has
low rank. We present the details in Algorithm 1 in Appendix A.

e In Theorem 4 we show that for an identical-coordinate Lindbladian, this can be done
since all matrix elements of the density matrix are invariant under £, i.e., L(|x)(y|) x

) (yl-

e In Lemma 2 we show that for a strongly 1-sparse-diagonal Lindbladian with neighbor
function v, this can be done since {|u)(ul,|v(u))(r(u)|} is a two-dimensional invari-
ant subspace for any u, and all off-diagonal terms are invariant. This facilitates the
simulation of sparse-diagonal Lindbladians in Theorem 5.

e In Theorem 6 we show that for a certain type of dense-diagonal Lindbladian defined by
a set of coefficients {ay}, this can be done since {|u){u/, W} is a two-dimensional

invariant subspace for any wu.

e In Theorem 7 we show that for a 1-ket-sparse Lindbladian with neighbor function v,
this can be done since {|u){ul, |u){v(u)|, |v(uw)){ul, |v(u)){r(u)|} is a four-dimensional
invariant subspace for any wu, and all other terms are invariant.

3.2 Efficient implementation of d-sparse Stinespring isometries

The following theorem gives a quantum algorithm to implement a sparse Stinespring isometry
given the ability to efficiently prepare its Gram vectors:

Theorem 2 Let £ be an invariantly d-sparse quantum operation as in Definition 1, and
re—1

denote its d-sparse Stinespring isometry by V where V|z) =Y 7" " [v'(2))|ds,i) as in Defini-
tion 2. Suppose we are given a black box that outputs S, on input x. Furthermore, suppose
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that |¢g.:)/|||de,i)| can be prepared by O(cy) 2-qubit gates for arbitrary x € [N], i € [rg].
Then & can be implemented by O(d*(log N + ¢y)) 2-qubit gates and O(1) queries to the black
boz.

Without loss of generality, we can assume that r, = d for any x since the proof is identical
if r, <d.

It suffices to show that for each x, we can implement a unitary gate Ug, acting as

d—
US |V |Vj+lc |¢yk(z) ]> VEk € [d] (28)
7=0

,_.

using O(d?(log N + c4)) 2-qubit gates. Then we can implement the following procedure:

)]0y PG 12)]0)]8,)|Us, ) (29)
0, U, |2)]0)]S. >\Us > (30)
uncompute Z |Vz |¢z ; (31)

where |Ug, ) represents a classical description of Ug, and |S,) is computed/uncomputed by
the black box.

We implement Ug, by a two-stage quantum circuit. First we prepare a unitary U_, such
that for each k € [d],

U_|0)[" (x))|0) :Zh R @)Y Bk (a).4)- (32)

Then we uncompute the ancilla: we implement a unitary U such that for each k € [d],

d—1
U Z | Z+k |¢)uk(w l> = Z ‘0>|Vl+k(x)>|¢uk(w),z> (33)
i=0
After both steps, we have
d 1
U U |0)|v*(x IR (@) b)) V€ [d], (34)
]=0

which gives the unitary Ug, that we want to implement.

3.3 Proof of Theorem 2
3.3.1 Notations

By assumption, for arbitrary k,i € [d] there exists a unitary gate @, (,); satisfying

|¢u k(x), 1,>
H|¢uk(w z>||

where @k, ; can be implemented by O(cy) 2-qubit gates.

uk(z z|0>
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In addition, for each x € [d] we define a unitary gate W, acting as

d—1
Wa10) = 3l 1) (30)

This gate can be implemented using O(d) 2-qubit gates [34].

For any = € [N] and any unitary gate U, let A,(U) := |z){z| @ U + (I — |z){z|) ® I be the
gate that performs U on the target register when the control register is in the state |z). See
Figure 1 for an example.

Fig. 1: The gate A, (U) with z = 101.

More generally, we consider unitary gates that are also controlled on a given quantum
state. For any x € [N], quantum state [¢), and unitary gate U, let A, 4y (U) = |x){z| @
o) (6] @ U + (I — |x)(z| ® |¢)(¢|) ® I be the gate that performs U on the target register
only if the first control register is |x) and the second control register is in the state |¢). An
implementation of such a gate is shown in Figure 2, where ® is a unitary operation satisfying
®[0) = |¢). We analogously define A (U) := [¢)(¢| @1+ (I —[¢)(¢]) @1 (i.e., the application
of U is only controlled on the quantum state |¢)).

Fig. 2: The gate Ay |4y (U).

Let P: [d] — [d] be the permutation
Plj):=|j—1modd) Vjeld. (37)

Furthermore, for arbitrary k € [d], define

|(I)$ k Z |Vz+k |¢uk () z> (38)
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Since |@yn(2),i)/||@ur(2),i)|| can be prepared by O(cy) 2-qubit gates for each i and k, the state
|®, %) can be prepared by O(dcy) 2-qubit gates for each k.

Using the controlled gates defined above, for each k € {1,2,...,d — 1} we define
J — —k —(k—1
Uade 3= Mokl iy o) P Akt o,y 00 (P7E7Y)
Ntwwy P75 A1) 6,00 a) P Aok io,ng, o) (PO, (39)

as shown in Figure 3.

I(bz,k>

o) | | 190k a0

[P0k ()00 | | 1Pk (2),1)

Fig. 3: The quantum circuit for U, k.

3.3.2  Proof

Proof of Theorem 2. Define U_, and U._ to be the quantum circuits shown in Figure 4
and Figure 5, respectively.

<I>a:,0 (I’z,l (Pydfl(m),d—l

Fig. 4: The quantum circuit for U_,.

We show below that U, U_, satisfies (34). Using the explicit implementations of U_, and
U, shown above, the desired unitary Ug, in (28) can be implemented efficiently.
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Fig. 5: The quantum circuit for U, .

First consider U_,. It has the effect claimed in (32) because for any k € [d], it acts as

d—1

|o>|vk<x>>\o>M>Zn|¢u ) 118174 (2))]0) (40)
Z| )l o) ()

e 4
D S @) 6 00) (42)

Now we show that U_ has the effect claimed in (33). First observe that, by (8), for each
ke{l,2,...,d— 1} we have

d—1
TrE(F @)@ =0 = Y (Gejirlbur@).y) =0. (43)
7=0

On the one hand, applying U, 1 to 30—} )|V (2)) | du(2),i) glves

d—1

) At 16y o) (P1)
S @) oy i) e S 1) () |y 0 +Z\ V@) Goayi) (44)

=0

M0 @),y (0,010 °) = i+

= = 1) ZIV Mbvyi) =1 —1[Pz1)  (45)

Neg 1) (P z+1

Jeen? ), Zlv )b (2).) (46)
( 70) d—2

A0 (a),

RS Z|o () b ay.a) + )1 (2)) b ) 1)
(47)
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Ao 10y ay0) P X i1
= i+ D @) bua).i)- (48)
i=0
In other words,
d—1
Uea Y ) (@) o) i) Z i+ D (@) [ (a).0)- (49)
i=0

On the other hand, for any k # 1, the circuit before the /\‘q>m’l>(P_1) gate in Uzyl maps
Yo )1 @)) [k (w).a) to

d—1

d—1
Z|i>|’/l+k( Nbuk(ay,i) Z\Z @) 1@k (2),0) = (Bui@)ith—1lPvr @),i) | Bu(w)ith—1))
1=0

i=0

d—1
+ Z |4)] Z+k( )><¢u(¢) it+k— 1|¢V’“(x) 1>|¢u(1) i+k— 1) (50)
1=0
d—1
= | >| ’L+k( )>(|¢Vk($),’t> - <¢1/(37),i+k—1|¢y’°(m),i>|¢u(x),i+k—1>)
=0
d—1 )
+ ‘ - 1> Z ‘Vl+k(x)><¢u(x),i+k—l|¢V’€(ac),i>|¢u(m),i+k—1>' (51)
=0
By (43),
d-1 d—1
<‘I>x,1|(z (@) By, ith—1]Pvr (), | Bu @) ivh—1)) = Z<¢y(z),i+k—1|¢uk(w),i> =0. (52)
=0 =0
Furthermore,

(@o 1| (IVTH (@) (b 2),6) — (Bue),ith1|Pur(@),i) | Pu(a),ith—1)))
= (Pu(a),ith—1Pvk(2),i) — (Pu(a)ith—1]Pvk(2),i) = 0. (53)
Therefore, by (52) and (53) we know that the A, ,y(P~') gate in U, does not change the
state in (51). Finally, the part of U, 1 after the Ao, ) (P~1) gate in U,.1 maps (51) back to
Yo [V (@) Gk a).0)-
Conscquently, Uy maps 3340 1101 (@], t0 I [+ DIy (@)1, while
all other d — 1 possible inputs Z >|u”‘k( x))|Puk(z),s) (for k # 1) remain fixed. The same

happens for all U, j, with k € {1,...,d — 1}. Thus the overall effect of U,_ is
d—1 o o d—1
. ] x,1y--sVx,d—1 . ;
i) [ @) Gk @).5) = i+ R (@) Gk a).) (54)
1=0 i=0

Z |O H_k |¢uk(x ’L> (55)

/\:E(P)wug/\l,d—l(z)(Pd b
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which is the claimed output, (33). Therefore, by (32) and (33), we have

d—
UUS 0" @)]0) = 10) Y [ @) éuro),;) Yk € [d], (56)

0

—

<

as claimed in (34).

By Lemma 7.11 of [4], gates of the form /\Di+k($)7|¢uk(z)7i> (P™F) can be implemented using
O(log N + ¢4) 2-qubit gates for each i € [d — 1] and k € [d — 1], and gates of the form
Ao, ) (P7F) can be implemented using O(log N + dcg) 2-qubit gates for each k € [d — 1].
As a result, O(d(log N + ¢4)) + O(log N + dcg) = O(d(log N + ¢4)) 2-qubit gates suffice to
implement U, j, for each k € [d — 1], and O(d?(log N + ¢;)) 2-qubit gates suffice to implement
U.. In addition, O(d*(logdN + c4)) + O(d(log N + d)) = O(d*(log N + c4)) 2-qubit gates
suffice to implement U_,, where we use the fact that d < N and logdN < 2log N. Therefore,
Us, can be implemented using O(d?(log N + ¢4)) 2-qubit gates. [

4 Applications of the sparse Stinespring isometry framework

We now apply the sparse Stinespring isometry framework to give simulations of specific classes
of Lindbladians. We show how these methods can efficiently simulate local Lindbladians,
subsuming previous work [28, 39]. We also give efficient simulations for four classes of nonlocal
Lindbladians.

4.1 Local Lindbladians

First we show that our sparse Stinespring isometry framework can efficiently simulate local
Lindbladians.

Consider a Lindbladian £ that only acts nontrivially on ¢ qubits of a (log N)-qubit system.
Assuming without loss of generality that it acts on the first ¢ qubits, such a Lindbladian has
the form

L=L.RT_,, (57)

where L. is a Lindbladian on the first ¢ qubits and Z_. is the identity on the remaining
(log N) — ¢ qubits. For arbitrary integer € [N] and positive integer ¢, let z. denote the first
¢ bits in the binary representation of x, and let z_. denote the remaining (log N) — ¢ bits.
We can efficiently simulate such Lindbladians:

Lemma 1 A Lindbladian acting nontrivially on at most ¢ qubits can be simulated for any
time t > 0 using O(22¢(log N + 25¢)) 2-qubit gates.

Proof. For a Lindbladian of the form (57), for arbitrary z.,y. € [2°] and z_.,y_. €
[2(°8 N)=¢] "we have

£(|xcax—c><y07y—c|) € L((Dzr) ® |I—C><y—c" (58)

Thus, £ is invariantly 2°-sparse. Furthermore, the Gram matrix of e“* has rank 22¢ at any time
t > 0, and its first 22¢ rows and columns constitute a principal submatrix. By Algorithm 1 in
Appendix A, for any z € [N] we can prepare the Gram vector v, as a quantum state in O(25¢)
time. Finally, by Theorem 2, £ can be simulated for any time ¢ > 0 using 0(22c(log N+ 260))
2-qubit gates. O
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A c-local Lindbladian is sum of Lindbladians, each of which acts nontrivially on at most ¢
qubits. Since there are (logc N) different choices of the ¢ qubits, the number of Lindbladians in

the sum is at most (&™) . Thus by Lemma 1 and Proposition 2 with m = (e ™) < (log N)e
and L = ||L||o, we have:

Theorem 3 A c-local Lindbladian L can be efficiently simulated for any time t > 0 within
error € using

1.5
o(% 2%(log N +2°9)(log N) ) (59)
2-qubit gates, where T := || L]|t.

4.2 Identical-coordinate Lindbladians

Suppose the matrix A in (3) satisfies

i) Gy =Gt Vi jeNLi# ) (61)
A(k,l),(k’,l’) =0 Otherwise, (62)

where {a;}N !, {c;}5" are real numbers that satisfy

>0  Vie[N] (63)
|C7; +Cj| < V@i Vu] S [N] (64)

Then we call the corresponding Lindbladian identical-coordinate, since nonzero elements can
only appear if the two row coordinates are identical, and similarly for their columns. By
(6), this property holds if all Lindblad operators are diagonal. Eq. (229) is an instance of
identical-coordinate Lindbladians.

Identical-coordinate Lindbladians can be efficiently simulated as follows:

Theorem 4 Given a black box that takes x € [N] as input and outputs a, and c,, the
identical-coordinate Lindbladian defined by (60)—(64) can be simulated for any time t > 0
using O(log N') 2-qubit gates and O(1) queries to the black boz, with no error.

Proof. By (3), when u # v,
L(Ju)(v]) = —(au + av — 2(cu + cv)) [u){(v]; (65)
when u = v,
L(|u){ul) = 0. (66)
Therefore, coherences |u)(v| with u # v decay exponentially in time (65):
([ {o]) = e~ (0w o2t o] (67)
When u = v, the state |u)(u| is fixed by (66):
e (Ju)(ul) = [u) (ul. (68)
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To implement the Stinespring isometry at time #, it suffices to find ancilla states {|¢,) Y -!

such that for arbitrary = # vy,

(Pz|du) = 1; (69)
(65l8,) = e~(ortor2ertan, (70)

For convenience, denote
by 1= (2 720)t, (71)

Since a, > 2c, by assumption, we have 0 < b, ; < 1 for arbitrary x and ¢ > 0.
Consider the following construction of the ancilla states for each = € [N]:

|¢x> =b 10 ~O>1,--.,n|0>n+1 +4/1— bf:,t|x>1,...,n|1>n+l- (72)

Clearly (69) and (70) hold. Furthermore, since |¢,) lies in a known two-dimensional subspace,
it can be prepared using O(log N) 2-qubit gates for arbitrary « with O(1) queries to the black
box. Therefore, by Theorem 2, we can simulate the identical-coordinate Lindbladian using
O(log N) 2-qubit gates. O

4.3 Diagonal Lindbladians

Next, we consider Lindbladians with diagonal matrix A in (3), i.e., only terms of the form
A(k,1),(k0) can be nonzero. Letting

a2 = Ay, (k) (73)
we see that in this case Eq. (3) can be simplified to the following form:
N-1
= > ara 20Ul k) (k| = D) — pl) (1), (74)
k,1=0

where aj; > 0 for all k,1 € [N]. We call such a Lindbladian diagonal.

By (74),
L(|u)(u]) =2 Z aku ([E) (k| = [u)(u]) Vu (75)
o
Llu)(]) = = ) (aku+aro)u)v]  Yu#o. (76)
k=0

Intuitively, (75) shows that diagonal terms follow a classical continuous-time Markov process,
while (76) shows that off-diagonal terms simply decay.

4.8.1 Sparse-diagonal Lindbladians

If the matrix a with entries ay for k,I € [N] is d-sparse (i.e., each row and column has at
most d nonzero entries), where d € N is a fixed constant, we say that £ is d-sparse-diagonal.
Such Lindbladians can be efficiently simulated:
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Theorem 5 If the matriz a is d-sparse, then given a black box for a that takes a row index
or column indezx as input and outputs all nonzero entries in that row/column together with
their positions, the Lindbladian defined by (74) can be simulated for any time t > 0 within
Error € USing

57_1‘5

O(d\/E logN) (77)

2-qubit gates and O(ds&és) queries to the black box, where T := || L||ot.

First consider the special case where the matrix a is strongly 1-sparse, i.e., there exists an

involution v such that for all = € [N], a,, # 0 only if y € {z,v(z)}. Letting G = (V, E) be
the underlying undirected graph of a, where rows/columns represent vertices and (vg, vy) € E
if and only if a, , # 0, then G consists only of isolated vertices (if v(x) = x, v, is an isolated
vertex) and isolated edges (if v(z) # z, (x,v(z)) € E and z,v(x) have no other neighbors).
We call v the neighbor function as in Definition 2. We first show Theorem 5 in this special
case:
Lemma 2 Suppose the matriz a is strongly 1-sparse and we are given a black box for the
matriz a that takes input x € [N] and outputs v(x), Gz, and a,(z) . Then the Lindbladian
defined by (74) can be simulated for any time t > 0 by O(log N) 2-qubit gates and O(1) queries
to the black box, with no error.

To handle the general case, we show that any d-sparse-diagonal Lindbladian can be decom-
posed into at most 3d? strongly 1-sparse-diagonal Lindbladians:

Lemma 3 Every d-sparse-diagonal Lindbladian can be written as the sum of at most 3d>
strongly 1-sparse-diagonal Lindbladians with constant overhead in queries using the black box
in Theorem 5.

Proof of Theorem 5. The theorem follows directly from Lemma 2, Lemma 3, and Propo-
sition 2 with m = 3d? and L = ||£]|,. O

The proof of Lemma 3 is in Appendix B. We prove Lemma 2 here.

Proof of Lemma 2. By Theorem 2, it suffices to show that for any time ¢ > 0, there
exists a 1-sparse Stinespring isometry V' whose ancilla states can be prepared using O(log N)
2-qubit gates, such that

£ (p) = Tranc[VpVT]. (78)

Without loss of generality, assume v(z) # x for all © € [N]. Since a is strongly 1-sparse,
by (74) we have

L(|z)(x]) = 201 (2),0 V(@) (v (@)| = 20 (2) 2| @) (2] Va3 (79)
[’("1:) <y|) = _(az/(m),w + Ay (y),y + Qg2 + ay7y)|x> <y| Va 7é Y. (80)
Because

B _a —(a+B)t _a_ _ _a ,—(a+B)t
exp { ( —-a « ) t} = agﬂ + agﬂei(a+ﬁ)t atp a},@@i((’:rﬁ)t ’ (81)
b -8 a1B ~ a1B® a+B T arp®
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(79) implies

Lt _ R4 C)) Ay ()@ ~2(0g 0 (2) T () )t)
e~ (|z){z|) = + e ew@Th@)at ) 3 (x
<| >< |) (a’]:,l/(I) + al/(w),w Ay v (x) + Ay (z),x | >< |
W@ (] =2 b)) () (o). (82)

Qg v(x) + Ay (z),x
By (80), we have
e (|z)(yl) = e (@t avwtaeet i)l g) (y] V£ y, (83)

By Definition 2, it suffices to find ancilla states {|¢..1), |¢z.2) Y- such that for arbitrary
z# Y,

Cx,v(x) Ay (z),z —2(a +a )t
<¢ 71|¢ ,1> — e z,v(x) v(z),x ; (84)
‘ ‘ Ay v (x) + Ay (z),x Qg v(x) + Ay (z),x
au(x),x —2(a +a )t .
<¢m,2|¢m,2> = (1 —¢€ ev(e) Th (=) )a (85)
Qg v (x) + Ay (z),x
<¢a:,1|¢:c,2> = 0; (86)
(Py1|de) = e” (@@ etavm yFaestayyt, (87)
(by,1|¢z,2) = 0; (88)
(y,2|¢a,2) = 0. (89)
Consider the following construction of the ancilla states for each = € [N]:
|62,1) =b2]0...0)01, oD nt1|0)ns2 + colzd1, nll)nt1|l)nto (90)
|$2,2) = az|)1,.. n|0)n+1(0)nt2, (91)

where a,, b;, and ¢, are defined as

aV(QJ)#L’ —2(a, +a,, )t
RES [ Sl b 1 —e z,v(x) v(z),x (92)
\/anc,u(ac) + Ay (z),x ( )

by 1= e (@) atasa)t (93)

. Ay v(x) n Ay (), e~ 2(az v (2) ()2t _ =2(au(),etas,a)t (94)
Qg v(x) + Ay (z),x Qg v(x) =+ Ay (z),x

for all z € [N]. The entry inside the square root in ¢, is positive because from

axi(x) 2ot al/(_t)ﬁc o200 u(n)t
Qg v(z) T Qu(z),x Az v(x) T Qu(z),z
Qg v(x) Ay (z),x
> —(1 + QG,V(@)’ITI) + — (1 - 2am,v(x)t) (95)
Qg v(x) =+ Ay (z),x Qg v(x) =+ Ay (z),x

_ (96)

> e 20wt (97)
we have

a:[,yl/(x) aV(ZL’),:E e_Q(aw,u(m)+au(z),m)t 2 8_2(au(m),m+am,m)t. (98)

Ay v (x) + Ay (z),x Qg v(x) + Ay (z),x
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The definitions of ¢, 1) and |¢, 2) as in (90) and (91) directly give (85)—(89). As for (84),

we have

b2 +cl (99)
Qg v(x) n Ay (z),x e—2(azy,,(m)+a,,<z>,m)t. (100)

Ay v (x) + Ay (z),x Qg v(x) + Ay (z),x
In addition, [[[¢z1)]|* + |||¢z2)[|* = 1 and (¢y(2)2|¢z1) + (Pu(a)1]¢z,2) = 0 are satisfied for
all . Therefore, (90) and (91) give a construction of the 1-sparse Stinespring isometry as
claimed.

The state |¢s2)/|||¢x2)]| can be directly prepared using O(log N) 2-qubit gates. The
state |¢z,1)/|||¢2,1)] can be prepared by O(log N) 2-qubit gates and O(1) queries using the
following procedure:

02001, nlO)ns1]0)nie

1
— ﬁ (bT|O . O>1,...,n|1>n+1|0>n+2 + CI‘O . O>1,...,n|1>n+1‘1>n+2) (101)
Vb2 + 2
1

G

This completes the proof. [J

<¢m,1|¢m,1>

bz [0. .. 0>1,.-.,n|1>n+1|0>n+2 + cw‘@l,---,n|1>n+1|1>n+2)~ (102)

4.3.2  Dense-diagonal Lindbladians

If the matrix a is dense, a counting argument shows it is hard to simulate £ in general.
However, we can efficiently simulate £ in the following special case:

Theorem 6 Suppose the entries of a are independent of the column indez, i.e., ay; =: aj 1s
independent of | for all k. Then, given a black box that can compute ZZikl ay, for arbitrary
k1,ko € [N], k1 < ko, the Lindbladian L defined by (74) can be simulated for any time t > 0
using poly (log N) 2-qubit gates, with no error.

Observe that, unlike the other simulations we present, Theorem 6 efficiently simulates a
set of Lindbladians with full-rank matrices A in (3). In other words, it can efficiently simulate
a set of Lindbladians with maximum number of Lindblad operators. Theorem 6 also applies
to the special case A = I 2.

Intuitively, if we consider the underlying bipartite graph G = ((Vg, Vi), E) of a where
Vg represents the part for rows and Vi represents the part for columns, then G contains N
unweighted stars centered in Vi and we can simultaneously simulate all [V stars with arbitrary
weights on them.

Proof of Theorem 6. For convenience, define

N-1
Si= . (103)
k=0
By (74), we have
£(Ju)(v]) = —25]u) (o V£ v (104)
N-1
L(|u){u]) =2 Z ak|k) (k| — 2S|u){u| Vu. (105)

k=0
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Furthermore, we have

N 1 N— N-1
ag|k)(k|) = Z (2 axlk) (k| — 28|u)(ul) = (106)
k:O u=0 k=0

Collecting (105) and (106) into a single vector equation, we have

|u) (ul —25 2§ |u) (ul
5(22’;akk><k| :( 0 0 > SN anlky (k] | - (107)
S

S
Because
—-25 2§ e25t 1 _ 25t
exp[( 25 2 )t]-( . ‘ ) (108)
we have
N-1
Et(|u><u‘) _ 672St|u><u| + (1 o 672St)2k:0 g’klk><k| (109)

Also, by (104), we have

E () (v]) = e |u) (. (110)

It suffices to efficiently implement an isometry that satisfies (109) and (110).
Consider the isometry V: CN — CV @ CV @ CN*! defined by

Vim) = e=5t|m)|0)]0) +Z\/ Dk s lkyim +1) Yme [N, (11)

where the second and third subsystems of the output of V' are ancilla states. Considering the
effect on the third subsystem, we have

Tranc[VIm)(n|VT] = e 25 m)(n| Ym #n (112)
and
Trane[V|m)(m|VT] = e 25 m) (m| + (1 — e_QSt)Z:’?’:()lgk|k><lCI Vm, (113)

which match (109) and (110).
The isometry V' can be implemented by the quantum circuit in Figure 6. Here, U; is a
unitary acting on an ancilla qubit such that

U1]0) = /1 — e=25¢|0) + e 51); (114)

the swap gate swaps the state in the first and the third subsystems (the state |N) cannot
appear in the third system, so this swap is well-defined); P; is a permutation acting on the
third subsystem such that

PiN) =0),  Pik) =[k+1) Vke[N]; (115)
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CN |m)
P
cN o) | U2 2’
CcNL o) [?1] 0
c* |0) Lﬁ =

Fig. 6: The quantum circuit for simulating dense-diagonal Lindbladians as in Theorem 6.

U, is a unitary gate acting on the second subsystem such that

N-1

Ual0) = 3~ 4/ S5 Ik): (116)

k=0

and P; is a permutation acting on the first and second subsystems such that

Py|0)|k)y = |k)|k) VEke{l,...,N—1}, (117)
Polk)k) = |0)|k) VEke{l,...,N—1}, (118)
Pyli)|g) = |i)|j)  otherwise. (119)

The gates Uy, P, Py, SWAP, and Ag(o,) (defined in Figure 1) can be implemented with
poly(log N) 2-qubit gates using standard techniques. The gate Us can be implemented with
poly(log N) 2-qubit gates using the black box and the method of [23].

Finally, we verify that this quantum circuit gives the isometry V as claimed:

1) 09]0)[0) +Zs ) 0)]0) (v/1 — e=25[0) + e—5[1)) (120)
= VT 25 m)[0)[03]0) + e~ m) 0)]0} 1) 121)
AL, /L= e 0)[0) m)]0) + ¢! fm) 0)]0)] 1) 122
Pay /1= e 25100 fm + 1)]0) + e~ m)[0)0)]1) (123)

2y /T = e251|0) ( z_: CL’“ m + 1)]0) + e=5tm)[0)[0)]1) (124)

k=0
1 176 25t)
\/ 0)[k)|m + 1)[0) + e~ [m)[0)[0)[1) (125)
k=0
p N~ [(L=e2ay st
I 3 L IR+ 1)[0) + e m) 0)]0) 1) (126)
k=0
Ao(os) R (1 — e=25t)qy _st
g 7| ) m +1) + =S m)[0}[0) )|o).  (127)

k=0

This completes the proof. [J
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4.4 1-ket-sparse diagonal Lindbladians
In our final application of the sparse Stinespring isometry framework, we consider Lindbladi-
ans for which the only nonzero elements of the matrix A in (3) are

kg = Ageay,k)  and b= Ay, w0 (128)

where v is an involution of [N]. As in Section 4.3.1, we call v the neighbor function. Further-
more, we assume that a and b are also 1-sparse with respect to the same neighbor function v
and that their coefficients satisfy the following relationships:

U z,v(z)} = Ozw(z) = Au(z),z> (129)
/

a{x,u(z)} = Qg = Ay(z),v(z)> (130)
bz} = bre = V(@) = bu(z)e = bu@)u(@) € R- (131)

We call such a Lindbladian I-ket-sparse because v can only act on the first coordinates of
both rows and columns, which correspond to the ket vectors in (4). Applying (129), (130),
and (131) to (3), we see that 1-ket-sparse Lindbladians have the form

N-1

L(p) =Y ageuomy (2 (k)plv (k) [K) (K] — v (k) (v (k)| p — plv (k) v (K)])
k=0
N-1
T Y @y (2UklplR) IR (k| = k) (klp — plk) (K])
k=0
N—
Z (ko) ((BlplE) + (v (k)| plv (K))) k) (v (k). (132)

We show that 1-ket-sparse Lindbladians can be efficiently simulated:

Theorem 7 Given a black box that takes x € [N] as input and outputs v(x), afzu(a)},
af{w’V(I)} and by (z)y, the corresponding 1-ket-sparse Lindbladian defined by (182) can be
sitmulated for any time t > 0 using O(log N) 2-qubit gates and O(1) queries to the black boz,
with no error.

While the class of 1-ket-sparse Lindbladians is somewhat artificial, this result shows that
we can efficiently simulate some Lindbladians that include off-diagonal elements, together
with a structured diagonal.

Proof of Theorem 7. By Theorem 2, it suffices to show that for any time ¢ > 0, there
exists an 1-sparse Stinespring isometry V' whose ancilla states can be prepared using O(log N)
2-qubit gates such that

e“t(p) = Tranc[VpVT]. (133)
Since the matrix A in (3) is a positive semidefinite matrix,
2
Dluw()y < 40uw@} @iy U € [N]. (134)
By (132),
C(‘u><'l) ) = —(auyu + Ay v + au(u),u —+ av(v),v)|u><v| Yu 7& v; (135)

|
L(Ju) (u]) = 20wy ([ (W) (W) = [w){ul) + bpuw ) (V) (ul + [u)(v(w)])  Vu. (136)
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Therefore, when u ¢ {v,v(v)}, we have
e (|u)(v]) = e~ (Pmetrvetava e Ot y) (o). (137)
For convenience, fix u and denote
a = a{uw(u)}, a’ = a/{uw(u)}, b:= b{u,,j(u)} (138)

— T -
Let Viu vy i= (|u> (u], Ju){v(u)], [v(u)){ul, |1/(u))<u(u)|) . In the subspace spanned by Vi, ()}
we have

—2a b b 2a
» 0 —2a+d) 0 0 |-
LViwww) = | 0 pfara) 0 | Vi (139)
2a b b —2a

Solving the differential equation i—f = L(p), we get

da b(1—e—2(ata )ty pq_g—2(ata’)t g
%(1+6 ! t) ( 2(a+a’) : ( 2(a+a’) ) %(1 —e! t)
—2(a+a’)t
Lt (Y7 _ 0 e 0 0 -
e (Viuwy) = 0 0 o—2ata’)t 0 Viww(w}y-
1 _4a b(1_672(a+a/)t) b(l_e—2(a+a/)t) 1 _4a
5(1 —-¢ * t) 2(a+a’) 2(a+a’) 5(1 te * t)
(140)
Therefore, for all u € [N], we have
1 —4a 1 —4aa
e (Ju) (u]) = Z+e 90 ) (u] + Z1—e S0 v (u)) (v (w))|
b(l _ e—2(a+a’)t)
(W {v)| + [v(w){ul). (141)

2(a+d’)

By (137), (141), and Definition 2, it suffices to find ancilla states {|¢y.1), |¢u.2)} 2 such
that for arbitrary u # v,

1
<¢u,1|¢u71> = 5(1 + e—4at); (142)

1
<¢u,2|¢u72> = 5(1 - e—4at); (143)

b(l _ e—2(a+a/)t>
u1|Pu,2) = =) 144
(Pu,1]Pu,2) ot ) (144)
(Po1]pu) = e~ (v tap v Feuu Fagnt, (145)
<¢v,1|¢u,2> =0 (146)
<¢v,2|¢u,2> =0. (147)
Consider the following construction of the ancilla states for all u € [N]:

[Pu1) = bul0. .. 0)1, [ D)nt1]0)ngz + culu)r,n L) ngr [ 1) nges (148)

d d?
‘¢u,2> - Cl‘u>1,...,n 1>n+1‘1>n+2 + CL% - Cig‘u>1,.“,n|0>n+1|0>n+2a (149)

u U




Andrew M. Childs and Tongyang Li 925

with
1
Ay = 5(1 — e—4at) (150)
by := e~ (@)t (151)
o = \/;(1 4 e—dat _ 9e—2(atant) (152)
_ o—2(ata’)t
dy = W (153)

For any a,a’,t > 0, one can show that

, 4aa’
__—dat —dat _ 9,—2(ata’)t —
(1 —e ) (1 +e ™ —2e 20T > (a+a)?

(1 — ¢ 2(a+al)ty2, (154)
By (134) and (154), we have
azc? > d2. (155)

If ¢, = 0, then by (155) we must have d,, = 0. In this case, we simply define i—; := 0 in (149).

The definitions of |¢,,1) and |¢, 2) as in (148) and (149) directly give (144)—(147). As for
(142) and (143), we have

! ]_ ! ].
(bu1|du) = 2 + 2 = e72latadt 4 5(1 + et — gem2atally = 5(1 + ety (156)

dz% 2 di 2 1 —4at
(Pu2|du2) = 07+(%*C*2) =y = 5(1*6 )- (157)

In addition, for all u € [N], |||¢u,1)[I* + |¢u2)[|* = 1 by (142) and (143), and (¢, (u),2|¢u,1) +
(Dv(u),1]du,2) = 0 by (146). Therefore, (148) and (149) give a construction of the 1-sparse
Stinespring isometry as claimed. Similarly to (102), all these ancilla states can be prepared
using O(log N) 2-qubit gates. [

5 Sparse Lindblad operators

In this section, we consider simulating a Lindbladian generated by a single Lindblad operator
L:

1
L(p) = LpL' — 5(LTLp + pLiL). (158)

Of course, any Lindbladian can be decomposed into a sum of such terms.
We assume that the matrix L in (158) is both row k-sparse and column k-sparse, and
|L||max <1 (i-e., the largest entry of L in absolute value is bounded by 1), which can always

be obtained by rescaling. Under these assumptions, we can efficiently implement a quantum
operation & that approximates £ for a short time € up to first order.

Lemma 4 Suppose we are given a black box for a k-sparse Lindblad operator L that takes a
row index or column index as input and outputs all nonzero entries in that row/column and
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their positions. Then for any € > 0, we can efficiently implement a quantum operation &,
such that

(14 €eL) = Ecllo = O(K*€?). (159)

If k =1, we can implement &, using O(log N) 2-qubit gates and O(1) queries, with no error.
More generally, for k > 2, we can implement &, using O(kz[logN + logs/z(k/e)]M)

log log(k/€)
2-qubit gates and O(kQ%) queries.
By concatenating a sequence of short-time evolutions, Lemma 4 implies an efficient simu-

lation of £ for arbitrary times, as follows.

Theorem 8 Suppose we are given a black box for L that takes a row index or column index as
input and outputs all nonzero entries in that row/column and their positions. If L is 1-sparse,
for any time t > 0 we can simulate £ within error ¢ using O(ﬁ%]v) 2-qubit gates and O(%)
queries. If L is k-sparse with k > 2, for any time t > 0 we can simulate L within error € using

542 5 o 5¢/e . 542 o 5¢/¢ .
O(%[log]\f + logd/Q(k5t/e)]%) 2-qubit gates and O(kit %) queries.

Proof. By Lemma 4 we have
(14 L)t/ — EV¢||, = O(K*te). (160)
By L’Hopital’s rule,

Lt _ (1 t/e d 1
lim e = : LN _ T (= (en) )| = o (161)
E—> e=
Therefore,
1
e“t — (14 eL)!e|, = §5t||£26“||<> +0(?). (162)

Because L is k-sparse and ||L|max = O(1), one can show that ||£]|, = O(k?); since e*t is

a quantum operation, ||e“!||, = 1. Thus ||£2e%!||, < ||£||? = O(k*). Therefore, combining
(160) and (162), we have

£t — EVE |, = O(kite). (163)
Therefore, if we take € = €/(tk?), we find
2kt /e
let — €L e = O(e). (164)

If £ = 1, since by Lemma 4 we can implement &/, using O(log N) 2-qubit gates and O(1)

2
queries, we can repeat it t2/e times to simulate e“* within error e using using O(%)

2-qubit gates and O(%) queries. If k > 2, since by Lemma 4 we can implement &/ (;14) using

O(k*[log N+log®?(k5t/e)] %) 2-qubit gates and O(k‘Q%) queries, we can re-

peat it t2k* /e times to simulate e“* within error € using O (@ [log N+log®?(k5t/e)] %)
log(k®t/€)

2-qubit gates and O(kﬁj2 m) queries. [J

When L is 1-sparse, it is straightforward to implement the quantum operation & of
Lemma 4, as explained in Section 5.1. More generally, we show how to implement &, for
any k-sparse L in Section 5.2.

A higher-order version of this construction might lead to improved performance. We leave
this as an open problem.
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5.1 1-sparse Lindblad operator
Proof of Lemma 4. If L is 1-sparse, there exists a permutation v: [N] — [N] such that

Vj€[N]3dec; € C suchthat L|j) = ¢;|v())). (165)
For 0 < € < 1/||L||? ., define the isometry
Velm) := /1 — €|em[2|m)|0) + Veen|v(m))[1) ¥Vm € [N]. (166)

We show that the quantum operation & (p) := Tranc[VepV,] satisfies Lemma 4. To do this,
by subadditivity of the trace norm it suffices to show that for an arbitrary pure state |®) =

3 =0 B [ | ) where 3200 (b P = 1,
[[((1+ €£) @ Zn) (|2)(D]) = Tranc[(Ve ® In)|@)(@[(V.F @ In)]||, = O(?). (167)
We have LT|v(5)) = c;|7) Vj € [N]. Thus for any m,n € [N],

(L +eL)(jm){n]) = [m){n| + €(cmer v (m))(v(n)] — %(Icml2 +leal®)[m)(nl). (168)

For convenience, denote l,, := 1 — /1 — €|c,,|? for each m. By (166) and (168), we have
(1 + eL)(Jm)(n]) — Tranc[Velm) (n|V,[]

=(1- §(|Cm|2 +lenl?) = V(1 = €elem ) (1 = €len]2)) [m)(n] (169)
_ %(lm — 1) m)n]. (170)

Therefore,

[((1+ €£) @ Zn) (|2)(®]) — Tranc[(Ve @ In)|@)(@[(V.F @ In)]|,

— | X b (1 D) Im) ) — TranclVelm) I V]) @ ') o amn)
- %H D (D b b (b — 1) [m){n]) @ [m") (' (172)

n,n’  m,m/’

<323 bmmbiiminl @ b 1|+ 30D bbbl ] @ 'yl
n,n" m,m n,n"m, m’ (173)
Z ‘b7n’m/|2l;1n Z |bnn l + Z |b'rn7n | l (174)
=0(e?), (175)

where the last equality follows from [, = O(¢) and Zm o b |2 = 1.
The isometry V. can be implemented by the followmg procedure:

)y = m) (/1 — €lem|2|0) + Veem 1)) (176)
M V1= €len2m)|0) + Veen, lv(m))|1). (177)

Here in the first step we compute c,,, prepare the ancilla qubit, and then uncompute ¢,,. To
compute v in place for the second step, we compute |m) — |m})|v(m)), and then perform the
inverse of the map |v(m)) — |v(m))|v(r(m))) = |v(m))|m) to erase the |m) register. This
procedure uses O(log N) 2-qubit gates and O(1) queries, with no error. [
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5.2 k-sparse Lindblad operator

If L is k-sparse, there exist permutations

V1,Va, ...,V [N] = [N] (178)
such that
k
L) =Y esai()) Vi€ IN), (179
where
vi(z) #v;(x) Va € [N],Vi#j. (180)

For 0 < € < 1/||L||?,.s, define V.: CV — CV ® C? such that

max?

Sl twi(m))lo) - (181)

k
1 .
V€|m> = Z; \/gcm,i Vz(m)>|1> + |m>‘0> o GZ icm,i ' CVJI(Vi(m))

i#]

and E/(p) = Tranc[VepV].
The construction of the quantum operation &£ in Lemma 4 is based on two observations:

£t up to first order:

(14 eL) — Elle = O(K*e?). (182)

Lemma 5 &/ approximates e

Lemma 6 V'V, approzimates the identity up to first order in the spectral norm:
IVIVe = 1| = O(k*é?). (183)

The proofs of Lemma 5 and Lemma 6 are shown in Appendix C.
Furthermore, £/ can be approximately implemented by a sparse unitary transformation,
which follows from a more general proposition:

Proposition 3 Suppose d is a fized positive integer, and let V: CN — CN ® C? be a matriz
that is both row and column sparse. Furthermore, suppose V is e-close to an isometry, in the
sense that

VIV —I|| <e. (184)

Define the map E'(p) := Tranc[VpVT]. Then we can efficiently implement a quantum operation
E such that

1€ = &'lo = O(e). (185)

Proposition 3 shows that we can efficiently implement sparse approximate isometries,
generalizing the implementation of sparse unitaries [26].

Proof of Proposition 3. Define

H o= < ‘BT ‘g ) (186)
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to be a Hamiltonian in €YV Consider the quantum operation
E(p) := Trancle % (ld)(d] ® p)e'™ 2], (187)

where € uses ancilla of dimension d+1 and |d) is the (d+ 1)st state of the computational basis
of the ancilla system. & can be efficiently implemented because H is a sparse Hamiltonian,
which can be efficiently simulated. We will show that £ satisfies (185).

By subadditivity of the trace norm, it suffices to prove (185) for pure states, i.e., for any
state |¢> = ZNil bmm/|m>|m/> Where ZNil 0 |bmm"2 — 1’

m,m’=0 m,m’=

| Trane [(e7% @ In)(|d)(d] ® |®)(D]) ("5 @ In) — (V @ In)|®)(D|(VT @ In)]]|, = O(e).
(188)

Furthermore, since (e =% ® In)(|d)(d| @ |®)(®|) (e’ % ® Ix) and (V @ In)|®)(®|(VT @ IN)
are both rank-1 matrices, (e 7% @ Iy )(|d)(d|@|®)(®|)(eHZ @ In)— (VR IN)|PN®|(VI®IN)
can be at most rank 2. Therefore, its trace norm must be upper-bounded by twice its spectral
norm, and thus it suffices to prove

| Trane [(e7% @ In)(Id) (d] © @) (2]) (7 F @ Iy) — (V © In)[8)(@| (VT & In)]|| = o,

In turn, this shows that it suffices to prove
[(e% @ In)(jd)(d| @ |2){D]) (e F @ In) — (V @ In)|[@)(@|(VT ® In)|| = Ole),  (190)

where V: CV — €N ® €4 such that V = (‘6), i.e., the first dN rows of V are identical to
V, and the last N rows of V are all 0.
We claim that for any m,n € [N],

le= % (|d)(d| @ [m) (n])e' F — Vim)(n|VT]| = O). (191)

For convenience, denote P := VVt. Then

|P?2—P|| = ||[VVIVVT —VVT|| = [V +O@E)VI = VVT| = O(e). (192)
Furthermore,
5 o 0 VVivVY (0 V| _ 0 VOo(e) | _
14 H”‘H(vhwT 0 vioo )T\ oevt o = 06).
(193)

By the same method, we can show that for any positive integer n,
[H" 2] = [ H"|| + O(e) (194)

where the big-O constant is independent of n.
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y (194), for a fixed time ¢ > 0 we have

| cos(Ht) — (1 — H? + H?cost)||

H2t2 s
o R DYE

n=2

n=2

1"

> N (H2n _ H2)t2n
2 gy

> th”HQn _ H2||

- (2n)

n=2
oo

tznnO
=2 o
_ o)

A similar calculation shows that

| sin(Ht) —

Therefore,

Hefth o (

Taking ¢t = 7 in (201), we have

le™*% —(

As a block matrix, we have

1—z’H—H2:<

Hsint| =

H2nt2n
(2n)!

—(1-

1—iH — H)|| =

I-vvt
vival

le™ % (|d){d| @ [m) {n])e™F — V]m)(n|VT]|

()]

= |e”"E (ld)(d| @ [m)(n])e""F ~

sz\m

( (I - VTV Ymy(n|VT (
O(e),

where the last equality comes from the assumption that || — VIV =

Now, for any m € [N], let

PR )H o

1

Viv)

H%*2 &

n=2

O(e).

1 — H? + H?cost) + iH sint|| = O(e).

O(e).

—iV
Ay

Plugging (202) and (203) into (191), and by the definition of V, we have

V|m)(n|VT

0
0

)H +0(e)

O(e).

(195)

(196)

(197)

(198)

(199)

(200)

(201)

(202)

(203)

(204)
(205)

(206)

(207)

(208)
(209)
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Eq. (191) ensures that for any normalized pure states |y1),|y2) € €41 @ CV,
[l )(Talr2) = (1] ) (Pulr2)| = Oe)  Vm,n € [N]. (210)
To prove (190) it suffices to show that for any pure state |I') € C4! @ CN @ CV,

[(T((e™™% @ In)(|d)(d] @ |@)(@) ("5 @ In) = (V @ In)|@)(@|(VT @ In)) )| = O(e).
(211)
By the Schmidt decomposition, we can write |I') = Zz;lo Cm/ | ymeY|m') where |y,,) are
orthonormal pure states in C4t! @ CV for m’ € [N], ¢,v > 0 for any m’ € [N], and
2717\11;10 ¢, =1. Then, (211) holds because

[(TI((e™"% ® In)(Jd)(d] @ |2){D])(e™ % @ In) — (V ® In)|@)(@|(VT ® Iy))IT)|

= Z Zbmm’b:m’cm’cn’(<’Vm’|\117n><\1/n|7n’> - <7m’|¢)m><q>n|7n’>)‘ (212)
< Z Z [bimm by Cor €| - |<’VM"\IJM><\I’7L|’YTL’> = (ym [P ) (P | yn) (213)

< DTS b bl e |2 - OCe) (214)

m,m’ n,n’

= 37 i 22 3 bawr[22, - O(e) (215)

< IS a2, [ b 2 OCe) (216)
= 0(e), (217)

where (212) comes from (208) and (209), (214) comes from (210) and orthogonality of the
states |y,), and (217) comes from the assumption that > > by |? = 1. O

Finally, we use Lemma 5, Lemma 6, and Proposition 3 to prove Lemma 4.

Proof of Lemma 4. Plugging Lemma 6 into Proposition 3 by taking V = V,, ¢ = k*¢?, and
d = 2, we know that

1€ = &lllo = O(k*e?), (218)

where E.(p) := Tranc[e " % (|2)(2|®p)ei 3 ]. Together with Lemma 5, we have shown that the
quantum operation &, satisfies Lemma 4. Furthermore, H is a (k? + 1)-sparse Hamiltonian,

so by Theorem 1 of [10], & can be implemented using O(k*[log N + log5/2(k/e)]M)

log log(k/€)
2-qubit gates and O(k:Q%) queries to the black box. [

5.3 Truncated damped quantum harmonic oscillators

In this section we briefly describe an application of the above simulation, namely to simulating
a damped quantum harmonic oscillator truncated to the first N levels in Fock space. This
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system is described by the creation operator a' and its Hermitian conjugate, the annihilation
operator a, satisfying

alljy =Vi+1i+1)  ali)=Vili-1), (219)
where |n) =0 if n > N — 1. Then the Lindbladians

1 1
Luplp) = 1 (apa — L (aa'p + paa) (220)
1 1
Laown(p) := N(a,oaT - §(aTap + paTa)) (221)

are not local, but they can be efficiently simulated by Theorem 8:

Corollary 1 For any time t > 0, the Lindbladians Ly, and Lyown can both be simulated
within error € using O(H%N) 2-qubit gates.

The Lindbladian Lgown represents damping at zero temperature, whereas Ly, represents
damping at infinite temperature. More generally, Lindbladians of the form ALy, +(1—X) Laown
for 0 < A < 1 represent generalized damping at finite temperature, and can also be simulated
efficiently.

6 Open quantum walks

This section briefly discusses possible applications of our simulation methods to implementa-
tions of non-unitary quantum walks.

6.1 Quantum stochastic walks

Reference [46] introduced the notion of quantum stochastic walks, a mutual generalization
of classical random walks and quantum walks. Specifically, given a graph G = (V, E) and a
continuous-time classical Markov chain on G with transition rate matrix M, consider Lindblad
operators Ly ; = /My 1|k)(l] for each k # [. This gives a diagonal Lindbladian £ of the form
of Eq. (74), where for each m we have

L{m)(ml|) = Y Mym(k)(K] = m){m]). (222)

k#m

In other words, £ simulates the classical Markov chain on diagonal states. On the other hand,
a continuous-time quantum walk is characterized by a Hamiltonian H(p) := —i[H, p|, which
can appear as part of a Lindbladian as in (1) and (2). By taking a positive linear combination
of H and L, we obtain a quantum stochastic walk, generalizing classical random walks and
quantum walks.

If the underlying graph G of the Lindbladian £ in (222) is sparse, then £ is a sparse-
diagonal Lindbladian and it can be efficiently simulated by Theorem 5. This shows that
quantum stochastic walks on sparse graphs can be carried out in practice. To the best of our
knowledge, this was not known previously.

As a concrete example, consider the unweighted random walk on G defined by

L if(k)€E
Mo = des LA 22
o { 0 if (k,1) ¢ E. (223)

We can use quantum stochastic walks to prepare the stationary state of such a process:
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Theorem 9 ([31]) If G is connected, then for any Hamiltonian H, the Lindbladian H + L
is relazing, i.e., there exists a unique stationary state pso such that e“*(pso) = poo for any
time t and lim;_, o eﬁt(p) = poo for any initial state p. Furthermore, if G is both connected
and regqular, then poo = ‘71|I.

If G is connected but not regular, then the state po in Theorem 9 can be complicated
even though G is not. For instance, if V' = {v1,v,v3}, E = {(v1,v2), (v2,v3)}, and the
Hamiltonian H is the Laplacian of G, then [31] showed that

2 1 1 1

1 7 1. ﬁ; %Z 1ﬁ 1.
1 iy 2
14 28 28 7

This type of behavior may be of interest for quantum state engineering or dissipative quantum
computation [29, 42].

6.2 Decoherence in quantum walks on the hypercube

There is an extensive literature on the effects of decoherence on quantum walks. In particular,
references [2, 35] discussed models of decoherence in quantum walks on the hypercube, the
graph with vertex set V = {0,1}" and edge set E = {(x,y) € V? : A(x,y) = 1}, where
A(z,y) denotes the Hamming distance between the strings « and y. The adjacency matrix
of the hypercube is

A=> "ol (225)
j=1

where ag(cj ) denotes the Pauli X operator acting on the jth qubit.

For simplicity, we consider the quantum walk with the Hamiltonian given by A instead
of the Laplacian, because the hypercube is a regular graph and the walks generated by the
adjacency matrix and the Laplacian only differ by a global phase.

Reference [2] considered the decoherence model with Lindblad operators

Lia=1® - @I0,0I% -1, (226)
where o € {0,1}, j € {1,2,...,n}, and II, := |a){«| acts on the jth qubit. The Lindbladian
is

. 1 1

L(p) = =1 =p)ilA,p] + ) (LjapLl, — §L},aLj,ap = ipL},aLj,a), (227)
7,

where 0 < p < 4/n is the probability of decoherence per unit time. This £ can be efficiently
simulated using Theorem 3 and the fact that efficient simulation is closed under positive linear
combinations.

Reference [35] considered another decoherence model with Lindblad operators

Ly=T,, ® - ®I, (228)

where z € {0,1}". The Lindbladian is

1 1
— g Tt _ 2,7t
L(p) == —i[A, p] + A % (LapLl = GLLLap — 5pLiLs). (229)
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where A < 1. The matrix A in (3) of this £ satisfies A(; 4, (2,2) = i) for all z € {0,1}" and
Ak, (k1) = 0 otherwise. By taking a, = %)\ and ¢, = 0 for all x in Theorem 4, we see that
this is an identical-coordinate Lindbladian, so it can be efficiently simulated.

References [2, 35] studied the hitting and mixing times of these walks, showing that they
can sometimes achieve the fast hitting time of a quantum walk while also retaining fast
convergence to a uniform distribution as in a classical random walk. Our work shows that
this process can be implemented efficiently, and we hope this may lead to practical applications
of open quantum walks.

7 Linear limit on simulation time

Reference [6] established a so-called no—fast-forwarding theorem for Hamiltonian simulation,
showing that simulating a Hamiltonian H for time ¢ with constant precision requires (t)
queries to a black box description of H. This result shows that one cannot fast-forward the
dynamics of a generic Hamiltonian. Here we extend this result to Lindbladians in two different
query models.

Theorem 10 (No—fast-forwarding theorem for Lindbladians) For any positive inte-
ger N > 7, there exists a Lindbladian L generated by a single Lindblad operator L such
that || £]le = 1 and simulating the evolution of L for time t = 4N within precision 1/8 requires
at least

(i) N/4=1t/16 queries to a black box that takes both a row and column index of the matriz
A of L defined in (3) and outputs the corresponding entry in A, or

(i1) N/2 = t/8 queries to a black box that takes a row or column index of L as input and
outputs the locations and values of all nonzero elements in that row or column.

To prove Theorem 10, we first establish two lemmas:

Lemma 7 For all positive integers N > 7,

N-—1
@2N)me2N 1
D TR TS (230)

Proof. When N =17,8,9,10,11,12, (230) holds. It suffices to prove (230) when N > 13.
A theorem of Ramanujan [24, Question 294] states that for any positive integer M,

M-1
1 . M™ MM
2° :mz::() o 0D s (231
where £ < (M) < § VM. Therefore,
2N—-1
L oy @anN)™
S > mZ::O —— (232)
If
2N—-1 N-1
2N)™ 2N)™
Z( T ') , (233)
m! m!
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then (232) gives

[

N-— N-1
1 55 (2N)™ (2N)™ (2N)me—2N 1
- > 1- —_ < —. 234
2¢ _mz::o m! 3 mz::o m)! - mz::O m! ~ 64 (234)
Hence it suffices to prove (233), which holds provided
(ZN)erN (2N)m
— >31- N NJ. 235
(m+N)! — m! m € [N] (235)
Moreover, since
@N)m N (gNym L1
(m+1+N)! (m+1)! m
(2N)m+N/(2N)m = EILN <1 Vme]|[N], (236)
(m+N)! m!
it suffices to prove
(2NN 2NN
>31- 2
(2N)! — 3 N! (237)
Defi _ NP eNY o ~
efine g(N) := @/ - Since 9(13) ~ 38.3102 > 31 and
g(N +1) N+1 1. y_ 1
= 1+ = —.2=1 VN 2
LS B VN, (238)
we have g(N) > 31 for N > 13. Therefore, (237) holds and (230) follows. O
Lemma 8 Consider the Lindblad operator L acting in CNT1 such that
LI0)=0, Lny=In—-1) Vne{l,...,N} (239)

Then for any time t > 0, the Lindbladian L(p) := LpL' — 2(LTLp + pLTL) satisfies

N—-1 tmeit N-1 tmeft
£ (INY(N]) = —IN —my(V —ml + (1= 3 =)oy (240)
m=0 ' m=0 :
Proof. We have
L(n)(n|)=|n—1){n—1]—|n){n|] Vne{l,2,...,N}; (241)
L(]0)(0]) = 0. (242)
Denote C := (|[N){N|,|N — 1){(N —1[,...,]0)(0])T, and let A be the (N + 1) x (N + 1)
matrix with nonzero entries A, , = —1 and A, 41 =1 Vn € [N]. In other words,
-1 1
A= . 243
o (243)
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Then L(C) = AC, so

A C) = et (244)

Since every row of A has zero sum, e = (1,1,...,1) satisfies Ae = 0. Therefore, e'e = e, so
N—1

(et = (245)
m:O

By induction, for arbitrary n € N we have

(Ao = ()10 ¥me [ (246)
Therefore,
A oo (An)o mtn oo (Z)(_l)n-i-mtn tm oo (_1)7L—mtn—m tme—t
— 2 = = — = . 24
(¢ o.m nz:;) n! nz:% n! m! —~  (n—m)! m! (247)
Combining (245) and (247), we get
N=1 m ot
(¢ on=1-3 — (248)
m=0

Finally, (240) follows from (247) and (248). O

Proof of Theorem 10. We now construct a Lindbladian whose dynamics compute the
parity of a string s € {0,1}", analogous to the Hamiltonian constructed in [6]. Specifically,
let

1
5( spLt — = LTLsp+pLTL ) (249)
(

be a Lindbladian acting on the 2(N + 1)—dimensional Hilbert space H ® C?, where s =

$182 -+ - SN is a binary string and
Lg|0,5) =0, Lsn,j)=In—1,®s,) Vne{l,2,...,N}, je{0,1}. (250)

First we prove ||Ls|lo = 1. Another commonly used norm for superoperators is the I1-to-1
norm defined as

[Tlhoss = mase (7o) (251)

Let Z,,, denote the identity superoperator on C™. Since 2L is a permutation of £ ® Z, where
L is the Lindbladian in Lemma 8,

2Lslle = 1L ® Lallo = £ ® T2 @ Toyny1yllis1 = £ @ Lyt o1 = £ @ Insaflisa
(252)

where the last equality comes from the fact that |£ ® Z,]l151 = ||£ ® Zny1]l1—1 for any
m > N + 1 (see Section 3.3 of [44]). Thus it suffices to show that

I£®Zniillis1 = 2. (253)
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On the one hand, ||L(IN)(N])||, = [[IN = 1){N — 1] = [N)(N[||, = 2, so

I1£®Inyillis1 = [1£]his = 2. (254)
On the other hand, for any pure state |®) = Zﬁ;m/zo b [ my|m'),
N N
L@ Ine)|@N@ILT @ Ine )i = | D D b fm = (0 = 1 @ [m/) (]|
m,n=1m' n’'=0
(255)
N N ,
1132 3 = )] (256)
=1m’'=0

N N
=3 > buwl? (257)
N N

=1 (259)
Similarly,
I(LY @ Ty ) (L @ Ty )|0) (@], IOYDI(LT @ Iy 4 1) (Lo Iys)li 1. (260)

Therefore, for any density matrix p € L(CN*! @ CN+1), by subadditivity of the trace norm

1
L@t <1+ 50+1)=2 = [L&Insiflio1 <2 (261)

Clearly (253) follows from (254) and (261). Therefore, we have shown ||L|lo = 1.

To complete the proof, we show how a simulation can be used to compute the parity of s.
Let PARITY(s) :=s1 ®s2@ - - @ sy. We simulate £, with initial state |N,0)(N, 0|, and after
time t = 4N we measure the system. By Lemma 7, Lemma 8, and (249), the probability that
the measurement result is not (0, PARITY(s)) is

p < o1 (262)
In the simulation of L, denote the final state of the ancilla by pan.. Let
= |PARITY(s))(PARITY (s)], (263)
pasim i= Ten[e“*!(|N, 0)(N, 0])]. (264)
By the definition of p, we have
(PARITY(5)|ps.sim|PARITY(5)) > 1 — p. (265)

By [5] and [20], the parity of N bits requires & bits of s to compute within error 1. Therefore,
if we only learn fewer than % bits of s,

D(panc, ps) > (266)

|
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where D(p,0) := %||p — o1 is the trace distance.
On the other hand, we claim that the simulation accurately produces p;. To see this, let
g = (1 — PARITY(s)|ps sim|1 — PARITY(s)) and r := (PARITY(s)|pssim|1 — PARITY(s)). By

(265), ¢ < p. Write ps sim in the basis {|PARITY(s)), |1 — PARITY(s))}:

P sim = ( e > : (267)

r q

Since ps gim > 0, we have |r|* < ¢(1 — q). Consequently,

g r 1
D(psaps,sim) = H( 7,3 q ) = \/CIQ + |7"|2 < \/q2 + Q(l - Q) < \/13 < ga (268)
1
where the last inequality comes from (262).
Therefore, by (266), (268), and the triangle inequality,
1 1 1
D(panmps,sim) Z D(pancaps) - D(psaps,sim) Z Z - g = g (269)

A nonzero element of the matrix A, of £, defined in (3) has row coordinate ((ny — 1)+ (N +
1)(j1®sn,),n1+(N+1)71) and column coordinate ((ng—1)4(N+1)(jo@®sp, ), no+(N+1)j2)
for some ny1,ne € [N+1] and j1,j2 € {0,1}. As aresult, using the first query model considered
in Theorem 10, one query to the Lindbladian can be simulated using at most two queries to
the bits of s (s,, and s,,). With the second query model, one query to the Lindbladian can
be simulated using a single query to a bit of s because a nonzero element of the Lindblad
operator L has row coordinate (n — 1)+ (N +1)(j @ s,,) and column coordinate n+ (N +1)j
for some n € [N + 1] and j € {0,1}. Therefore, (269) shows that at least & = & queries to
the first black box, or at least % = é queries to the second black box, are needed to simulate
L for time ¢t = 4N within precision %. O

8 Conclusion and future work

In this paper, we have developed quantum algorithms for efficiently simulating Lindbladians
that are not necessarily local. We introduced two approaches to this problem, one based on
implementing sparse Stinespring isometries and another based on implementing short-time
evolutions generated by sparse Lindblad operators.

We hope that future work will expand the scope of our algorithms to simulate broader
and more unified classes of sparse Lindbladians. We also hope these tools will prove useful
for simulating realistic quantum systems and for developing novel quantum algorithms.

A concrete challenge for future work is to efficiently simulate the Davies master equation
[18]. For any given Hamiltonian and temperature, the Davies master equation describes a
Markovian open system that converges to the Gibbs state of the Hamiltonian at that temper-
ature. While the quantum Metropolis algorithm [40, 47] can be used to prepare this Gibbs
state, simulating the Davies equation would provide a method of simulating the approach
to equilibrium. Note that the overcomplete GKS matrix for the Davies master equation is
diagonal in the eigenbasis of its system Hamiltonian, but it is not obvious how to apply our
methods in that basis.

Another natural question is to improve the complexity of simulating open quantum systems
as a function of the allowed error, e. The simulations presented in this paper have complexity
poly(1/e), and it is natural to ask whether there is an algorithm with complexity poly(log 1/€),
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as in the case of Hamiltonian simulation [8]. After an initial version of our work was made
public, reference [17] gave an algorithm with complexity poly(log1/e) for Lindbladians with
sparse Lindblad operators. It remains open to find algorithms with complexity poly(log1/¢)
for Lindbladians implemented by sparse Stinespring isometries (such as the Lindbladians
discussed in Section 4).

Acknowledgements

We thank Richard Cleve for discussions that helped to motivate the simulation method pre-
sented in Section 5. We also thank an anonymous reviewer who pointed out that third-
and higher-order product formulas cannot be used for Lindbladian simulation. We acknowl-
edge support from the Canadian Institute for Advanced Research and the National Science
Foundation (grant 1526380).

References

[1] Dorit Aharonov and Amnon Ta-Shma, Adiabatic quantum state generation and statis-
tical zero knowledge, Proceedings of the 35th Annual ACM Symposium on Theory of
Computing, pp. 2029, ACM, 2003, arXiv:quant-ph/0301023.

[2] Gorjan Alagic and Alexander Russell, Decoherence in quantum walks on the hypercube,
Physical Review A 72 (2005), no. 6, 062304, arXiv:quant-ph/0501169.

[3] Ryan Babbush, Dominic W. Berry, Ian D. Kivlichan, Annie Y. Wei, Peter J. Love,
and Aldn Aspuru-Guzik, Ezponentially more precise quantum simulation of fermions II:
Quantum chemistry in the CI matriz representation, arXiv:1506.01029.

[4] Adriano Barenco, Charles H. Bennett, Richard Cleve, David P. DiVincenzo, Norman
Margolus, Peter Shor, Tycho Sleator, John A. Smolin, and Harald Weinfurter, Ele-
mentary gates for quantum computation, Physical Review A 52 (1995), no. 5, 3457,
arXiv:quant-ph/9503016.

[5] Robert Beals, Harry Buhrman, Richard Cleve, Michele Mosca, and Ronald de Wolf,
Quantum lower bounds by polynomials, Journal of the ACM 48 (2001), no. 4, 778-797,
arXiv:quant-ph/9802049.

[6] Dominic W. Berry, Graeme Ahokas, Richard Cleve, and Barry C. Sanders, Efficient
quantum algorithms for simulating sparse Hamiltonians, Communications in Mathemat-
ical Physics 270 (2007), no. 2, 359-371, arXiv:quant-ph/0508139.

[7] Dominic W. Berry and Andrew M. Childs, Black-box Hamiltonian simulation and uni-
tary implementation, Quantum Information and Computation 12 (2012), no. 1-2, 29-62,
arXiv:0910.4157.

[8] Dominic W. Berry, Andrew M. Childs, Richard Cleve, Robin Kothari, and Rolando D.
Somma, Fxponential improvement in precision for simulating sparse Hamiltonians, Pro-
ceedings of the 46th Annual ACM Symposium on Theory of Computing, pp. 283-292,
2014, arXiv:1312.1414.

, Simulating Hamiltonian dynamics with a truncated Taylor series, Physical Re-
view Letters 114 (2015), no. 9, 090502, arXiv:1412.4687.




940

[10]

[11]

[12]

[15]

[16]

[17]

[18]

[19]

Efficient simulation of sparse Markovian quantum dynamics

Dominic W. Berry, Andrew M. Childs, and Robin Kothari, Hamiltonian simulation with
nearly optimal dependence on all parameters, Proceedings of the 56th IEEE Symposium
on Foundations of Computer Science, pp. 792-809, arXiv:1501.01715.

Dominic W. Berry and Leonardo Novo, Corrected quantum walk for optimal Hamiltonian
simulation, arXiv:1606.03443.

Andrew M. Childs, Quantum information processing in continuous time, Ph.D. thesis,
Massachusetts Institute of Technology, 2004.

, On the relationship between continuous- and discrete-time quantum walk, Com-
munications in Mathematical Physics 294 (2010), no. 2, 581-603, arXiv:0810.0312.

Andrew M. Childs, Richard Cleve, Enrico Deotto, Edward Farhi, Sam Gutmann, and
Daniel A. Spielman, Fzponential algorithmic speedup by quantum walk, Proceedings of
the 35th ACM Symposium on Theory of Computing, pp. 59-68, 2003, arXiv:quant-
ph/0209131.

Andrew M. Childs and Robin Kothari, Simulating sparse Hamiltonians with star de-
compositions, Theory of Quantum Computation, Communication, and Cryptography,
Springer, pp. 94-103, 2010, arXiv:1003.3683.

Andrew M. Childs and Nathan Wiebe, Hamiltonian simulation using linear combinations
of unitary operations, Quantum Information & Computation 12 (2012), no. 11-12, 901-
924, arXiv:1202.5822.

Richard Cleve and Chunhao Wang, Efficient quantum algorithms for simulating Lindblad
evolution, 2016, arXiv:1612.09512.

Edward Brian Davies, Markovian master equations, Communications in Mathematical
Physics 39 (1974), no. 2, 91-110.

Edward Farhi, Jeffrey Goldstone, and Sam Gutmann, A quantum algorithm for the
Hamiltonian NAND tree, Theory of Computing 4 (2008), no. 1, 169-190, arXiv:quant-
ph/0702144.

Edward Farhi, Jeffrey Goldstone, Sam Gutmann, and Michael Sipser, Limit on the speed
of quantum computation in determining parity, Physical Review Letters 81 (1998), no. 24,
5442, arXiv:quant-ph/9802045.

Richard P. Feynman, Simulating physics with computers, International Journal of Theo-
retical Physics 21 (1982), no. 6, 467-488.

Vittorio Gorini, Andrzej Kossakowski, and Ennackal C. G. Sudarshan, Completely posi-
tive dynamical semigroups of N-level systems, Journal of Mathematical Physics 17 (1976),
no. 5, 821-825.

Lov Grover and Terry Rudolph, Creating superpositions that correspond to efficiently
integrable probability distributions, 2002, arXiv:quant-ph/0208112.

Godfrey H. Hardy, P. Seshu Aiyar, and Bertram M. Wilson, Collected papers of Srinivasa
Ramanujan, AMS, 1927.



[25]

[26]

[27]

[28]

[29]

Andrew M. Childs and Tongyang Li 941

Aram W. Harrow, Avinatan Hassidim, and Seth Lloyd, Quantum algorithm for linear sys-
tems of equations, Physical Review Letters 103 (2009), no. 15, 150502, arXiv:0811.3171.

Stephen P. Jordan and Pawel Wocjan, Efficient quantum circuits for arbitrary sparse
unitaries, Physical Review A 80 (2009), no. 6, 062301, arXiv:0904.2211.

Alexei Y. Kitaev, Quantum computations: Algorithms and error correction, Russian
Mathematical Surveys 52 (1997), no. 6, 1191-1249.

Martin Kliesch, Thomas Barthel, Christian Gogolin, Michael Kastoryano, and Jens Eis-
ert, Dissipative quantum Church-Turing theorem, Physical Review Letters 107 (2011),
no. 12, 120501, arXiv:1105.3986.

Barbara Kraus, Hans P. Biichler, Sebastian Diehl, Adrian Kantian, Andrea Micheli,
and Peter Zoller, Preparation of entangled states by quantum Markov processes, Physical
Review A 78 (2008), no. 4, 042307, arXiv:0803.1463.

Goran Lindblad, On the generators of quantum dynamical semigroups, Communications
in Mathematical Physics 48 (1976), no. 2, 119-130.

Chaobin Liu and Radhakrishnan Balu, Continuous-time open quantum walks,
arXiv:1604.05652.

Seth Lloyd, Universal quantum simulators, Science 273 (1996), no. 5278, 1073.

Guang Hao Low and Isaac L. Chuang, Optimal Hamiltonian simulation by quantum
stgnal processing, arXiv:1606.02685.

Vivek V. Shende, Stephen S. Bullock, and Igor L. Markov, Synthesis of quantum logic
circuits, Proceedings of the 2005 Asia and South Pacific Design Automation Conference,
pp. 272-275, 2005, arXiv:quant-ph/0406176.

Frederick W. Strauch, Reezamination of decoherence in quantum walks on the hypercube,
Physical Review A 79 (2009), no. 3, 032319, arXiv:0808.3403.

Masuo Suzuki, Fractal decomposition of exponential operators with applications to many-
body theories and Monte Carlo simulations, Physics Letters A 146 (1990), no. 6, 319-323.

, General theory of fractal path integrals with applications to many-body theories
and statistical physics, Journal of Mathematical Physics 32 (1991), no. 2, 400-407.

Ryan Sweke, Mikel Sanz, Ilya Sinayskiy, Francesco Petruccione, and Enrique Solano,
Digital quantum simulation of many-body non-Markovian dynamics, arXiv:1604.00203.

Ryan Sweke, Ilya Sinayskiy, and Francesco Petruccione, Simulation of single-qubit open
quantum systems, Physical Review A 90 (2014), no. 2, 022331, arXiv:1405.6049.

Kristan Temme, Tobias J. Osborne, Karl G. Vollbrecht, David Poulin, and Frank
Verstraete, Quantum Metropolis sampling, Nature 471 (2011), no. 7336, 87-90,
arXiv:0911.3635.

Barbara M. Terhal and David P. DiVincenzo, Problem of equilibration and the compu-
tation of correlation functions on a quantum computer, Physical Review A 61 (2000),
no. 2, 022301, arXiv:quant-ph/9810063.



942  Efficient simulation of sparse Markovian quantum dynamics

[42] Frank Verstraete, Michael M. Wolf, and Juan Ignacio Cirac, Quantum computation and
quantum-state engineering driven by dissipation, Nature Physics 5 (2009), no. 9, 633-636.

[43] Hefeng Wang, Sahel Ashhab, and Franco Nori, Quantum algorithm for simulating the
dynamics of an open quantum system, Physical Review A 83 (2011), no. 6, 062317,
arXiv:1103.3377.

[44] John Watrous, Theory of quantum information, 2011.

[45] A. H. Werner, D. Jaschke, P. Silvi, M. Kliesch, T. Calarco, J. Eisert, and S. Montangero,
Positive tensor network approach for simulating open quantum many-body systems, Phys-
ical Review Letters 116 (2016), no. 23, 237201.

[46] James D. Whitfield, César A. Rodriguez-Rosario, and Aldn Aspuru-Guzik, Quantum
stochastic walks: A generalization of classical random walks and quantum walks, Physical
Review A 81 (2010), no. 2, 022323, arXiv:0905.2942.

[47) Man-Hong Yung and Aldn Aspuru-Guzik, A quantum-—quantum Metropolis algorithm,
Proceedings of the National Academy of Sciences 109 (2012), no. 3, 754-759,
arXiv:1011.1468.

Appendix A Gram matrix decomposition for low-rank cases

In Section 4.1, we described how to simulate local Lindbladians using the sparse Stine-
spring isometry framework. That simulation relied on an algorithm for computing the Gram
vector corresponding to a given basis state, which we describe in detail here.

Lemma A.1 Let M be an N x N Gram matrix with rank r. Suppose we are given a black
box for the entries of M and are told the coordinates of a full-rank principal submatriz. Then
Algorithm 1 takes x € [N] as input and prepares the Gram vector v, of M as a quantum
state using O(r®) time and O(r?) queries to the entries of M (in particular, both bounds are
independent of N ).

Proof. Algorithm 1 makes at most (r + 1)2 = O(r?) queries to the entries of M because
we only ask for Mgy,}. The matrix diagonalization in line 1 and line 5 takes O(r3) time,
and line 6 can be done in O(r?) time by computing the inverse matrix of (vf,...,v.) to get

(c1y...scp)T = (v, ..., 0.) 2., which is equivalent to Y_;_, ¢;v} = v’; therefore,

T T

vy = Upvl, = Zcivag = Zcivi. (A1)

=1 i=1

Now we show correctness. Without loss of generality, assume S = {1,2,...,7}. Since M
has rank r and Mg is a submatrix of M with full-rank r, all rows in M can be written as a
linear combination of all rows in S. Therefore, if we can show that vg vy = M, for arbitrary
i€{l,...,r} and z € {1,..., N}, then we have v;vx = M,, for arbitrary =,y € {1,..., N},
so we have found the correct Gram vectors.

Since

vl = ol U Ul v, = vlu,, (A.2)
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Algorithm 1: Preparing a Gram vector of a low-rank Gram matrix

Input: The rank r of M; an index z € [N]; S C [N], where |S| = r and the rows and
columns specified by S constitute a full-rank principal submatrix of M.
Output: Quantum state |v,) proporitional to the xth Gram vector of M.
1 Let Mg denote the principal submatrix of the rows and columns in S. Diagonalize it as
Mg = UDU?'. Denote (v1,vs,...,v.)0 = UVD.
2 if x € S then

3 ‘ Let v :=v,.
4 else
5 Let Mgyg,y be the principal submatrix of the rows and columns in S U {z}.

Diagonalize it as Mgy, = U’ diag(dy, .. .,d,,0)U’". Denote

Vdi

(W, v, .. vl o) =T
Vd;
0

6 | Find the unitary U, such that Uyv; = v; Vi € {1,...,7}. Let v := Uyvy.

7 Prepare a quantum state |v) proportional to v using the method of reference [34].

it suffices to show that v/'v), = M, for arbitrary i € {1,...,r} and 2 € {1,..., N}. But this
is trivial because line 5 of the algorithm promises

(W5, 0, - vp vg) (v, 05,0, 0)

v Vi

:U/ ..' '.. U/T (A3)
JSZT Vd, 0

= U’ diag(dy, ..., d,,0)U'T (A.4)

= Msu{a}, (A.5)

which gives ’U;T’U; = M,,.
Finally, by reference [34] we can prepare v, as a quantum state in O(r) additional time,
which is dominated by the O(r?) time of computing v,. O

Appendix B Decomposition of sparse diagonal Lindbladians

In this appendix we prove Lemma 3, which states that every d-sparse-diagonal Lindbladian
can be written as the sum of at most 3d? strongly 1-sparse-diagonal Lindbladians, and that
this decomposition can be found with constant overhead of queries using the black box in
Theorem 5.

We may assume that the diagonal elements of the matrix a characterizing the diagonal
Lindbladian are all 0 because, as we have shown in Lemma 2, we can efficiently simulate a
diagonal Lindbladian with diagonal matrix a, and efficient Lindbladian simulation is closed
under positive linear combination by Proposition 2.



944  Efficient simulation of sparse Markovian quantum dynamics
First we show a decomposition without demanding strong sparsity, as follows.

Lemma B.1 FEvery d-sparse-diagonal Lindbladian can be written as the sum of at most d*
1-sparse-diagonal Lindbladians with constant overhead in queries using the black box in The-
orem J.

Proof. We cast the problem in terms of a directed graph G = (V, E) where V = {v1,v9,...,ux}.
If a;; # 0 in the a matrix, then there is a directed edge in E that goes from v; to v;. Since a
is d-sparse, each vertex in V' has in-degree and out-degree at most d. Our aim is to color the
edges of the graph with at most d? colors such that in the subgraph including only the edges
of any given color, each vertex has in-degree and out-degree at most 1 in that subgraph (that
is, the subgraph of any given color corresponds to a 1-sparse a).

Let (u,v) denote the directed edge from vertex u to vertex v. For each i € {1,..., N}, let
num(v;) := ¢. Define

Next(u) := {v: (u,v) € E}, (B.1)
Prev(v) :={u: (u,v) € E}. (B.2)

If v € Next(u), define
NextIdx(u,v) := [{i : ¢ < num(v), v; € Next(u)}|; (B.3)

if u € Next(v), define
Prevldx(u,v) := |[{i : i < num(u),u; € Prev(v)}|. (B.4)

For each pair of (u,v) € E, since num(v) is excluded in NextIdx(u,v) and num(u) is excluded
in Prevldx(u, v), we have

0 < NextIdx(u,v), Prevldx(u,v) < d — 1. (B.5)

Then we assign the edge (u,v) the color d - NextIdx(u,v) + Prevldx(u, v).

We claim that for the edges in the subgraph of any given color, each vertex has in-degree
at most 1. If not, say (u,v) and (u/,v) are edges in the same subgraph where u # w’. This
gives d - NextIdx(u,v) 4+ Prevldx(u,v) = d - Nextldx(u', v) + Prevldx(u', v), which by (B.5)
leads to NextIdx(u,v) = NextIdx(v',v) and Prevldx(u,v) = Prevldx(v/,v). From the latter,
we get u = v/, a contradiction. By an analogous argument, the out-degree of each vertex in
a given subgraph is at most 1. Therefore, each subgraph corresponds to a 1-sparse-diagonal
Lindbladian. By (B.5), we get at most d? subgraphs.

For each edge (u,v) € E, the coloring only needs to ask the black box stated in Theorem 5
about the neighbors of v and v, so the decomposition only costs constant overhead in queries
to the black box. The resulting black box for each 1-sparse-diagonal Lindbladian takes a color
and a vertex as input and outputs the edge with the color that is adjacent to the vertex. O

It remains to decompose each 1-sparse-diagonal term into strongly 1-sparse-diagonal pieces.
Lemma B.2 FEvery 1-sparse-diagonal Lindbladian can be written as the sum of at most 3
strongly 1-sparse-diagonal Lindbladians with constant overhead in queries using the black box
of the 1-sparse-diagonal Lindbladian stated in Lemma B.1.

Proof. Again consider a directed graph G = (V, E) where V = {v1,ve,...,uny} and F
contains a directed edge from v; to v; if a;; # 0. Since a is 1-sparse, each vertex in V has
in-degree and out-degree at most 1. Our aim is to 3-color the edges such that for the subgraph
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of any given color, each component is either an isolated vertex, a directed edge, or a directed
cycle of length 2 (that is, each subgraph corresponds to a strongly 1-sparse a).

Observe that any component of G must be a directed path, a directed cycle, or an isolated
vertex. For directed paths, we can color the edges with two alternating colors. For directed
cycles with length 2, we can assign both edges the same color. For directed cycles with even
length at least 4, we can color the edges with alternating colors. For directed cycles with odd
length at least 3, we can color the edges with alternating colors, except that the final edge
must be assigned a third color.

These assignments can be made using only three colors, and each resulting subgraph
corresponds to a strongly 1-sparse-diagonal Lindbladian.

For each edge (u,v) € E, the coloring only needs to ask the black box stated in Lemma B.1
about the neighbors of u and v, so the decomposition only incurs constant overhead in queries
to the black box, and it produces a black box for each resulting strongly 1-sparse-diagonal
Lindbladian as stated in Lemma 2. [J

Lemma 3 follows by directly combining Lemma B.1 and Lemma B.2.

Appendix C Proofs of lemmas from Section 5.2
Proof of Lemma 5. Since L|j) = Zle ¢;,ilvi(7)) for all j € [N],

N—

k N-1
L= ZCJ1|VZ VIR L= Z
§=0

7=0 i=1

,_.

k
& i), (1)
1

1=

Thus for any m,n € [N],

k
(14 eL)(|m)(n|) = —% Z (cmic” V= (wam), ]|1/ Ywvi(m)))(n| + c;icyf(w(n))J|m><yj—1(z/i(n))|)

ij=1

k
e D emach lvi(m) (v (n)] + m)(nl. (C.2)

i,j=1
On the other hand,

2
€ _ -
TranC[Ve|m><n|VJ] = Z Cm, zC L(uy(m)),j nz’c Ly, ,(n)),j/|’/j 1(1/i(m))><yj/1(yi/ (n))
1<istj<k,1<i/#§' <k

1, -
—e > icm»icuf(w(m)),j'”j1(”i(m))><”‘
1<i#j<k

1, )
p> §Cn’icv;1<w(n)),j|m><VjI(Vi(n))l
1<iZi<k

k

€D Cmach lvi(m) (v (n)] + m)(nl. (C3)

i,j=1
Taking the difference between the above equality and (C.2), we have

(1 + eL)(|m)(n]) — Tranc[Velm) (n|V,[]

€2

- Z Cm, ic _I(VL(m))J nz’cu S (v (n),g |V]_1(Vl(m))><Vj_’1(’/2/(n))‘ (04)
15,1 #J
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By subadditivity of the trace norm, it suffices to show that for any pure state

N-—1
S b)) (C5)

m,m/=0
with Zm /=0 |bmme|* = 1, we have
11+ ) © Zn ) (BYB]) — Tranel(Vi ® In)|@) (B(V/ @ In)]||, = OK'e).  (C.6)
Indeed,

|30 bmmBi DT emihos gy oty 7 @) 5 () ) )|

m,m’,n,n’ i#,8 #5’

(p> b€ i€} 14y 175 (D)) )

it A mem/

H Z b”"/cn i€y Wi (n).g' <V /1(Vi/(n))‘<n/|

Z Z [brmm [2[em.i[?[c, - “lwi(m),j Z|bnn’|2|cn ir]? |Cy/ v (n),j /|2 (C.8)

) (C.7)

1#£4,1' #j’
Z Z |bmm/| ||L||max Z |bnn/|2HLHmax (Cg)
z;éj i'#£5 \ m,m/ n,n’
=k*(k —1)% (C.10)

and by (C.4) this implies (C.6). O

Proof of Lemma 6. We have

vive=3 o) ml(fo G r I+ 10 = € 3 2ehi, e ¥ 0 )I(O])

i1 F02
a 1
—1
(Z\fcmm N +1m)I0) =€ 3 Semis €)1, (myal (via (m))]0))
Jj=1 #j2
(C.11)
¢ * *
= Z |Tl> <m| (Z Z Cn iy Cy;; (viy (n)),i2 C7n7jlcy_7._21 (vj, (M), j2
mn viy Wiy (n))=v; " (vj; (m))
€ . €
o 5 Z cm7jlcl/j;1(l/jl (m)).gz § Z C" 116” 5 Wiy (n))iz
Vj;l (vj, (m))=n 1/;21 (viq (n))=m
+e Z CriCm.j + 5nm). (C.12)

vi(n)=v;(m)
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Since
% € * € *
€ Z Cn,imj = 5 Z Cmaii €yt wy (m)g2 2 Z Cnis v (v, (n)) iz
vi(n)=v;(m) uj;l (vj, (m))=n 1/;21 (viq (n))=m
* € * € *
=€ Z Cn,iCm,j — 5 Z Cm,j1Cn gy — 5 Z Cniy Cmyia (C13)
vi(n)=v;(m) vj; (m)=vj, (n) viy (n)=vi, (m)
=c¢ Z Ch,iCm,j — % Z Ch,iCm.j — % Z Cr,iCm,j (C.14)
vi(n)=v;(m) vi(n)=v;(m) vi(n)=v;(m)
=0, (C.15)
we know that
2
Ve Ve—1I= 4 Z |n><m| Z Cn,ucu;l(wl(n)),izcmyhc,,j;l(,,jl (m)),ja" (C‘16)

Viy iy (m)=v ! (v, (m))

To prove that ||[VIV, — I|| = O(k*¢2), it suffices to show that for any pure state |¢)) =
SN byalm) where SN bl = 1,
(WIVIV. = I|v) = O(k*e?). (C.17)
Denote [ := 1/;1(1/1'1 (n)) = yj_zl(yjl (m)). Thenm = Z/j_ll(l/jz (1)) and n = Vi_ll(l/z‘z(l))- Plugging
these into (C.16), we get

9 N—1 k
ty _ < * RE
WIVIVe=T10) = 7 D | 2 bty )5 g0 (C.18)
=0 1i1,i9=1
;2 Nl k k
2 * 2
< 4 Z ( _ Z |bl/i_11(m2(l))| )( ‘ Z ‘Cl’i_ll(”ig (l)),ilclwi2| ) (C.19)
=0 i1,i9=1 i1,i2=1
2 N-1 k
< RIS Y Bl (C.20)
1=0 i1,iz=1
9 k N-1
k2 b C.21
=S Y bl (C.21)
7.1,12:1 =0
kte?
= — C.22
) (C22)
= O(k*¢?), (C.23)

where the first inequality comes from the Cauchy-Schwartz inequality. O
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