Quantum Information and Computation, Vol. 15, No. 13&14 (2015) 1233-1247
© Rinton Press

SPATIAL SEARCH ON GRIDS WITH MINIMUM MEMORY

ANDRIS AMBAINIS

Faculty of Computing, University of Latvia, 19 Raina bulv,
Riga, LV-1586, Latvia

RENATO PORTUGAL
Laboratério Nacional de Computacao Cientifica, Av. Getulio Vargas 333,
Petrépolis, 25651-075, Brazil

NIKOLAY NAHIMOV

Faculty of Computing, University of Latvia, 19 Raina bulv,
Riga, LV-1586, Latvia

Received January 13, 2014
Revised June 16, 2015

We study quantum algorithms for spatial search on finite dimensional grids. Patel et
al. and Falk have proposed algorithms based on a quantum walk without a coin, with
different operators applied at even and odd steps. Until now, such algorithms have been
studied only using numerical simulations. In this paper, we present the first rigorous
analysis for an algorithm of this type, showing that the optimal number of steps is
O(v/Nlog N) and the success probability is O(1/log N), where N is the number of
vertices. This matches the performance achieved by algorithms that use other forms of
quantum walks.
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1 Introduction

The quantum spatial search problem can be stated as follows. Suppose that one has a graph
with N vertices that represent the places that a quantum robot can be and the edges represent
the directions that the robot can move among the vertices. Suppose also that one or a subset
of vertices is marked. The goal is to find one marked vertex taking the least number of steps,
assuming that the robot can move only to neighboring vertices, and each step takes one time
unit.

Benioff [1] pointed out that a direct application of Grover’s search algorithm [2] to the
quantum spatial search problem on two-dimensional grids of size v/N x v/N does not provide a
speedup compared to a search performed by a classical random walk, which takes O(N log N)
steps. Aaronson and Ambainis [3] showed that most of quantum speedup can be recovered by
using Grover’s search together with a “divide-and-conquer” strategy that splits the grid into
several subgrids and searches each of them. Using this method, the problem can be solved in
O(V/Nlog® N) steps.
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1234 Spatial search on grids with minimum memory

The use of coined quantum walks [4] to the quantum spatial search problem was intro-
duced by Shenvi et al. [5], which developed a quantum search algorithm for the hypercube
taking O(\/N ) steps providing a quadratic speedup over classical method using random walk.
Ambainis et al. (AKR) [6] used a similar method to build a quantum search algorithm on
two-dimensional grids taking O(\/N log N) steps using the method of amplitude amplifica-
tion. By introducing an extra qubit into the system, Tulsi [7] was able to improve the time
complexity of AKR’s algorithm avoiding the use of amplitude amplification. Ambainis et
al. (ABNOR) [8] also showed how to eliminate the method of amplitude amplification using
the AKR’s algorithm and performing a post-processing classical search.

Coinless (or staggered) quantum walks for hypercubic lattices were analyzed by Patel et
al. [9] by discretizing the Dirac equation used in the staggered lattice fermion formalism. The
evolution operator is the product of two unitary operators, which are called even and odd,
and can be obtained from shifted bases via a process of graph tessellation showed in Fig. 1
for the two dimensional case, which was pointed out by Falk [10]. Refs. [11, 12] also described
the use of coinless quantum walks for searching on two-dimensional grids and concluded,
using numerical implementations, that the search algorithm takes 0(\/N log N) steps without
using Tulsi’s method and O(y/Nlog N) with Tulsi’s method. Using a similar algorithm and
numerical implementations, Falk inferred that the search algorithm takes O(v/N) steps with
constant success probability.

In this paper we analytically prove that a coinless quantum walk using the simplest tes-
sellation (the same one used by Falk) takes O(v/Nlog N) steps to maximize the success
probability, which depends on the grid size as O(1/log N) when there is only one marked
vertex. This corrects Falk’s inference. If we use the method of amplitude amplification, the
total number of steps is O(v/Nlog N) in order to achieve a constant success probability. If
we use Tulsi’s generalized method [13, 14], the total number of steps is O(v/Nlog N) with
constant success probability O(1).

The structure of this paper is the following: Sec. 2 describes the coinless quantum walk
model on two-dimensional grids. Sec. 3 describes the general structure of the search algorithm,
states two claims, and describes the algebraic manipulation necessary to prove the claims and
to find the number of steps. Sec. 4 describe the calculation of the number of steps that
optimize the success probability. Sec. 5 describes the calculation of the norm of the main
eigenvector of the evolution operator, which is used in the analysis of the algorithm. Secs. 6
and 7 prove the claims. In Sec. 8, we draw our conclusions and discuss possible extensions of
this work.

2 Coinless Quantum Walks on Two-Dimensional Grids

Consider a two-dimensional grid with IV vertices having a torus-like boundary conditions and
the associated Hilbert space H~. We assume that N is a perfect square and v/N is even.
Define the set of orthonormal vectors

1

uSy™) = D awy2o+a 2y +y), (1)
x’,y'=0
1

) = > bwyl2e+a + 1,20 +y +1), (2)

@’y =0



A. Ambainis, R. Portugal, and N. Nahimov 1235

03 13 235 H 33

023 = [12 2. & 32

o1: = " 21 1 31

0z = [10 20: = [30

Fig. 1. Grid tessellation using 2 x 2 cells. Blue squares (continuous line) represent the even
tessellation and red squares (dotted line) represent the odd tessellation.

which are based in Fig. 1. We address the case az/, = byr,» = 1/2. The projectors that
project into the subspace spanned by ‘u§y> and ’u‘;y> respectively are

IVN-1
He = Z |u§,y><u;y ’ (3)
z,y=0
1VN-1
o= > fus,)ul,. (4)
z,y=0
Define the reflection operators
U = 21 -1, (5)
U, = 2II,—1I. (6)

Define the reflection around the marked vertex
Uy = 2|w)(w| — 1. (7)
One step of the quantum walk is driven by the real unitary operator
U = UU,U:U, (8)

and the initial state is

VN-1
> zy). (9)

z,y=0

1
o) = N

The algorithm consists in obtaining state |1ptf> = U |1pg), where ¢ty is the number of steps,
and performing a measurement in the computational basis. The result of the measurement is
expected to be the marked vertex.
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3 Analysis of the Algorithm

The eigenvalues of U have the form exp(+if), 0 < § < 7. Among all eigenvalues different from

1, select the eigenvalue with the smallest positive argument. Let us denote this eigenvalue

by exp(ia) and the associated eigenvector by [¢). Because U is real, exp(—i«) is also an

eigenvalue and associated with eigenvector |1)*. Eigenvectors [)) and [¢)" are orthogonal

and complex conjugates (the entries of [1))* are the complex conjugate of the entries of |1)).
Define the vectors

o b .
18%) NG (10) + 1)) (10)

N

57 = Zimi

(l¥) = 1¥)") (11)
which are orthonormal. We claim that they define a plane in the Hilbert space H, in which
the state of algorithm approximately evolves. This statement is based in the following claims:

Claim 1 The overlap [(¢9]|57)| between the initial state and |57) is © (1).

Claim 2 The success probability p is O (ﬁ)

Claim 1 says that if we replace the initial condition |1y} by |57), the error will not increase
when we increase N. The calculation of the evolution of the algorithm is simpler when we
take |57) as the intial condition, because |37) is a linear combination of only two eigenvectors
of the evolution operator, while [1g) has overlap with all eigenvectors.

Suppose that ¢; is the number of steps fo the algorithm and take |5~) as the initial state,
the final state will be

ly) = (e [y) — eT* [4h)") .

[N}

If we take t; = 7/2a, then |¢y) = i|87T), which is orthogonal to |37). The success probability
is

p=|(w]sH)]”. (12)

The success probability decreases when we increase N, but Claim 2 states that the functional
dependence is logarithmic. If one uses the method of amplitude amplification, the overhead
to obtain a constant success probability is O(v/log N).

Let us define

U1 = UcUu)Uch,
U, = UyU..

Using that U2 = I, we have U = U,U; with U; acting as follows: Uj|y;) = 627”‘/3|1/J1>7
Uilthe) = €727/ 3|ahg) and Uy [) = |9) if [1b) L [ah1), [1b) L [ah2) (see the appendix for details).
In our particular case, the vector |¢)9) is the complex conjugate of |¢1) (i.e., all coefficients
of |1)9) are complex conjugates of the corresponding coefficients of [¢1)) and we will use this
fact.
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Let |v;4+) and |v; —) (for j = 1,2,...) be the pairs of eigenvectors of U, with eigenvalues
e% and e for 0; # 0 (and |v, ;) is a complex conjugate of |v; _)). We express

[v1) = aly) + Z (aj+|vj+) + aj—|vj,-)) (13)

J

where [¢]) is an eigenvector of U, with eigenvalue 1. By taking complex conjugates of all
coeflicients of vectors on both sides of the equation, we get

(o) = a*us) + D (@] lvj-) + af _lvj1)) (14)
i

where [1}) is the complex conjugate of |¢}). The above equations are valid when v/N /2 is
odd, because Us has no eigenvalue -1 in this case. Let |[¢)) be the eigenvector of U = UsU;
with the eigenvalue e’® with the smallest positive a. We multiply [¢)) by a constant so that
|(11]10) |2 + [{(¥2|h)|> = 1. Then, we can express

) = cos Bl¢r1) + wsin B2) + [¢')

where [¢) L |11),]¢") L |12) and |z| = 1. To simplify the next expressions, we multiply |¢)
by a constant and x by another constant so that

[y = e /3 cos Blihy) + e/ 3 sin Blabe) + [¢). (15)

Then,
Up|Y) = /3 cos Blih1) + e~/ 3xsin Blapy) + 4.

Let
o) = Urlih) — [ib) = (/3 — e™"/%) cos ) + (e7™/% — /%) sin Bluhs)

= V/3icos B|v1) — V3xisin Bli)a). (16)

By writing out |t1) and [¢)2) in terms of eigenvectors of Us, we get

) = V3i (cos Bluin) — wsin Blua)) = v3i (acos Blust) — a*wsin Bluh)
+ Z ((a]H_ cos B —a; _wsinfB)|v; ) + (aj— cos B — aj ,xsin ﬁ)|vj,_>>) . (17)
J
Let |¢’) = Uy|¢) + |¢). Then, we have
1, 1 1,1
[¥) =510 = 5le), Uild) = 5le') + 5l (18)
To get UsUy|1)) = e |¢p), we must have

¢) = VBeot 5 (acos BJu4) — a”sin Blus))

-0
+\/§Zcot a 5 L (aj 1 cos B — aj _xsin f)|v; 1)
J
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+\fz cot

aj —cos 3 —aj xsinf)|v; ). (19)

Because of equation (15), we have

(Ply) =e ~/3 cos B = (1 - ?2) cos 3.

By combining this with the first part of (18) and (16), we get that (¢1|¢’) = cos §. Similarly,
(12|¢’) = xsin B. By writing out [11), |1)2) and |¢’) in terms of eigenvectors of Us, we get

(1 ]¢") = V3eot 5 5 (al” cos B — (a)z sin (Y1 [y45))

9.
2 (|aj+|*cos B — a} Laj _xsinp)

+\/§Zcota7

+\fZC t——— (|aj _*cos B — a;_aj  xsinf) = cosf3 (20)

and

(talg’) = \/gcot*( |l sin B + a? cos B{13]¢1))
+\fZCOt 9 2 (aj,—aj 4 cos B — |aj—|*zsin B)

(a] +aj_cos B —|aj4|*zsin B) = xsin . (21)

+f2cot

4 Number of Steps

As described in Sec. 3, the number of steps of the algorithm is 7/2«. The determination of
the asymptotic (large N) value of parameter « is the main part to describe the algorithm
efficiency. We address this issue in this section.

We take the complex conjugate of both sides of (20) and rewrite the resulting equation as

V/3A11 cos B+ V3A0z* sin 8 = cos 3, (22)
and using that |x| = 1 we can also rewrite (21) as
—V/3A;1sin 8 — V3A122* cos 8 = sin 8, (23)

where

Ay = |al? cot— + Z [E cot &

74 Z la; —|? cot 271

a—H» o+ 0;
Ajg = —a® (Yh|h) cot ZaJJraJ, (cot 5 L 4 cot 5 J).

The expression of Ap; is equivalent to

a 1 a—0; a+b
Au=laf oot 52 (sl + o) (C‘)t g teot— ]>+
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Z sin 0; (|aj,+\2 - |aj,—|2)
- cosbj — cosa '

Using the approximation cos a ~ 1 and the results of the appendix, the last term of the above

equation simplifies to
VYN ¢ - - - -
2 QZ cos k coslsinksinl
V3N fymy 1—cos2kcos2]

(k,1)#(0,0)
where k = 27k/v/N and | = 2rl/v/N. It is straightfoward to show that this term is zero.

For « close to 0, we can use the approximations cot x = % for cot 5 and

a+0jN7 «
27 sin®(6;/2)

0479]‘+Ct

cot

Notice that using Eq. (A.3) from the appendix we conclude that the minimum positive value
of 0; is 4w /v/ N. We are going to show that a < 6; for large N. Under those approximations,

we obtain )
2
All ~ |a| — OéB,
«
2 2 / /
A12 ~ _ a <¢2|¢1> +OéC
«

where

1
B= E ——(la;+|? + |a, —|?),
e QSiHQ(Gj/Q)(‘a]7+| laj,—1°)
C= g _ aj _a;
; Sin2(0j/2) 7,— %, +-

By eliminating Aj22* from Eqgs. (22) and (23), we obtain
1 1 2
cosfB=—1[1+ > .
V2 ( V3An
By multiplying (—sin 8) to Eq. (22) and adding to Eq. (23) times cos 8, we obtain
A11 sin 2ﬁ + A12£C* =0.

Using the last expressions we have obtained for A;; and Aqs, we get

o 2laf?sin 28 — 202 (uhl))e" o0
N Bsin 23 — Ca* '

Using the eigenvectors and eigenvalues of Us given in the appendix (see details at the end of

the appendix), we obtain
1 8 1
2
— -4 2 — 2
|al 3+3N+O(N2> (25)

and ) A )
sl = (-3 ) +0 (52)- (26)



1240 Spatial search on grids with minimum memory

Near the end of this section we obtain an approximate expression for the denominator of
Eq. (24), which shows that this denominator is O (log N). If the zeroth order term in the
numerator were a constant (does not depend on N), the number of steps of the algorithm
would be O (v/Iog N). Such prescription would be poor because the probability of finding the
marked vertex would be irretrievably small. The way out is to choose x so that the leading
term (zeroth order in N) in the numerator of a2 is zero. Then, z must be the leading term
of |a|?/a* 2y} |1h). Using Egs. (25) and (26), we obtain z = ¢*7/3,
Using that a®B < |a|? for large N, we can consider Aj; ~ 2|a|?/a and

1 V3a
cosfr~—|14+—]. 27
B ( : ) 1)
Similarly, using that sin 25 ~ 1, the first order approximation for a when N is large is
8
2
N . 28
“ T NB-Cr) (28)

Using the eigenvectors and eigenvalues of Us, we obtain

VN
5l

2 1
N kgo 1 — cos? k cos? |

(k,1)#(0,0)

where k = 27k/v/N and [ = 2rl/v/N. Converting the double sum to a double integral and
using residues (the expression inside the double sum taken as a function of k and [ in the
domain (0,7) has four positive poles and can be calculated using the methods described in
Chap. 7.1 of Ref. [15]), we obtain B — Cz* = O (log N). Using this result, we conclude that

1
=0|— .
“ <\/N logN)
5 The Norm of |¢)
Using Egs. (17) and (19), we obtain

[9) = ? (cot% — 2) (acos Blyy) — a*xsin Blh))

_0.
(cot e 5 1 _ z> (aj,+ cos 8 —a} _xsinB)|v; 4)

i z) (aj,— cos B — aj LxsinB)|v; ). (29)

By employing the approximation for small «

1 2sinf; o
2

+6;
cotQ%—&—l% 5
(1 —cosb,)
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we obtain

(V[y) =

O e

j
Using that sin23 ~ 1, Eqgs. (25) and (26), we obtain

Z (|a|2 - a2<1/)/2‘1/’/1>$* sin 25) (cot2 % + 1)

- (laj4+]* + |aj,—|* — 2R(a;,—a; +2*) sin 28) .

»-lk\ w
l\)‘fb

12 3
(Wlo) ~ 5 + 5 (B = Ca).

Using Eq. (28), we get
24

Na?’

(V) ~
Therefore, ||[¢)| = O (vIogN).

6 Proof of Claim 1

Let |10) be the normalized uniform vector (initial condition of the algorithm). We know that
(¢o|vj,+) = 0, then for small «

(Yoly) = \/\/fa (af{tbolpy) — a™ (sholhg)x) .

Using Eqs. (13) and (14) we conclude that a(yolv}) = (holtn) and a* (oleh) = (olta).
By replacing those values into the last equation, using that 2 = ¢2™*/3  and employing the
expression for [i1) given in the appendix, we obtain

V3 :
(ol) ~ 5= (Vi —1).

Using Eq. (30), we conclude that the overlap between the initial condition and the normalized

vector [1) — [1p)” is )
(o) — (tolt))”|

Valll¥) ]

The asymptotic overlap in this case is 1/2. This overlap can be improved by changing the
global phase of |¢). In fact, if we take e~™/3|¢)), the asymptotic overlap is 1.

= o(1).

7 Proof of Claim 2
Let |00) be the marked vertex. From Eq. (13), we obtain

a{00[y1) = (00[t1) Z a;j,+(00]vj 1) + aj,— (00[vj,—)).
J

A similar equation can be obtained for a(00[¢4) using Eq. (14). By employing those results,
the overlap between the marked vertex and vector |¢) can be written as

(00[¢)) = ?( (cot% - z) (cos B3 (00[1b1) —  sin 3 (00[1s))
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'y
+ Z <cot a 5 . — cot ;) (aj+ cos B —aj _xsin B)(00]v; 4)
J

+ Z (Cot a —; b _ cot Z) (aj,—cos f —aj  xsin ﬁ)<00|vj7_>).
J

By Taylor expanding cot # around o = 0; using cot § ~ %; Eqgs. (27) and (A.1); and
discarding terms proportional to «; we obtain

5vV3x* 3 ™ 3 3
(00[) ~ \/;”3 n \/\ifa (2\% _ E‘) _ meL _ ;\CEF (31)
where
E* =" ((aj4 £aj_2){00[v; 1) + (a;,— £ af  2)(00]v; _))
J
and

0, X .
F = Zcot 5] ((aj+ — a}_x)(00]v; 1) — (aj,— — al ,2)(00]v;,_)).
J

By employing the expressions for a; + and |v; +) given in the appendix, it is straightforward

to show that
V(B—i) (41
B - (V3 —1) Z . esin( —t) ),
N k=0 V1 —cos? kcos?l

(k,1)#(0,0)

VN

I 1+iV3 Ti sin 2k sin 2
V3 N6 o 1 —cos2 kcos2l’
(k,1)#(0,0)

VN _q
V2(1+iV3) T
D>

e sink sinl

F = %«7
1 — cos? kcos?

k=0
(k,1)#(0,0)

where € is the sign of cos k cosl. Calculating the double sums and using symmetry properties,

we obtain
E — V3~ (1—4>,
22 N
C1+iV3 (1_4)
2v/6 N)’

and F' = 0. By replacing those results into Eq. (31), we obtain

(00[¢)) ~ *M <1+;> +%§:i). (32)

ET =

For large N, the real part of the overlap (00[¢)) tends to —\/5/4. This overlap changes
by introducing a global phase to |¢)) similar to the discussion at the end of the previous
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section. If we take e~ ™/3|¢)), the asymptotic overlap is —v/3/2. By using the fact that
[[¥)]| = O (VIog N), we conclude that the modulus of the overlap between the marked vertex
and the normalized vector [1) + |¢)" is

000 + (000 [ 1
i C (Ww) '

8 Conclusions and Discussions

We have analyzed the spatial search problem on two-dimensional grids using the coinless (or
staggered) quantum walk model introduced by Patel et al. [9]. We obtain the asymptotic
(large N) number of step of the algorithm and the asymptotic success probability. We have
used the simplest grid tessellation. As described in Fig. 1, we divide the the grid in 2 x 2
cells having the even-even points in the lowest left corner of the cells, which provides the
even tessellation. The odd tessellation is obtained by displacing the even tessellation along
the diagonal, so that odd-odd points are in the lowest left corner. Each cell in the even
tessellation is associated with a normalized uniform vector in Hilbert space Y, which span
a Hilbert subspace of dimension N/4. Non-uniform basis vectors can be used paying a high
price in terms of algebraic manipulations. The unitary operator U, is a reflection around
this Hilbert subspace. Operator U, is defined likewise. The product of those two reflections
generates a non trivial unitary operator which defines one step of the coinless quantum walk.

The spatial search is driven by a unitary operator that interlaces the reflection around the
marked vertex U,, and operators U, and U,. Patel et al.’ choice [11] is (U,U,)3U,, while Falk’s
choice [10] is U,U,,UcU,,. Our analytical calculations use the latter one. It is interesting to
analyze Patel et al.’s model in order to check their numerical results. Patel et al. briefly
discuss the use of the unitary operator (U,U, )" U, for ¢; smaller than 3.

We have analytically shown that the optimal number of steps of the search algorithm is
O(v/Nlog N) with a success probability O(1/log N) when there is only one marked vertex.
We also assumed that /N /2 is odd to simplify the algebraic manipulations. A straightfor-
ward application of the method of amplitude amplification provides an algorithm that takes
O(V/'N log N) steps with success probability ©(1). Alternative methods can be explored, such
as, classical post-processing search similar to the one proposed by ABNOR [8]. It is also in-
teresting to use of Tulsi’s generalized method [13], which preserves the total number of steps
as O (v/Nlog N) and enhances the success probability to ©(1).

The abstract search algorithm and the coinless search algorithm approximately take place
in a two dimensional subspace of the Hilbert space spanned by the initial condition and the
marked vertex. It is this fact that is used for obtaining the analytical results of the algorithms.
The results were also checked by numeric implementations.
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Appendix A

In this appendix we calculate the eigenvectors and eigenvalues of U; = U.U,,U.U,, and Uy =
U,U,, which play an essential role in the determination of the special eigenvector of U = UyU;
associated with the eigenvalue with smallest positive argument.

If we suppose that the marked vertex is the origin |w) = |00), the characteristic polynomial
of Uy is

N +A+1) (A=) 2

In fact, U} = I, which shows that the eigenvalues are 1, e*2mi/3  The eigenvector associated
with e27/3 ig

1 )
)= (~iv/3100) + [01) + [10) +[11)) (A1)

and [9) = |1p1)" is associated with e=2™/3. U; can be expressed as

Ur = T+ V3 (e [g) (in] + e~ F ia){e])

To obtain the eigenvectors and eigenvalues of Uy we use a staggered Fourier transform,

which can be introduced in the following form. Define vectors

i) = aful?) +b[ull) +elul) +d|u?),
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where
YN _q
kl VN = |21, 25),
YN _q
(1)> _ 2 w2ik+(2j+1)l|2i 27
= — :2j+1),
kl \/N Pt
YN _q
<2>> -z w@TDER2I 95 41 25
= 1 27),
kl \/N =
YN _q
(3)> _ 2 W DR+l 9; 4 1, 25
= :2j+1),
kl \/N i;()

and w = 2™/VN and a,b, ¢,d are complex numbers. For each k and I, |¥;;) span a Hilbert
space Hj,; that is invariant under the action of Us. Us can be expressed as a reduced 4 x 4-
matrix,

cosk cosl sink cosl cosk sinl sin ];_ bln[
IR ER] i Wk iw!
ink cosi Ucosk cosl TR S
pred Sm@.kwi,OSl « COZ@ cosl —sink sinl iw'cosk sinl (A2)
= -2
2 cosk sinl Wk cosk cosl 2k 7 ’
cosron W cosip oSt 1w sink cosl

2 —sink sinl ;
W w
sink sinl  dwlcosk sinl dwFsink cosl  wFtlcosk cosl

where k = % and [ = \2/% Uied can be diagonalized and the eigenvalues and eigenvectors

of this reduced matrix can be used to obtain the eigenvalues and eigenvectors of Us in the
original Hilbert space. The eigenvalues of U*d are 1 and e*?, where
cos 0 = 2 cos® k cos? [ — 1. (A.3)

Note that 6 depends on k, [, and N. The normalized eigenvectors associated with eigenvalue
1 are

sin(k — 1) sin(l — k)
1 sinl — sin k 1 sin k + sinl
W) =5 | | [el?) = 5 T )
2¢ sinl —sink 2c —sink — sin!
sin(k — 1) sin(k — 1)

where (¢£)? = (1 + coskcosl)(1 F cos(k — 1)). When k = [, the first eigenvector reduces to

1
—cosk

1
o \/51/1—&—(:052/; —cosk

1

i)
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and the second eigenvector reduces to ’w,(cl,z> = [0,1/4/2,—-1/4/2,0]. Using the fact that

<1/)0\1/1(J)> 75;@ 0010 for j = 0,...3, it is straightforward to show that the inner products
between the initial condition and eigenvectors (A.4) are zero. Using the fact that <OO|¢,(COZ)> =
— and <00\1/J(1)> = <00|¢I(fl)> = (00|@/J](:’l)> = 0, it is straightforward to calculate the inner

\F
products between the target state |00) and eigenvectors (A.4), which are
0 sin(k l)
0ol = =2
i Sil’l(i— I;’)
0hwy)) = =

VN
When k& = [ the inner product between the target and eigenvectors (A.4) are <00|w,(90,2> =

V2/(VNV1 + cos? k) and 00|w(1)>
i0

The normalized elgenvectors assomated with eigenvalue " are

—6\/0—esinl~c(zosl~\/c—ecosfcsinl~

@\ _ 1 \/c—esin/%cosi\/c—i—ecos/Ncsinl~
wil) =

\/c—l—esim/%cosi\/c—ecosl;:sinl~

m/c—i—esirll’~€(:osl~\/c—&—ecosicsinl~

where ¢2 = 1 — cos? kcos? [ and e is the sign of coskcosl. Note that ¢ > sinkcosl. When
k =1, they reduce to

cosk — eV 1+ cos2k

@) 1 1
wid) = o——
2v/1 4 cos? k 1
cosk + eV1+ cos? k

Using the fact that the entries of ‘w,(fl)> are real and (Ud)* = MU M, where

_— o o o
o= OO
o o = O
o O O

we show that the eigenvectors associated with eigenvalue e=* are obtained by inverting the
lines of the eigenvectors associated with e?. Instead of inverting the entries of eigenvector,
one can invert the sign of e. Notice that eigenvalues e** can be —1 only if v/N/2 is even.

The eigenvectors of the full matrix are

‘v;(f?> = wi?) \w > (A.6)
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for =0,...,3and 0 < k,l < \/N/Z, and the eigenvalues are w,i(}) = w,(cll) =1, w,(fl) =¢e and
w,(jl) = ¢~ The entries of ’w,(ﬁ)> are represented by ('y\w,(fl)>, 0 <~ < 3, to avoid confusion

(2) 3)

with the notation of the eigenvalues. Notice that ‘vk i > and ‘U](C i > are not complex conjugate.

In order to check the results that depend on Egs. (13) and (14), we cannot use eigenvectors
‘v,(fl)> because they are not the complex conjugate of ’”1(621)> Since Us is real, the complex

)

conjugate of ‘U,(fl > i

are eigenvectors of Uy associated with eigenvalues e=*? and they have to

replace ‘vl(;’l) > .

We can decompose |11) in the eigenbasis of Us as

VN

103
W) = > > al?ul?), (A7)
k=0 8=0
where
o) = Wl 1vr). (A.8)

The details of the calculation of |a|?, which can be obtained from Eq. (13), are

VN

> < O | @ |
la|* = Z (’%z“"‘akz‘)*“aoo""’aoo
N
1 10 4 I~ cosksinkcoslsinl
N Ny
3 3N 3N Pyt 1 — cos? kcos?

The details of the calculation of a?{y}|y}) are

VYN _g
2 2 2 2 2
0 1 2 3
ooty = X (o) + (o)) + (o) (o)
e, 1=0
[N
B _1+ i l—i\/§+2—2z’\/§ 22: cos ksin k cos [ sin
6 23 3N 3N A= 1 —cos?kcos? [

Il
[¢)
[V
w|y
N
W =
|

w) 0 ()



