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This paper is concerned with linear quantum networks of N nondegenerate optical para-
metric amplifiers (NOPAs), with N up to 6, which are interconnected in a coherent
feedback chain. Each network connects two communicating parties (Alice and Bob)
over two transmission channels. In previous work we have shown that a dual-NOPA co-
herent feedback network generates better Einstein-Podolsky-Rosen (EPR) entanglement
(i.e., more two-mode squeezing) between its two outgoing Gaussian fields than a single
NOPA, when the same total pump power is consumed and the systems undergo the
same transmission losses over the same distance. This paper aims to analyze stability,
EPR entanglement between two outgoing fields of interest, and bipartite entanglement of
two-mode Gaussian states of cavity modes of the N-NOPA networks under the effect of
transmission and amplification losses, as well as the effect of time delays on the outgoing
fields. It is numerically shown that, in the absence of losses and delays, the network with
more NOPASs in the chain requires less total pump power to generate the same degree of
EPR entanglement. Moreover, we report on the internal entanglement synchronization
that occurs in the steady state between certain pairs of Gaussian oscillator modes inside
the NOPA cavities of the networks.
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1 Introduction

Entanglement is a key factor in certain quantum information processing tasks, such as quan-
tum teleportation [1, 2]. Continuous-variable quantum information is highly motivated, as
preparation of continuous-variable entangled states is efficient and mathematical description
of a continuous variable system is adapted to various physical systems (e.g., quadrature op-
erators of light and total angular momentum operators of an ensemble of atoms satisfy the
canonical commutation relations) [3, 4, 5]. In particular, Gaussian states play an impor-
tant role in continuous-variable quantum information ascribable to 1) physically, the ground
state of a quantized electromagnetic field is a Gaussian state; 2) mathematically, though an
arbitrary Gaussian state lives in an infinite Hilbert space, it is simply and completely charac-
terized by the mean and (symmetrized) covariance of field operators, which are represented
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1142  Entanglement in a linear coherent feedback chain of nondegenerate optical parametric amplifiers

by a vector and a matrix with finite dimensions, respectively; 3) experimentally, entanglement
in Gaussian states is easily obtained [5, 6, 7, 8]. For instance, Gaussian entangled beams can
be generated by employing a strong coherent pump beam to shine a nonlinear x crystal
inside the cavity of a nondegenerate optical parametric amplifier (NOPA). Interactions be-
tween the pump beam and two modes in the cavity produce a pair of entangled outgoing
fields in Gaussian states which have strong correlations in quadrature-phase amplitudes [8].
Such entanglement is called Einstein-Podolsky-Rosen (EPR) entanglement.

In this paper, we investigate EPR entanglement between two propagating continuous-
mode light fields and bipartite entanglement of two-mode Gaussian states. The former one,
namely, the two-mode squeezing of the two continuous-mode fields, is characterized by a two-
mode squeezing spectrum V (w), which can be obtained via an associated quantum Langevin
equation. Strong EPR entanglement is indicated by a high degree of two-mode squeezing over
a wide frequency range. The sufficient condition of EPR entanglement existing at a certain
frequency for a pair of quadrature-phase amplitudes is that the value of the corresponding
V (w) satisfies a sum criterion [8, 9]. On the other hand, entanglement of two-mode Gaussian
states can be measured by the logarithmic negativity E(t) in the time domain. The logarith-
mic negativity is calculated based on the covariance matrix of the position and momentum
operators corresponding to the two modes. For strong entanglement, FE(¢) has a high positive
value [7, 10]. More details of the two quantities of entanglement are given in Section 4.

In reality, a quantum system is dissipative due to interactions between the system and its
environment. Such inevitable losses degrade entanglement. Thus, transmission distance and
communication quality are limited. Failure of the communication may even happen [1, 11].
Consequently, reliable generation and distribution of entanglement in the presence of losses
in transmission channels is a central issue in quantum communications.

Our previous work [12] has investigated EPR entanglement prepared by a dual-NOPA
coherent feedback network where the two NOPAs are distributed separately at two distant
communicating ends (Alice and Bob), as shown in Fig. 1 (b). The degree of EPR entan-
glement is influenced by the total pump power applied to the system, values of the damping
rates of the NOPAs, amplification losses induced by unwanted interactions between a NOPA
and its environment, as well as transmission losses caused by leakage of photons along the
transmission channels. Moreover, time delays in the process of transmission narrow the band-
width of suppressed two-mode squeezing. Compared to a single NOPA placed in between the
two ends (at Charlie’s) over the same transmission distance as indicated in Fig. 1 (a), the
coherent feedback configuration consumes less total pump power to achieve the same degree
of EPR entanglement when amplification losses are ignored and the damping rates of the sys-
tems are identical; on the other hand, the dual-NOPA system proposed in [12] achieves higher
level of EPR entanglement against transmission losses under the same total pump power and
damping rates. More precisely, for sufficiently high transmission rates one would employ a
distributed version of the scheme, while for low transmission rates a centralised architecture
would be employed to give enhanced entanglement under the same pump power and damping
rates.

This paper studies a coherent feedback configuration of up to six NOPAs that are evenly
deployed between two ends (Alice and Bob) and connected in a linear coherent feedback in-
terconnection, as shown in Fig. 1 (c¢). Descriptions of optical components employed in the
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Fig. 1. (a) Entangled pairs (blue circles) generated by a single NOPA which is placed in between
Alice (A) and Bob (B), say at Charlie’s (C). (b) Entangled pairs generated by a dual-NOPA
coherent feedback system, in which two NOPAs are deployed at Alice’s and Bob’s separately. (c)
Entangled pairs generated by an N-NOPA coherent feedback system, in which N NOPAs are evenly
distributed in a linear fashion between Alice and Bob. Transmission losses of the three systems
are denoted by beamsplitters (BS) with transmission rates Va¥—1, a¥N~! and «, respectively.
(Calculations of transmission rates are given in Section 2.)

system as well as the dynamics of the system under the effects of losses and time delays are
given in Section 2. Section 3 gives an analysis of stability conditions in systems without and
with losses. We prove a theorem showing that the stability thresholds can be obtained by
solving certain polynomials. Section 4 is devoted to investigating and comparing degrees of
end-to-end EPR entanglement of the N-NOPA systems in absence of time delays but with
losses considered. We give the ideal values of 6, and 0, as shown in Fig 2 for N-NOPA systems
with the even number and the odd number of NOPAs. Moreover, we look into entanglement
of two-mode Gaussian states related to pairs of optical cavity modes. In this section, there
are some qualitative findings such as in the absence of losses, the degree of end-to-end entan-
glement increases as the amplitude of pump beam for each NOPA approaches the value at
which the system just loses stability; in the presence of losses, there exists an optimal value of
pump amplitude of NOPAs for the end-to-end entanglement; the entanglement generated be-
tween collective modes is different between systems with an even and odd number of NOPAs;
with the same pump power and without losses, increasing the number of NOPAs improves
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the end-to-end entanglement but not the entanglement of internal two-mode Gaussian states.
The interesting qualitative observations described above are not straightforward to analyze
quantitatively, so their quantitative analyses are left as topics for future research. Section 5
explores effects of time delays on the stability and entanglement of the systems. Finally, we
restate the main results of this paper as a conclusion in Section 6.

The following notations are adopted in this paper: ¢ denotes /—1, the transpose of a
matrix of numbers or operators is denoted by (-)”, and (-)* denotes (i) the complex conjugate
of a number, (ii) the conjugate transpose of a matrix, as well as (iii) the adjoint of an operator.
I,, denotes an n by n identity matrix, O,,x, is an m by n zero matrix (we simply write O,,,
if m = n), trace operator is represented by Tr[:], d;; denotes the Kronecker delta and 0(t)
denotes the Dirac delta function. (-) denotes quantum expectation and 7 (-) denotes the largest
singular value of a matrix.
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Fig. 2. An N-NOPA coherent feedback system undergoing losses and time delays.

2 System Model

In this section, a brief introduction of quantum optical devices and dynamics of the system
is given. Fig. 2 shows a detailed system model of our N-NOPA coherent feedback network.
We take account of the system undergoing losses and time delays. The first NOPA (G;) and
the N-th NOPA (Gy) are placed at Alice’s and Bob’s, respectively; the other NOPAs are
deployed in a linear line in between Alice and Bob. The length of the path between every two
neighbouring NOPAs is identical. Transmission losses are modelled by beamsplitters. The
time delay in each path is denoted by a constant 7. Two adjustable phase shifters with phase
shifts 6, and 6y, respectively, are placed at two outputs separately in order to obtain the best
two-mode squeezing between fields &out,q and Eout p-

2.1  Quantum optical components
2.1.1 NOPA

Fig. 3 (a) gives a block diagram representation of a NOPA (G;). Four ingoing boson fields are
in the vacuum state, among which jpss,4,; and &joss,p,; are unwanted amplification losses. The
field operators comply with the commutation relations, that is, for a boson field operator &;,
we have [§;(t),&;(s)*] = 0;;0(t—s). The main component of NOPA is a two-ended cavity with
two orthogonally polarized boson modes a; and b;, which obey the commutation relations
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[ai,a;] = 5@', [bz,b;] = 57;]‘, [a,-,b*] =0 and [az,b } = 0. The fields fzn a,is ffm b,is flogg a,i and
§loss,b,s interact with the modes via coupling operators Ly = \/ya;, L2 = \/yb;, L3 = VEa;
and L4 = \/kb;, respectively, where v and x are damping rates. To yield EPR entanglement
between outgoing Gaussian fields {out,q,i and Eouep,s, @ strong pump beam in a coherent state
is employed to shine the nonlinear y(?) crystal inside the cavity. The modes are coupled with
the beam via the system Hamiltonian Hgys = se (afbf — a;b;), where € is a real parameter
related to the effective amplitude of the pumping field [8, 13].

The time-varying interaction Hamiltonian between the system and its environment is
Hint(t) = 1(Ein(t)*L — L*&n(t)), where &in(t) = [Eina,i(t), Sinbi(t); Eloss,a,i(t), Eioss,p,i(t)]”
and L = [Ly, Lo, L3, L4)T [14]. The time evolution of the mode and field operators in the
Heisenberg picture are given by [13]

() a:U(1),
U)biU(t),
()" &in.as (U (1),
()" &inb,i (U (2),

o
S S

where U(t) = exp (—i fo int(8)ds) is a unitary process satisfying the quantum white noise
equation U (t) = —1Hin (t)U(t). Using the rules of quantum stochastic calculus, the dynamics
of the NOPA G; is described by the quantum Langevin equations [8, 13, 15, 16]

di (t) - (’Y ) a; (t) + %b: (t) - ﬁgin,a,i (t) - \/Efloss,a,i (t) 3

bi (t) = - ( ) b (t) + %a: (t) - \/’V&in,b,i (t) - \/Egloss,b,i (t) ’ (1)

and the output fields are

i

gout,a,i (t) == \/’7(11' (t) + fin,a,i (t) )
val

Eoutpi (1) = /Abi () + Einpi (1) - (2)
{in‘m {D:_Lt,u,i 5?5'54:
fi?'!,b,i out,b,i BS,out

Gi { D > fESJm E ok

(a) (b)
Fig. 3. (a) A NOPA. (b) A beamsplitter

2.1.2 Beamsplitter

The transmission loss in a path between two adjacent NOPAs is caused by loss of photons.
It is modelled by a beamsplitter with transmission rate o and reflection rate 8 = V1 — a2
[13, 17]. As shown in Fig. 3 (b), output signal £gs ou: of the beamsplitter is the combination
of the two ingoing fields, that is, £ps out = ®€Bs,in+BERs,i- In our case, {pg,; is a white-noise
field operator in the ground state and {gg qy, is an outgoing Gaussian field of a NOPA.
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Assume the total transmission distance between Alice and Bob is d kilometres. There-
fore, the length of each path between every two adjacent NOPAs is ﬁ km. Based on the
assumption of that there exists around 0.2 dB per kilometre transmission loss in optical fibre
[18], we obtain that the transmission rate of each beamsplitter is oo = 10 %4

2.2 The N-NOPA coherent feedback network

Based on the dynamics of a NOPA and the transformation of a beamsplitter as given above,
an N-NOPA coherent feedback system undergoing transmission losses and time delays as
depicted in Fig. 2 has the following dynamics at time ¢ > (N — 1)7, when all the nodes of
the network are connected,

) = = (T55) e O+ 55 (0 = Vimen () = ViSoms.ar (1),
ai(t) = = (T5") @)+ 58 () = Vibione.ai ()

—y i a;i i (t — k1) — @' Alinan (t — (i — 1)T)

k=1
—Bﬁi akilfBS,a,i—k(t —kr),
k=1

by (t) = - (7 —; H) by (t) + gafv (t) = VAEinp,N (£) — VEEioss,b,N (£),
b = —(2 ; )i (1) + 505 (1) = Vigossns (1)

— akak(t —k7) — o™ AN (t — (N = §)T)
k=

N—
Z “sprn(t — k1), 3)
k=
with outputs
N
boutp (t) = (ﬁZak bt — (k— 1)7) + o™ s (E— (N —1)7)
k=1

+B8> " epsppra(t - kT)) ;
k=1

N
bouta (t) = €0 (ﬁz N Fap(t — (N = k)7) + o inan (t— (N = 1)7)
N—-1 =
+3 o ¢ps,aN—k(t — kT)) ) (4)
k=1

where 1 <i< Nand 1< j < N.

As a linear stochastic model, the dynamics of the system can be described by a linear
quantum stochastic differential equation in the quadrature operators of the system [19, 20].
Note that quadratures of a bosonic mode, say a;, are al = a; + af and a? = —wa; + 1a}.

Similarly, the quadratures of a field operator, say &;, are £] = & + & and &£ = —i&; +1&F.
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Define the vectors of quadratures corresponding to the N-NOPA system as
_ q P 39 3P 4 P pd 1D q v 1qa pp T
- [a17a17b17b17a27a2»b27b27 T ,aN7aN:bN»bN] 5
— q P q P q P
- [gin,a,hgin,a,h in,b,N’gin,b,N7£loss,a,l’£loss,a,17
q P q P q P
éloss,b,l7 gloss,b,l7 gloss,a,27 §loss,a,27 5loss,b,27 éloss,b,27 T

q P q P q P
floss,a,N’ gloss,a,N7 gloss,b,N’ é.loss,b,]\” £BS,CL,17 £BS,a,17

f}las,a,w 5%3@,27 53135,17,2’ f%s,b,w e ’fés,a,th 5%S,a,N71’
f%s,b,N—l’ 'f%s,b,N—lv§%s,b,N75}gs,b,N}T7
gout = [é.gut,av §§ut,a7 Zut,lﬂ é.gut,b]T‘ (5)
In the absence of time delays, the system dynamics is of the form
£(t) = Anz(t)+BnE(1), (6)
fout (t) = CNZ (t) + DN& (t) . (7)
For the N-NOPA system, the covariance matrix of its 2/N-mode Gaussian state is
1 T

Py(t) = 5Tr (p(()) (z(t)z(t)T + (2(0)2)7) )) , Px(0) = P, (8)

where p(0) is the initial density operator of the system. Furthermore, when time delays are
neglected, Py (t) satisfies the Lyapunov matrix differential equation

dPn(t)

T AnPy(t) + Py (t) AN + By By (9)

Specially, the steady-state covariance matrix Py = lim; o, Pn(t) satisfies the Lyapunov
equation [11, 23]

AnPy + PyAL + ByBL = 0. (10)

Define the parameters of the system as follows. For each NOPA, we set € = 2, Hz and
v = 2= Hz, where 2 (0 <z < 1) and y (0 <y < 1) are real parameters, and 7, = 7.2 x 107 Hz
is a reference value for the transmissivity mirrors of the NOPA. Following [12, 21], we assume
that k = % when € = 0.6, and the value of & is proportional to the absolute value of €, so

3x10°
V2x0.6

transmission rate of each beamsplitter is o = 10" %7 and time delay 7 in the path between

3(%7_51). The range of the adjustable phase shifts 6, and

we set kK = x [12, 21]. Suppose that the total transmission distance is 1 km, then the

any two adjacent NOPAs is around
Op is (—m, 7).

3 Stability analysis

This section is devoted to the stability analysis of our N-NOPA system. If the system is
unstable, the mean total photon number in the cavity modes is continuously growing, which
is undesirable. By stability, we mean that the mean of the quadrature vector z(t) becomes a
zero vector as time approaches infinity, namely, (z(c0)) = 0, and Eq. (10) has a unique solution
[24]. The system is stable when Ay in Eq. (6) is Hurwitz, that is, all the eigenvalues of Ay
have real negative parts. We are interested in the range of x over which stability is assured.
However, unlike the dual-NOPA system studied in our previous work [12], it is infeasible to
obtain an explicit expression for the stability threshold x;;, at which the system just loses
stability by checking the Hurwitz property of Ay. Here, by regarding x as an uncertainty, we
employ the p-analysis method from H® control theory [22] to obtain the following lemma.
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Lemma 1 In the absence of time delays, an N-NOPA coherent feedback system is stable if
and only if det(iwl — An(x)) # 0 Vw € R and Vz € [0, 24,), where 0 < zy, < 1.

Proof: First, for convenience, let us define the following matrices,

0 0 2 0
Y+ K o o o0 -%
Ay = — Lin,Ao(x) =% | & C

z 0@ 0 0

0 -2 0 0

00 0 0 -~ 0 0 0

oo o o0 o —~ 00
=1y —~ 0 Aa=10 o 0 0 (11)

00 0 —v 0 0 0 0

Recall that € = x,, then from Eq. (3) and Eq. (6) the matrix Ay (z) of an N-NOPA system
is a 4N x 4N real matrix given by

Ag aAyp a2Ab s CkalAb
oA, Ay aAyp <o aN_2Ab
An(z) = : : : : + An(z), (12)
aN=24, .- alA, A aAy
oaN-lA, - a2A, aA, Ay

where Ay () = Iy ® Ag(x). To proceed, we now investigate the robust stability condition of
a certain feedback system, as shown in Fig.4. The state space of the system is given by

;= A~N5 + u,
y = z (13)
where Ay = An(z) — Ay(z) and Z is the state vector. Hence, the transfer function of the

system is G(s) = (sI — Ay)~"'. As long as the stability condition of this system holds, our
N-NOPA coherent feedback system is stable.

>’>‘<‘ 2 Ay (%)

y uWVW
G(S) < \J’<

Fig. 4. A feedback system with transfer function G(s) and uncertainty Ay ().

According to Theorem 11.8 in [22], if the system (13) with transfer function G(s) is
stable, then the closed-loop system in Fig. 4 with structured uncertainty Ay (z) satisfying
AN (2)]oo < % (n > 0) is internally stable if and only if

sup p(G(w)) <, (14)
wER
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where

M(G(Zw)) _ m fOrdet(I - G(Z(U)AN(CL')) = O,Vx € (O,xth)
0, fordet(I — G(w)An(z)) # 0,Vx € (0, x4).

(15)

First, we check the stability of the system (13). Using (11) and (12), we obtain that
det(M — Ay) = (A+ LE2)*N. Hence G is stable because det(A] — Ay ) has all its zeros in the
left half plane by virtue of the fact that v > 0 and x > 0. Noting that 0 < z < 1, we have

_2>n

4N
|An(7)]|oc = max > |An(z)i| = § < &, therefore, n = % Since m ===

1<i<4N 2
Yw € R, for (14) to be fulfilled we must have that det(/—G(w)An(z)) # 0Vx € (0, z4). Since
det(I — G(w)An(z)) = det(G(w)) det(wl — An(z)) and det(G(w)) = (w + L) £ 0,
we obtain Lemma 1. [

Lemma 1 shows that the system is stable as long as Ax(z) does not have any purely
imaginary eigenvalues. In fact, we shall prove that Ay (x) has no eigenvalues on the imaginary
axis, which leads to the following theorem.

Theorem 1 In the absence of time delays, an N-NOPA coherent feedback system is stable
if and only if 0 < x < x4, where 0 < xy, < 1 is the smallest positive root of the polynomial
det (AN(Q?)> .

Proof: For convenience, we define m = 33%, n(r) = %= and an invertible matrix
In®[1 0 0 0]
B In®[0 0 1 0]
L In®[0 1 0 0] |" (16)
IN®[0 0 0 1]
Exploiting (12), the characteristic polynomial of Ay (z) is
pe(A, ) = det(Ayny — An(x))
= det (L ()\14]\/' — AN(JL‘)) Lil)
Au()\) —n(x)IN ON ON
_ —n(z)In  Ai(}) On On
= detl oy Ox  Au(N) n@)ly |’ (17)
ON ON n(x)IN Al()\)
where A,(\) and A;(\) are N x N matrices given by
[ A+m 0 0 0
ay A4+m 0 0
Au(A) = . : :
alN =2+ ay A+m 0
i oV =1y ... a®>y  ay  A+m
CA+m ay o’y alN=1ly
0 A+m ay alN =2y
AN = : : : : (18)
0 e 0 AX+m oy
0 o0 0 Adm |
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A B
C D
and D is invertible, we obtain

Since det } = det(AC — BD) for any square matrices A, B, C, D such that CD = DC

pe(A, ) = (det (Au(N)A(N) = n(2)*In))?, (19)

and A, (A\)A;(N\) —n(x)?Iy is a symmetric matrix given by

Au(NA ) — n(2) Iy

A+ m)? - n()? av(A + m) a2y (X +m) N=ly(x +m)

[e3
av(X +m) A +m)?2 —n(@)? 41y a(av(h+m) +13,9) N=2 (ay(A+m) + g9
aZy(x+m) a(av(r +m) +12,2) G+m? —n@? 4133 aN=3 (arv(x +m) +133
aN =25 +m) aN=3 (ay(A +m) + 135 alN—4 ay(A+m) + 133 a(aw(%+m)+lN71,N71)
aN=1y(x + m) aN=2 (ay(A +m) + 135 aN=3 (ay(A +m) + 133 Ot m)? —n@? + NN

(20)

Jj—1
where [;; = 72 Y a?*. Let us define the 4y, column of (20) as ¢;. Let A = ww for any
k=1

non-zero w € R and apply the following elementary column operations: ¢; — oﬁiﬂwc]\; — 1

and ¢; — a%_jyc]v — ¢;j for 1 < j < N. Thus, the matrix (20) is reduced to a matrix F' given
by
—m? — n(z)? — w? 0 0 0 Ny (ww +m)
f21 f 0 e 0 a2 (ay(w +m) +l22)
fan f3,2 f - 0 a3 (ay(w +m) +13.3)
fN-11 fN-12 fn-o1s o oo ! a(ay(w +m) +Iv-1,nv-1)
I In2 fvs 0 fav-r (w+m)® —n(z)? +lnw

where f = m? —n(z)? —w? —ym +w@m —v) and f;; (1 <i < N,1 < j <i)isa
complex number. As w # 0, f # 0 and —m? — n(x)? — w? is a negative real number, it can
be found that the columns of the matrix F are linearly independent, that is, for a vector
[v1,v2, -+ ,on] € RY, the equality

vy
]
F| | =0, (22)
UN
is true if and only if v; = vy = --- = vy = 0. Thus, the matrix A,(A\)A;(\) — n(z)* Iy

has full rank, which leads to det (A, (A\)A;(A) — n(x)?In) # 0 when w # 0. Consequently,
det(wl — An) # 0 V non-zero w € R. Following Lemma 1, we obtain the theorem. O

In the rest of paper, we shall numerically analyze stability and entanglement performance
of the N-NOPA coherent feedback system. To this end, we now set y = 1, that is, v = ~,.
Based on Theorem 1, with the help of Mathematica, we get Fig. 5 that plots the values
of the stability threshold x;, of our N-NOPA systems (2 < N < 20) in the absence of
losses (black circles), with transmission losses only (blue crosses) and with both transmission
and amplification losses (red plus signs). The values of x4, of the N-NOPA systems (2 <
N < 6) are listed in Table 1. It is indicated that the value of the stability threshold
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decreases as more NOPAs are added to the network. The rate of decrease becomes smaller
as the number of NOPAs grows. Moreover, existence of amplification and transmission losses
broadens the range of x over which stability is guaranteed. Notice from the figure that the
effect of transmission and amplification losses on xy, diminishes for higher values of N.

0.45
0.4
0.35

0.3

>+

0.25
><£

0.2 8
0.15F
01k &

0.05 & o & o

® ®

L | 1 1 | | | | |
02 4 6 8 10 B 12 14 16 18 20
Fig. 5. Values of x4, of N-NOPA systems (2 < N < 20) in the absence of losses (« = 1,k = 0)

—0.01
(black circles), with transmission losses only (o = 10 ¥=1  k = 0) (blue crosses) and with both

—0.01 6
transmission and amplification losses (o = 10 V-1 |k = (032;1?/5) z¢p) (red plus signs), with

y=1land d=1.

Table 1. Values of stability threshold z;;, of the N-NOPA coherent feedback system (2 < N < 6)
without losses, with transmission losses only and with both transmission and amplification losses,
y=1land d=1.

N Tth Tth Tth
—0.01 —0.01 3% 100
(a=1,k=0) (a=10N-1 ,,k=0) (a:lONfl,m:<06X\/§)wth)

2 0.4142 0.4209 0.4363
3 0.2679 0.2715 0.2808
4 0.1989 0.2013 0.2080
5 0.1583 0.1602 0.1655
6 0.1316 0.1331 0.1375

Note that when values of all system parameters except for x are given, we can also use
the mussv function in the Robust Control Toolbox of MATLAB to estimate the stability
threshold. Details are given in Appendix A.

4 Entanglement

In this section, entanglement performances are compared among the systems with number
of NOPAs varying from 2 to 6, in the absence of time delays. First, we study the EPR en-
tanglement, namely, the two-mode squeezing, between the two outgoing fields when systems
are in an ideal case where no losses are present. After that, the effect of transmission and
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amplification losses on the two-mode squeezing is taken into account. In the end, we ana-
lyze the entanglement between pairs of optical cavity modes in the system using logarithmic
negativity as an entanglement measure.

4.1 FEnd-to-end EPR entanglement

Strong correlation between quadrature-phase amplitudes of two fields is a manifestation of
EPR entanglement [8]. The EPR entanglement between two continuous-mode fields is quanti-
fied in frequency domain. To this end, we define the Fourier transforms of £,,¢,(t) and &ous,q (t)

in Eq. (4) as Epur,p(w) = 7= [T, Eourp(t)e™ " dt and Spur,o(w) = = [70 Eoura(t)e " dt.

The two-mode amplitude spectrum V. (ww) and the two-mode phase spectrum V_(ww) are de-
fined as [8]
Euep ()" (B0 (') + 55, ,(w")) = Vi (w)d(w — ),

= 50,0 () (Bl (1) — B2 () = V()30 — ).

Furthermore, based on (3) and (4), the two-mode squeezing spectra are obtained by [25, 26]
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Vi(w) = Tr[H;(w)*Hy(w)], (23)
V_(w) = Tr[Hy(w)*Ha(w)], (24)

where Hy (w) = [10 1 0]H (w), Hy(w) = [010 —1]H (w), and H(w) = C (wl — Ax) "' By+
Dy is the transfer function of the N-NOPA system. Note that Vi (w) > 0 for all w.
Define the two-mode squeezing spectrum V (w) as

V(w) = Vi (w) + V_ (w). (25)

The fields &out,q and oy in the system shown in Fig. 2 are EPR entangled at the frequency
w rad/s if 30,, 0, € (—m, 7] such that V (w, 8,,0p) satisfies the sum criterion [9],

V(w, 04,0p) = Vi(w,04,0p) + V_ (1w, 04, 0,) < 4. (26)

Perfect two-mode squeezing has the feature that V(w,8,,0,) = Vi(w,04,60,) = 0 [8].
Of course, perfect squeezing cannot be achieved in practice. Therefore, one aims instead
to have a small value Vi (w,0,,0p) over a wide frequency range [9]. According to [12, 25],
Vi(iw,04,0s) = VL(0,0,,0,) holds at low frequencies. Thanks to this, we can simply focus
on the two-mode spectra V(0,6,,0;) and VL (0,0,,0,) at w = 0 for the rest of the paper.

In this paper, plots of the two-mode spectra are presented in dB unit, that is, Vi (w)(dB) =
10logo Vi (w) and V (w)(dB) = 10log;, V (w). In this case, perfect EPR entanglement at
frequency w corresponds to Vi(w) = —oo (dB). Better two-mode squeezing is indicated by
a more negative value of V (w)(dB).

4.1.1 An ideal case.

Now we examine the two-mode spectra when the N-NOPA system is lossless. First, we aim
to find values of 0, and 6, at which the cost function V(0,0,,0;) at w = 0 is minimized.
Based on (23), (24) and via Mathematica, we obtain Table 2 which presents the formulas of
the two-mode squeezing spectra of N-NOPA systems in the ideal case.

For any value of x in the interval (0, x,), we have —1 + 2% < 0 for the 2-NOPA system,
3 — 1022 + 32* > 0 for the 3-NOPA system, —1 4 722 — 72* + 2% < 0 for the 4-NOPA system,
5 — 6022 + 1262 — 6025 + 5% > 0 for the 5-NOPA system, and —3 + 5522 — 198z* + 19825 —
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Table 2. Two mode squeezing spectra of the N-NOPA coherent feedback system (2 < N < 6)
without losses, y = 1.

N V4 (0)

2(1+z2)4+1612(—1+z2)2+812(1+4122)2(—1+z2)cos(9a+9b)
(1—6z2+x
9 (1+x2)6+4:c2(3—10952+3x4)2+4:c(1+:cg)3(3—10x2+3:1:4) cos(6,46p)
(—1+1522—15x%426)2
2(1+m2)8+64w2(71+7z27714+z6)2+16a:(1+r2)4(71+7z277z4+a:6)cos(9a+9b)
(1—2822+70x%—2826+28)2
2(1+12)10+4z2(576012+126z476016+518)2+4z(1+z2)5(576012+1261476016+518) cos(6,+64)
g—1+4512—21014+21016—4518+210)2

2(1+12)12+1612(—3+55m2—198z4+1981 —55284+321%)248x(14+22)%(—3+5522 —1982* +1982% —55284+321°) cos(0,+6)

(1—6622+4952%—924264+49528 —66210+212)2

S Ut s W N

5528 + 3210 < 0 for the 6-NOPA system. Recall that the values of the stability threshold
are listed in Table 1. Thus, for systems with an even number of NOPAs, the best two-mode
squeezing is obtained if 8, + 6, = 0 or 8, = 6, = m; for systems with an odd number of
NOPAs, the best two-mode squeezing is achieved when |6, + ;| = 7. In this regard, we set

(0,0), for N is even,

(Ga, 9b) = { (w,0), for N is odd. (27)

In the rest of paper, V (iw) and Vi (w) are defined as the two-mode spectra at the fixed values
of 6, and 6, as given in (27).

Now we check the two-mode spectra V4 (0, k) as a function of k at w = 0, where x = kayy,
as the value of k varies from 0.5 to 1. As shown in Fig. 6, the two-mode squeezing spectra
decrease as the value of x approaches the stability threshold. Moreover, the rates of the
decreases are similar.

0 T T T T T T 2 NOPAs
- - 3NOPAs
S ) s e S——— EUL 4 NOPAs
—----5 NOPAs
——6 NOPAs
20
=30
S 40t
=
~4-50 -
>
-60 |- 1
-70+ |
-80 |
-90 I I | | I I

I | |
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
k
Fig. 6. Log-log plots of V(0, k) (dB) with respect to N-NOPA systems (2 < N < 6) with k varying

from 0.5 to 1, z = kaxyp, y =1, «a =1 and kK = 0.

One of our interests is the power consumption of the systems to generate the same level
of EPR entanglement, say, V' (0) = —25 dB. We denote the corresponding = as z_o5 gp. Here
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the power of pump beam employed by each NOPA is 2272, Hence, the total pump power of
an N-NOPA system is Nz?v2. Since v, is a fixed reference, to compare pump consumption
between different values of IV, it is enough to consider only the quantity Nz2. As the third
column of Table 3 indicates, a system with more NOPAs consumes less power to yield the
same degree of two-mode squeezing.

4.1.2  Effects of losses.

The effect of losses on the two-mode squeezing of the systems is indicated in Table 3. All
the systems have the same value of V(0) (V(0) = —25 dB) when losses are neglected. EPR
entanglement of each system is degraded by around 15 dB under the effect of transmission
losses, and the reduction is more than 20 dB if both transmission and amplification losses are
present. Generally, a system employing more NOPAs provides a slight improvement in EPR
entanglement when transmission losses are present, in the absence of amplification losses.
This merit disappears in the presence of both transmission and amplification losses. In this
case, the system with more NOPAs yields less EPR entanglement.

Table 3. Power consumptions (Nz?2), values of Vi (0), and values V(0) of N-NOPA systems
(2 < N < 6) under effect of losses, with z = z_35 gg, y =1 and d = 1.

N w9548 Nty p V4 (0) V(0) Vi (0) V(0)
—0.01 —0.01 —0.01 —0.01
(a=1, (a=10N-1, (a=10N-1, (a=10N-1, (a=10N-1,
6 6
Kk =0) Kk =0) Kk =0) K= (703&1(3/5) z) K= (703;1(\)/5) x)
2 0.3978 0.3165 -13.3150 -10.3047 -7.5838 -4.5735
3 0.2579 0.1995 -13.3286 -10.3183 -7.4114 -4.4011
4 0.1916 0.1468 -13.3302 -10.3199 -7.3510 -4.3407
5 0.1526 0.1164 -13.3295 -10.3192 -7.3236 -4.3133
6 0.1269 0.0966 -13.3306 -10.3203 -7.3078 -4.2975

Table 4. Approximate optimal two-mode squeezing under the effect of transmission losses and

the corresponding power consumption for the N-NOPA systems (2 < N < 6) with y =1, d =1,
—0.01
a=107N-1 and kK =0.

Zopt ngpt Vi (0) V(O)

0.4074 0.3319 -13.3683 -10.3580
0.2644  0.2097 -13.3928 -10.3825
0.1965 0.1544 -13.3991 -10.3888
0.1565  0.1225 -13.4018 -10.3915

0.1302  0.1017 -13.4033 -10.3930

S NN

Now we compare the two-mode squeezing levels when the systems are consuming the same
total pump power. From now on, we use x to denote z of the system with N NOPAs. In this
case, we set xg = 0.13, hence z; = (1/6/i)z¢ (i = 2,3,4,5). The two-mode squeezing spectra
in the (ideal) lossless case, in the presence of transmission losses only, as well as under effect of
both transmission and amplification losses are plotted in Fig. 7. With the same total power, a
system consisting of more NOPAs yields stronger EPR entanglement, except that when both
transmission and amplification losses are present, the 6-NOPA system has a slightly lower
degree of EPR entanglement than the 5-NOPA one. Moreover, the EPR entanglement of the
system with less NOPAs has smaller change under the influence of losses.
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No time delays.
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Fig. 7. Log-log plots of V4 (w) (left) and V4 (w)+V_ (w) (right) of N-NOPA systems (2 < N < 6)
—0.0
without losses (top, @ = 1, kK = 0), with transmission losses only (middle, « =10 ¥-T | k = 0) and
—0.01
with both transmission and amplification losses (bottom, @ = 10 N-1 | x = (03;7;3;5) z), under

the same total pump power, with z¢ = 0.13, z; = (/6/i)zs (1 = {2,3,4,5}), y=1and d = 1.
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Table 5. Approximate optimal two-mode squeezing under effects of both transmission and ampli-
fication losses and the corresponding power consumption for the N-NOPA systems (2 < N < 6)

—0.01 6
i — _ _ N _ (3x10
withy=1,d=1, a =10 1 andn—(oﬁx\/ﬁ)x.

Top NaZ, VE(0) V(0
0.3770 0.2843 -7.6545  -4.6442
0.2435 0.1779 -7.4982 -4.4879
0.1805 0.1303  -7.4435  -4.4332
0.1438 0.1034 -7.4182 -4.4079
0.1195 0.0857 -7.4044  -4.3941

S O W N2

To find the approximate value of z,p¢ at which the system achieves the highest degree
of two-mode squeezing at w = 0 under the effect of losses, we pick the smallest one among
the values of V4 (0) corresponding to a thousand samples of x evenly spread through the
range [0.001, 1]a¢,. Tables 4 and 5 illustrate the values of op¢, the corresponding two-mode
squeezing degrees, and the total power consumptions of the N-NOPA systems in the scenarios
with only transmission losses as well as when both transmission and amplification losses are
present, respectively. As the tables indicate, the best two-mode squeezing degrees of all the
systems are similar, however, the system with more NOPAs consumes less total pump power.
For instance, a 6-NOPA system needs less than a third of power used by the dual-NOPA
system. Thus, the system should employ more NOPAs in the presence of losses for efficient
use of pump power, while only losing a small amount of EPR entanglement.

4.2 FEntanglement of two-mode Gaussian states

In this sub-section, we study the entanglement of two-mode Gaussian states with respect to
the cavity mode operators when the N-NOPA system is lossless. To this end, we first calculate
the covariance matrix Py (t) and steady-state covariance matrix Py of the 2N-mode Gaussian
state of the system. Based on Eq. (8), (9) and (10), we employ the Matlab functions ode45
with the sampling time 1071° sec and lyap to compute Py (t) and Py, respectively. Here, we
take Py = I corresponding to that the system starts in a vacuum state.

The covariance matrix 13N7ai7bj (t) of the modes a; and b; (i,j = {1,2,--- ,N}) is a cor-
responding 4 x 4 sub-matrix of Py(t). For instance, the covariance matrix of a; and bg in a
6-NOPA system is

(Ps)11 (Pe)iz  (Pe)izs  (Pe)i2a

Pou oy = (Ps)21 (Po)22  (Ps)22s  (Po)224
anne (Ps)231 (Ps)2s2  (Ps)2s23  (FPs)23,24
(Ps)2a1  (Po)2a2  (Ps)2a23  (Ps)24,24

(28)

Entanglement of two-mode Gaussian states with corresponding covariance matrix PN,ai,bj (t)
is measured by the logarithmic negativity En q,p,(t) [10, 23]. Write PN’ai’bj (t) in a 2 x 2 block
matrix form given by

: Pra by a(t)  Pyagb,2(t)
P @b t) = o V@i 05, V,a4,05, , 29
a “bj( ) PN,ai,bj,2(t)T PN,ai,bj,S(t) ( )
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where Py q, 5, %(t) (k= {1,2,3}) is a 2 x 2 matrix. Define

AN,a;p, (1) = det(P,a; 5,1 (1) + det(Pr,a, b,,3(t) — 2det(Pya, p,.2(E), (30)
Ao, () = /Do, (17 — 4det(Pyy 1, (1))
UN,aib; (1) = 5 . (31)
Then Ey 4, ,(t) is a nonnegative real number given by
ENa; b, (t) = max(0, —logy Vn ., b, ()] (32)

EN.a;b; (t) = 0 represents that the modes a; and b; are separable at time ¢, that is, there
is no entanglement between the modes. Strong entanglement between modes a; and b; is
represented by a high value of Ey 4, 1, (t).

What is of interest to us are the time evolution and steady-state values of logarithmic
negativities Ena, ,(t), ENai i1 (1) ENaiiy b (1), ENa, by (t) as well as Enqy .5, (t) of an
N-NOPA (2 < N < 6) coherent feedback network. Besides, the logarithmic negativity of

N N
Qe = ﬁ 121 a; and b, = \/% Z; b; is also looked into. The reason is that, as (2) indicates, when

losses andidelays are neglectgd, the outputs {out,q and &yt p contain a. and b., respectively.
Notice that a. and b. can be viewed as collective single mode annihilation operators as they
satisfy the commutation relations [ac,a}] = 1, [be, b%] = 1, [ac, be] = 0 and [ac, b’] = 0. The

covariance matrix of a. and b, is P4, p.(t) = Mx Py (t) MY, with My = ﬁ[[ e .
02 ’ , ' . 0.1
2.0.1 [\ | 2,005 V
@ s
o @
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Fig. 8. Time evolution of En 4,3, (2 < N < 6), in the absence of losses and delays, under the
same total pump power, with ¢ = 0.13, z; = (1/6/i)zs (i = {2,3,4,5}),y=1a =1, and Kk =0.

In the absence of losses and delays, Table 6 shows the values of steady-state logarithmic
negativities of the N-NOPA systems, Fig. 8 indicates the time evolution of Ey 4. ., and Fig. 9
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Table 6. The steady-state logarithmic negativities of N-NOPA systems (2 < N < 6) in the
absence of losses and delays, under the same total pump power, with z¢ = 0.13, z; = (1/6/i)z¢
(1=42,3,4,5}), y=1a=1,and k =0.

N FEyacb.  Eoayby FEaayby  Ea16;  Eoayp,
2 0.4850 0.1921 0.1921
N PFsacbe  FEsarby  Esazbs  Esasb
3 0.0561 0 0 0.2865
E3.a5.0 E37a3,b2 E3701753
0.3645 0.3645 0
Es,a1,b1 E3,a5,b E3,a37b3
0.1144 0.1144 0.1144
N E4,a,,,.,l7C E4,a,1,b2 E4,a,2,b3 E4,a3,b4 E4,a4,b1
4 0 0 0 0 0.1843

Eyayby  Faazby  Eaagbs  Faab,
0.2803 0.3021 0.2803
Eyay.0; E4a.0, E4,a37b3 Eyay.04
0.0722 0.0722 0.0722 0.0722
N FEsacb, Es.a1.,b0 Es,a5.,b5 Es.a3.b4 Es.a4.b5 Es.a5.b,
0.0223 0 0 0 0 0.1207
Es.a5.,b, Es,a3.,b Es,a4.b3 Es,a5.b4 Es.a1,b5
0.2134 0.2500 0.2500 0.2134
E5,a1,b1 E5,a2,b2 E5,a,3,b3 E5,a4,b4 ES,as,bs
0.0451 0.0451 0.0451 0.0451 0.0451
N EG,CLC,bC Eﬁ,al,bg E6,a2,b3 E6,a3,b4 EG,a4,b5 E6,a5,b6 EG,ag,bl
0.0767

ot

=2}

E6,a5.0, E¢,az.0, Eé,a,.b; E¢,a5.04 E¢,a6.05 Eé.,a; .06
0.1552 0.2033 0.2195 0.2033 0.1552 0

E6.a1.,b; E6,a5,b5 E6,a3.b3 E6,a4.b4 E6,a5.,b5 E6,a6.b6
0.0260 0.0260 0.0260 0.0260 0.0260 0.0260

plots the evolution of logarithmic negativities of a 6-NOPA coherent feedback network. As
indicated, a; and b;11 remain separable for all time, and the same happens to a; and by. At
steady state, entanglement exists between modes b; and a;41, a; and b;, as well as ay and b;.
In particular, it can be observed that internal entanglement synchronization occurs at steady
state, that is, the degree of entanglement between the oscillator modes a; and b; in the cavity of
each NOPA in the N-NOPA coherent feedback network is the same. For systems with an odd
number of NOPAs, there is slight entanglement between the collective modes a. and b,, while
in systems containing an even number of NOPAs, a. and b, are entangled at the beginning
for a very short time. After that, the entanglement rapidly vanishes. Moreover, with the
same total pump power, entanglement of two-mode Gaussian states in the system with more
NOPAs is weaker. It is an interesting result that even though the two-mode entanglement
of the internal cavity modes does not improve for systems carrying more NOPAs, its EPR
entanglement between the two outgoing fields does improve.

5 Effect of Time Delays

In this section, we investigate stability and entanglement of the N-NOPA systems in the
presence of losses and time delays. For a d km transmission distance, the time delay 7 of
each path between two neighbouring NOPAs is 7 = W‘l(l\/—l)' To check stability of our
time-delayed N-NOPA systems, we employ the DDE-BIFTOOL toolbox [27, 28|, which is a

Matlab package used to plot the eigenvalues of a linear delay differential system. A system is
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N=2, with time delays.
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Fig. 10. Log-log plots of Vi (w) (left) and V(w) (right) with respect to a 2-NOPA system
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solid line) and with time delays (magenta dashed line), under the same total pump power, in the
—0.01
presence of losses, with ¢ = 0.13, z; = (1/6/i)ze (1 = {2,3,4}), a =10 N-1 Kk = (;’g;?ﬁ%) ,

T y=1landd=1.
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stable if all real parts of the eigenvalues are negative. Based on the above fact, we find that
stability of the N-NOPA systems for IV up to six is guaranteed in the case where the systems
are given the same total pump power, z¢ = 0.13 and both losses and delays are present.

N=5, with time delays.
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Fig. 11. Log-log plots of V4 (w) (left) and V(w) (right) with respect to a 5-NOPA system
(top) and a 6-NOPA system (bottom), without time delays (blue solid line) and with time delays
(magenta dashed line), under the same total pump power, in the presence of losses, with zg = 0.13,

—0.01 6
w5 = (VB/5)we, a =101 = (20 g 7= by = land d = 1.

As alinear quantum system, the N-NOPA network with time delays can be built in Matlab
via commands connect and delayss in the Matlab Control System Toolbox. The non-rational
transfer functions (due to the time delays) Hy(s) and Ha(s) in (23) and (24) can be numerically
computed with the built-in Matlab frequency response command fregresp. Therefore, the two
mode squeezing spectra V4 (iw) are obtained via (23) and (24). The effect of time delays on
EPR entanglement between the outgoing fields of our N-NOPA system is indicated in Fig. 10
and Fig. 11, where all the systems are given the same total pump power and undergoing
both transmission and amplification losses. Compared with the two-mode squeezing of the
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systems in the absence of delays, the presence of time delays reduces the bandwidth over
which the EPR entanglement exists, but does not impact the EPR entanglement degrees at
low frequencies. The phenomenon of the sharp peaks and dips at high frequencies is a common
feature of the frequency response of systems under the effect of internal time delays, see, e.g,
[29, p. 182]. In our case, the bandwidth of EPR entanglement under influence of time delays
is similar for all the systems with a different N.

6 Conclusion

This paper has studied the stability condition and entanglement performance of an N-NOPA
coherent feedback network with N up to six, where the NOPAs are evenly distributed in a
line between two distant parties, Alice and Bob. The system undergoes transmission losses,
amplification losses and time delays. Moreover, two adjustable phase shifts 6, and 6, are
placed at Alice and Bob for achieving the best two-mode squeezing between the two outgoing
fields by selecting appropriate quadratures of the output fields.

In the absence of time delays, we have derived a necessary and sufficient stability condition
with the aid of p-analysis method from H control theory [22] by regarding x, the parameter
related to the amplitude of pump beam, as an uncertainty. We have shown that, the value
of stability threshold zy, is the smallest positive root of the polynomial det (Ax(z)). It is
observed that the existence of losses broadens the range of x over which stability is guaranteed,
and the value of x;, decreases as more NOPAs are added to the system.

Strong EPR entanglement is represented by strong attenuation of two-mode output squeez-
ing spectra below the sum criterion. In the ideal case, we have found the values of 6, and 6, at
which the system achieves the best two-mode squeezing. Moreover, the two-mode squeezing
increases rapidly as the value of x approaches the stability threshold xp,.

We have compared the two-mode squeezing generated by systems with different numbers
of NOPAs. It is shown that, to achieve the same squeezing level in the ideal case, the system
employing more NOPAs requires less total pump power. When losses are present, all the
systems have a large and similar decrease in EPR entanglement. Given the same total pump
power, the system carrying more NOPAs has improvement in the two-mode squeezing in
the ideal case and when only transmission losses are present. However, this is no longer
assured when amplification losses are also taken into account. Furthermore, the best two-
mode squeezing degrees of the systems with losses are similar. However, the system with
more NOPAS requires less pump power to achieve the best two-mode squeezing.

We have also investigated the entanglement of two-mode Gaussian states of the internal
cavity modes. Steady-state values and time evolution of logarithmic negativities have been
studied. It is shown that entanglement exists between the modes a; and b;, b; and a;41 as
well as b; and ay. Moreover, we have observed an internal entanglement synchronization
that occurs between the modes a; and b; for i = 2,3,4,5,6 at steady state. In the ideal case,
given the same pump power, though the system with more NOPAs has improved two-mode
squeezing in the output fields, it does not have better internal entanglement between cavity
modes as measured by logarithmic negativity.

Stability and entanglement under the effect of time delays has been studied as well. With
time delays, stability is checked with the DDE-BIFTOOL toolbox [27, 28]. It is shown that,
with transmission and amplification losses, time delays narrow the bandwidth over which the
EPR entanglement exists.

This work gives several qualitative findings on entanglement in the N-NOPA network
when N > 2, which have not been quantitatively analyzed and are topics suitable for future
investigations. It is observed that the two-mode squeezing spectra decreases as the value
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of = approaches z;;, when the system is lossless, and there exists an optimal value of z
for the two-mode squeezing when the system is under losses. These phenomena are not
surprising and to some extent predictable as they were proved for the 2-NOPA system in
our previous work, see Theorem 2 and Theorem 3 in [12]. In addition, future work is still
required to quantitatively analyze the observation that entanglement between collective modes
behaves differently between systems with an even and the odd number of NOPAs; also, adding
more NOPAs into the system improves the end-to-end entanglement between continuous-
mode output fields but not the entanglement of internal two-mode Gaussian states when the
system is lossless and consumes the same pump power. Moreover, it would be of interest to
quantitatively analyze the behaviour of the linear coherent feedback chain in the asymptotic
limit of N — oc.
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Appendix A

When values of all parameters except for  of an N-NOPA coherent feedback system are
given, we can employ the mussv function in the Robust Control Toolbox of MATLAB to ap-
proximate the stability threshold. The approximated stability threshold, say Z;;, approaches
the stability threshold x;, from the left. That is, the system is robustly stable when the value
of = belongs to the range (0, #1] and &, approximates the threshold value z4,. The value of
Zyp, is found by the following bisection algorithm.

Step 1. Start from &, = 1. If the system is not stable over the range x € (0, 3], set
rp = Ty, and x; = 0; otherwise stop.

Step 2. Set Ty, = ”TJ”“ If the system is not stable over the range x € (0, %], set
Ty = Iyp; otherwise set x; = Tyy,.

Step 3. If the value of x;, — x; > € for a prespecified error tolerance € > 0 (here, we take
e = 10719, go back to Step 2; otherwise set 2, = x;, stop.



