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We develop several algorithms for performing quantum phase estimation based on basic
measurements and classical post-processing. We present a pedagogical review of quantum
phase estimation and simulate the algorithm to numerically determine its scaling in
circuit depth and width. We show that the use of purely random measurements requires
a number of measurements that is optimal up to constant factors, albeit at the cost of
exponential classical post-processing; the method can also be used to improve classical
signal processing. We then develop a quantum algorithm for phase estimation that
yields an asymptotic improvement in runtime, coming within a factor of log* of the
minimum number of measurements required while still requiring only minimal classical
post-processing. The corresponding quantum circuit requires asymptotically lower depth
and width (number of qubits) than quantum phase estimation.
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1 Introduction

Quantum algorithms promise computational speed-ups over their classical counterparts. Quan-
tum phase estimation is a key technique used in quantum algorithms, including algorithms
for quantum chemistry [I, 2] and quantum field theory [3], Shor’s algorithm for prime factor-
ization [4], and algorithms for quantum sampling [5] [6]. It can be used to find eigenvalues of
a unitary matrix efficiently.

There are two main approaches to quantum phase estimation: (1) invoking an inverse
Quantum Fourier Transform (QFT) [7, [8, 0] to extract information about the phase or (2)
performing a basic measurement operation followed by classical post-processing in place of
the QFT [10, 11]. An advantage of approach (2) is that it uses classical post-processing in
place of quantum operations, trading off an expensive resource for an inexpensive classical
computation. In particular, the QFT requires many small controlled-rotations, each of which
must be approximated to precision € by a sequence of basic quantum operations of length
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O(log(1/€)) [12]. In practice, we may want to significantly reduce the circuit depth of the
phase estimation algorithm in exchange for a small increase in circuit width, i.e., the number
of qubits. Therefore, we focus on approach (2) and rely primarily on quantum measurements
to infer information about the phase.

We begin by outlining the goal of quantum phase estimation and explaining the basic
measurement operation that is used as a subroutine to do this, and contrast this problem
with the classical Fourier transform. We then describe various phase estimation algorithms;
these algorithms all call the same basic measurement operation, but use different parameters
to do this.

We first present in Section[3|a technique based on random measurements to infer the phase;
this technique uses the fewest number of measurements of any we know (and we prove that
it is within a constant factor of optimal), but it requires impractical classical post-processing
for use in, say, Shor’s algorithm [4], with a complexity that is exponential in the number of
bits being inferred. However, this technique may be practical in certain classical noisy signal
processing and inference applications, where the number of bits being inferred is smaller. We
explain these applications in this section and give some extensions of the technique that may
be useful in inferring very noisy, sparse signals.

In Section [d] we review a quantum phase estimation algorithm based on the same mea-
surement operation, but the measurements are not random and the classical post-processing
can be done efficiently [10, IT]. We simulate this algorithm and determine its complexity,
circuit depth, and circuit width for various sizes of input.

In Section [p| we improve upon this phase estimation algorithm by considering inference
across multiple qubits. We show that this technique requires asymptotically fewer measure-
ments, and in turn has a correspondingly (asymptotically) smaller circuit width and depth,
while still allowing efficient classical post-processing.

We compare the circuit constructions for Kitaev’s phase estimation algorithm and the fast
phase estimation algorithm in Section [f} Three models of computation are discussed: the
first is a sequential model with limited parallelism, the second is a highly parallel model, and
the third is a model based on a cluster of quantum computers.

2 Phase Estimation and the Basic Measurement Operation

We begin by reviewing the goal of quantum phase estimation and the basic measuring opera-
tor, following the algorithm of Kitaev [10] (see Ref. [II] for complete details). We derive the
steps slightly differently, in anticipation of our extension in the later sections.

Assume that we have a unitary operator U and we would like to estimate the eigenvalues
A of U given U and the eigenvectors | ):

Ulék) = Melér)s (1)

where the eigenvalues take the form A\, = €2™*?*. The phase ¢}, is a real number modulo 1,
which can be represented as a unit-length circle: ¢ = % mod 1, o ER/Z, 0 <k <t <2™
(while it may seem more natural at first to instead consider numbers that range between 0
and 27, rather than choosing a number between 0 and 1 and multiplying by 27 as we do here,

we choose the latter because it will be more natural when later considering an expansion of
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¢k as a binary fraction). By measuring the eigenvalues of U, we can obtain an estimate of
the phase g ; this process is called quantum phase estimation. F

The goal of all phase estimation algorithms is to take a state of the form |¢;) and determine
the corresponding eigenvalue \;. The measurement operation described below commutes with
U, so we can apply it multiple times to the same state with different parameters to improve
our knowledge of the eigenvalue. There are two parameters in the measurement result: (1)
the precision § and (2) the probability of error e. That is, we obtain some estimate a of ¢y
where, with probability at least 1 — €, |& — ¥k| moda 1 < 0, where mod 1 is the distance on
the unit circle. If ¢ is chosen from a discrete set of angles % with fixed ¢t and unknown k, our
goal is to make the precision smaller than § = % so that we can determine ¢y, exactly from
this set. In Section [3] we slightly simplify the problem by directly inferring the angle ¢y from
the discrete set of possible angles, without bothering to introduce a real number precision; in
this case € is the probability of error in our discrete inference.

2.1 Basic Measurement Operation

We begin by constructing a measuring operator such that the conditional probability depends
on g, that is, upon measuring this operator, we learn some information about . This
construction relies on the fact that if |£;) is an eigenvector of U, then it is also an eigenvector
of powers M of U:

UM &) A 1ER) (2)

_ 627riM~ka |§k:> .

The operator takes as input two quantum registers: one initialized to |0) and the other
initialized to the eigenvector |£). The operator depends upon two parameters, a “multiple”
M and an “angle” 6, where M is an integer between 1 and ¢ — 1 (to make it practical to
implement, we restrict to positive integers M) and 6 is a real number between 0 and 2.

The measuring operator used to measure the eigenvalues is as follows:

o(U) (3)
1 14+ 627riM~<pk+i9 1— eZTriM‘gak—i-iG
5 { 1 2riMegitio | 4 2miM-ptio | © 1€5) (S|

_ 1 [ 1+ UMexp(if) 1— UM exp(if) ]

2| 1—=UMexp(if) 1+ UM exp(if)

which acts on the quantum states by the following transformation:

= U
10) @ |&x) =4 (4)
<1 + e2miM -y +i0 1— 627T’L-M‘<Pk+i0

)+ ) ele).

2

The corresponding circuit, with measurement, is shown in Fig.[1l The gate Z(6) corresponds
to the unitary:

20| o o | 5)
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0) Z(0)

139 / e

Fig. 1. Circuit to perform the measurement operation.

It follows that the measurement outcome probabilities are given by:

2

1 4+ e2miM-py+if 1+ cos(2nM - @i + 6
P (O1F) = _ ( Pk )) (6)
5 2
and 2
1 — e2miM pp+i6 1—cos(2nM - ¢, + 0
PM,9(1|k) = ‘ 5 — ( 5 Pk ) (7)

We write these probabilities as conditional probabilities to emphasize that they depend upon
the unknown k.

2.2 Relation To Classical Fourier Transform and Generalizations

With Egs. in hand, we can see that if we apply a large number of measurements using
the same M at both § = 0 and 0 = 7/2, we can accurately estimate cos(2wM - ¢y) and
sin(2w M - ¢y,). Using a sufficiently accurate estimate of these cosines and sines at two different
values of M allows us to determine ¢} accurately. This is the problem of reconstructing a
sparse signal (in this case, composed of a single Fourier mode) from its value at a small
number of different “times” (i.e., different values of M). However, the accurate determination
of cos(2rM - @) would require a very large number of measurements, polynomial in ¢, while
other methods require many fewer measurements. The reason is that the large number of
measurements at a fixed value of M means that each measurement imparts little additional
information. By varying M, we are able to obtain accurate results from a much smaller
number of measurements.

This relates to a problem of reconstructing the Fourier transform of a signal from very
noisy measurements. The quantum phase estimation problem involves a signal with a single
Fourier mode. However, this gives rise to a natural generalization of reconstructing a problem
with a small number of Fourier modes from very noisy measurements. We consider this
problem at the end of the next section.

3 “Information Theory” Phase Estimation

Recently, classical inference techniques have been increasingly used to estimate unknown
frequencies [13] [14] [15] or phases [16] [I7]. One procedure for estimating the phase (or angle)
is to perform a series of random measurements and then solve a hard classical reconstruction
problem. We measure the operator at a set of randomly chosen multiples M; and angles 6;
and classically reconstruct the angle 2wpy. In this section, we show that we can determine
o with only O(log(t)) measurements; we also show that this result is tight.

1n the context of Shor’s algorithm, the corresponding eigenvector is defined as |£;) = \% Z:L;lo e 2T NPk ).,
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We randomly select M; for each measurement 7 between 1 and ¢ — 1, and also assume
a small randomized offset noise #; = 2nr, where r is a random double. The conditional
measurement probabilities for this measuring operator on the i*! measurement are given by:

1+ cos(2nM; - i + 6;)

(8)

and

1 —cos(2mM; - @1, + 0;)
N 2

Let v; be the outcome of the i*" measurement. Since different measurements are indepen-

Pi(1]k) = 1- P(0[k). (9)

dent events, the probability of getting a given sequence of measurement outcomes is
S
P(or,...,vlk) = [] Palwilk). (10)
i=1

Assuming a flat a priori distribution of &, the probability distribution of k given the mea-
surement sequence is proportional to P(vy,...,vs]k). The algorithm then to compute k given
a sequence of s measurements is simple: for each k compute the probability P(vy,...,vs|k),
outputting the k& which maximizes this. The post-processing time required is of order st,
which is exponentially large in the number of bits inferred since the value of k that it outputs
can be written with [log,(t)] bits.

The information theory phase estimation algorithm is given in Algorithm

Algorithm 1 Information Theory Phase Estimation

1: for i =1to s do

2 Choose random M;. Choose random 6;.

3: Perform basic measurement operation with multiple M; and angle 6;.
4: end for

5

. Maximize
S

P(Ul, . ,Us“i}) = HPZ(UAk‘)

i=1
over all choices of k.
6: return k/t, the estimate of the phase.

To illustrate, we simulated the probability of inferring the given angle 27¢) among ¢t = 10*
equally distributed possible angles. Figures[2a}2¢| plot the inferred probability distribution as
a function of angle after s measurements, where s = {10, 20, 30,40, 50}. The black diamond
on each plot indicates the peak at the correct angle. From the plots, we see that after 10-20
measurements, the inference is very noisy, while after 40 or more measurements it has inferred
some information about the correct angle, and after 50 measurements it is very precise.

In Figure 3] we plot simulation results for inferring the given angle 27w, among t =
{10%,102,10%,10%, 10°} equally distributed possible angles. The z-axis is the number of ran-
dom measurements s and the y-axis is the probability that the k which maximizes Eq.
after s measurements is the correct angle. Clearly, as t increases, the number of measurements
increases, following an O(log(t)) behavior.
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(b) 20 random measurements. (c) 30 random measurements.
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(d) 40 random measurements. (e) 50 random measurements.

Fig. 2. Results of simulating the probability of inferring a given angle among ¢ = 10000 equally
distributed possible angles. Plots are of the inferred probability distribution as a function of angle
after 10-50 random measurements. The correct angle is marked by a black diamond.
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Fig. 3. Results of simulating “information theory” phase estimation for ¢ =
{101,10%,103,10%,105} equally distributed possible angles. The z-axis is the number of ran-
dom measurements s; the y-axis is the probability that the most likely angle after s measurements
is the correct angle.

3.1 Bounds on s

We now show that O(log(t)) measurements suffice to estimate the angle with high probability.
This number of measurements required is asymptotically optimal (up to constant factors), as
clearly |log,(t) | measurements are required to have an error probability greater than 1/2: after
s measurements, there are at most 2° possible outcomes for the sequence of measurements, so
to select an angle from a set of t choices with probability greater than 1/2, we need 2° > ¢/2.
A more sophisticated entropic argument would likely be able to improve the constant in front
of this lower bound.

The next theorem implies that the number of measurements to obtain error probability
at most € is log; .(t/€) for some constant ¢ < 1.

Theorem 1: Suppose we choose the multiples M; and angles 6; at random as above. Suppose
the measurement outcomes are chosen with probabilities given in Egs. for k = kg. Then,
the probability e that the algorithm described above chooses a k' # kg as the choice with
maximal likelihood is bounded by tc® for some numerical constant ¢ strictly less than 1 (¢
does not depend upon t).

Proof: We first consider a given k' # kg and estimate the probability that after s mea-
surements, the probability P(vq,...,vs|k") = [[i_; P;(v;]k’) is greater than or equal to
P(v1,...,vs|ko). Consider the expectation value

n1/2
E P(Ul,...,Us“C) i|’ (11)

P(’Ul,...,’l}s|]€0)1/2

where the expectation value is over measurement outcomes and choices of M; and ;. This
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equals
P(vy,...,vs|k")/?
E{ AL P,...7Skz}
_ E{Mi,gj}{ZP(vl,...,vs|k’)1/2P(v1,...,vs|k0)1/2},
{wi}
where the sum is over all 2% possible sequences vy, ...,vs of measurement outcomes and the

expectation value is now over all choices of 8;, M;. This equals
(Baro |3 Paro(wl)) /2 Pas g (vlko) /2] ), (12)

where E)y g[...] is the expectation value over M, §. A direct calculation, given at the end of this
proof, shows that for all k' # k, the term in parenthesis Ens (>, Paro(v|k" )1/ Parg(v]ko)/?]
is bounded by some constant ¢ < 1 for all ¢. Thus, the expectation value is bounded by
¢®. Thus, for a given k', the probability that P(vy,...,vs|k") > P(v1,...,vs|ko) is bounded
by ¢®, as can be shown by applying Markov’s inequality to %—W

Thus, the probability that there is a &’ such that P(v1,...,vs|k") > P(v1,...,vs|ko) is
bounded by tc°.

Finally, here is the claimed bound on Ep [, PM’g(v|k:’)1/2PM,0(U|k0)1/2]. Let ¢prp =
(cos(2r M ¢pr +0)+cos(2 M ¢y, +6)) /2 and let das g = (cos(2m M ¢y +6) —cos(2m My, +6)) /2.
Then

Eno> | Prro(vlk)?Pagg(vlko)'/?]
v

1
= BEuol Y. s(L+oeae + odre)?(1+ ocar — odarg)'/?)
oce{—-1,+1}

1 1/2
= EM’Q[ Z 5 ((1 + O-C?W.ﬂ — d?wwe)
oce{—1,+1}

1 d?w,e

1
Fusl 3 Misody,- LBy
UE;-‘rl 2 T 2(1 4o )

= Bugll— Y

oce{-1,+1}

IN

dire |
(1+ 06%4)0)1/2

NG

IA

1
EM)Q[l - §d?\4)0] S 7/8

O

We have not bothered to optimize the estimate in Theorem 1; it is possible that a tighter
P(vi,...,vs|k")
P(v1,...,vs]ko)
constant 0 < @ < 1 and optimizing the choice of a in the spirit of the Chernoff bound.
Finally, we remark that while we have selected 6 randomly between 0 and 27 in Algorithm

and in Theorem 1, in fact it would suffice to pick 6 randomly from the set of angles {0, 7/2},

bound could be considered by estimating the expectation value E[( ) ] for some
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or indeed from any set of a pair of angles that do not differ by exactly 7 (for example, the set
{0, 7} would not work). The proof of the theorem would be essentially the same in this case,
and restricting to such a smaller set of angles may be more convenient for implementation on
a quantum computer.

3.2 Classical Inference of Multiple Fourier Modes

The results above suggest a natural generalization of the problem. Define a classical channel
E(z) which maps from a real number x between —1 and 1 to an output consisting of a single
bit. We fix the output probabilities of this channel:

1+zx
2 )

P(0]z) = (13)
1—x
2
Then Egs. can be interpreted as follows: for §; = 0, for any M;, we take the number
cos(2mM; - i) and input this number into the channel and the output of the channel is the

measurement outcome, while for 8; = 1, we instead input sin(27M; - o).

P(lfz) = (14)

This then suggests a natural generalization. Consider a classical signal written as a sum
of Fourier modes:
FO1) = 3 a(k) exp(2miM - ). (15)
k
Here, M is an integer and the function is periodic with period ¢.
Then, we have the natural classical problem:

Problem 1: We begin by stating assumptions on a function f and a channel C:

e Assume that f(M) is K-sparse, meaning that at most K of the coefficients a(k) are
non-zero.

e Assume that the non-zero a(k) are chosen from a discrete set S of possible values
(typically we will be interested in |S| being small), with min,sp ecspesla — b > dmin
for some d,,;,. The a(k) may be complex.

o Let the maximum of |f(M)|, over all such K-sparse a(k) and over all M, be bounded
by some quantity which we denote A,,qz-

e Assume that we have some channel C(x) which maps from a real number in the range
[—Amazs Amaz) to an output chosen from a discrete set (the channel C(x) need not be
the same as that given above in Egs. ) For this channel to be useful in inferring
x from measurements of the output, we will require that different input numbers lead to
different output probabilities, and we will quantify this more precisely below in Eq. .

Given these assumptions the problem is to infer the coefficients a(k) given some set
of measurement outcomes; these are outcomes of measurements of either C(Re(f(M;))) or
C(Im(f(M;))) for some chosen set of M;.

This problem can be interpreted as inferring a classical sparse signal from noisy measure-
ments at several different “times” (interpreting each M; as a time at which to infer the signal).
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We now show, given suitable assumptions on C(x), that this problem can be solved using a
number of measurements that is O(1og(Nchoices)), where Nepoices is the number of possible
choices of K-sparse f(M). As before, this number of measurements is asymptotically optimal.
Note that for K << t, log(Nehoices) = K log(t]S]).

The procedure we describe is similar to that previously: we select random M; and ran-
domly choose whether to measure C'(Re(f(M;))) or C(Im(f(M;))) at each time. After s
measurements, we select the choice of a(k) which has the maximal a posteriori likelihood,
assuming a flat initial distribution. Interestingly, since the number of measurements we need
is asymptotically much smaller than v/# (indeed we only need O(log(t)) measurements if
K = O(1)), this means that this random procedure typically does not ever pick M; = M, for
i # j. That is, interpreting the M; as “times”, this means that we do not ever measure the
signal twice at the same time.

Note that we have assumed that the non-zero coefficients are chosen from a small set S of
possible values. As the number of possible values of S increases, the number of measurements
increases for two reasons. First N poices increases. Second, the values in the set become more
closely spaced (d,in, becomes smaller compared to A;,q.), and the measurement outcomes
probabilities hence become less sensitive to the particular value of a(k). This second problem
is actually the more serious one. Suppose that we have a signal that is 1-sparse, and we
even know that the only non-zero a(k) is at k = 0. The question is to infer the magnitude
of a(0). Every measurement then consists of sending a(0) into the channel C(z). Using the
channel C(zx) before, it takes 1/€ measurements to infer a(0) to precision e. This number
of measurements is exponential in the number of bits of precision in a(0). That is, it takes
many more measurements to infer the amplitude of a Fourier coefficient than it does to infer
its frequency.

Theorem 2: Suppose we choose the multiples M; at random as above and randomly choose
whether to measure C'(Re(f(M;))) or C(Im(f(M;))) at each time. Suppose also that C(z)
has the property that for any z,y € [—Amaz, Amaz] We have

> Pula) 2P (wly)'/? < 1 - colz — y|? (16)
v

for some constant cg, where the probabilities P(v|z) are the probability that the channel C
gives output v given input x. Then, the probability ¢ that the algorithm described above
chooses a k' # kg as the choice with maximal likelihood is bounded by N.picesc®, where

dpin\? 2.,
¢ < 1—c0( "”") min_ (17)
2 ) 1642,

Proof: Assume the correct choice of a(k) is given by ag(k). We consider a given sequence
a’(k) (such that for at least one k, o’(k) # ag(k)) and estimate the probability that after s

measurements, the probability P(vy,...,vs|a’(k)) is greater than or equal to P(v1, ...vs|ag(k)),
where vy, ..., vs are the measurement outcomes of the channel.
Let

fo(M) = Zao(k)eXP(QWiM “ k) (18)
e
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and

Za’ exp(2miM - pp). (19)
k

Consider the expectation value

P(vla s avs|a/(k))1/2
P(oy,. .., vslag(k))172 )

E { (20)

where the expectation value is over measurement outcomes and choices of M; and choices of
real or imaginary part. This equals

P(vy,..., vs|a’(k))1/2
E(n riy [; Plor,valag (k)12 P(vy, ... ,vs\ao(k))}

= E{m, Ry [Z P(vy,. .. ,vs\a’(k;))lﬂp(vl, .. ,vs|ao(l§))1/2}
{vi}

where the sum is over all possible sequences v1,...,vs of measurement outcomes and the
expectation value is now over all choices of 0; and of real or imaginary part (R; = 0, 1 is used
to denote a measurement of real or imaginary part). This equals

1 t—1 P Re 1/2P v|Re (M 1/2
{; ZO( (v[Re(fo(M))) : (v[Re(f'(M)))
olIm 12 p(ylTm( 1/2\ys
| P(olim(fo(M))) 2P( [Im(f'(M))) )} (21)

Below, we will use the assumptions on C(z) to show that the term in parenthesis in
Eq. is bounded by some constant ¢ < 1 for all £. Using this bound, the expectation value
is bounded by ¢*. Thus, for a given a’(k), the probability that P(vy,...,vs|la’(k)) >
P(v1,...,vs|lag(k)) is bounded by ¢®. Thus, the probability that there is an a'(k) such that
P(vy,...,vsld' (k) > P(vy,...,vslap(k)) is bounded by Nepoicesc®, as claimed.

We now bound the term in parenthesis in Eq. Consider + 3, |f/(M) — fo(M)|?.
This is greater than d2,,,.. Also, for every M, |f'(M) — fo( )2 < 4A,2nax So, for randomly
chosen M, the probability that |f/(M) — fo(M)|? is greater than or equal to d2,;,,/2 is at least

d2,,../8A% So, the probability that if we randomly choose M and randomly choose whether
to measure real or imaginary part, that the corresponding part (i.e., either real or imaginary)
of f/(M) — fo(M) is greater than dy,,/2 in absolute value is at least dmm/16Amm Hence,
by the assumption ((16)) on C(z), we have that the term in parenthesis in Eq. (21f) is bounded
by

max*

dmin 2 d2
< _ min .
¢ s 1 CO( 2 ) 1642, (22)
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4 Kitaev’s Phase Estimation Algorithm

Recall from Section that if we apply a large number of measurements using two different
values of M at both § = 0 and § = 7/2, we can accurately estimate cos(2mrM - @) and
sin(2w M -py,), and therefore determine . In this section, we review Kitaev’s phase estimation
algorithm to determine ¢y with exponential precision [I0] (for complete details, we refer the
reader to Sec. 13.5 in Ref. [II]). This algorithm relies on obtaining accurate measurements
at multiples of p. We begin by reviewing how to accurately measure a given multiple of ¢y
with constant precision, building up to estimating the phase with exponential precision. We
also simulate the algorithm to determine how many measurements are required in practice.

4.1 FEstimating o, with Constant Precision
Recall that ¢, = % mod 1, where ¢, € R/Z and 0 < k < t < 2™. Let 6; = {0,7/2} at
random. Using the measurement operation given in Section [£.1and Eqgs. (6][7)), the conditional

probability when measuring multiple M =1 is given by:

1+ cos(2m - + 0;)

P(0|k) = 5 (23)
We now solve for the conditional probability P(0|k):
2P(0]k) — 1 (24)

= cos(2m - + 0;)

= cos(2m - i) cos @; —sin(27 - i) sin b;.

We make s measurements, choosing 6; € {0,7/2} randomly, to obtain approximations P
and PJ, close to cos(27 - ¢x) and sin(27 - ¢y ), respectively. Let there be N, measurements
with 6; = 0. Let N.(0) denote the number of these measurements having outcome 0 and let
N.(1) denote the number having outcome 1. Then, let

. _ Ne(0) = N(1)
Pcos = % (25)
If there are Ny measurements with 6; = 7 /2, with N,(0) of them having outcome 0 and N,(1)

having outcome 1, then let
Ns(1) — N,(0)
Sin Y\VS ( )

Given P}, P}, our best estimate of ¢y, is obtained by taking an arctangent of P /P,
choosing the appropriate quadrant.
Equivalently, we can determine multiples M; of ¢} in the same manner by measuring and
obtaining the probability
1+ cos(2nM; - o + 6;)

POk) = > : (27)

and computing similar estimates P* and again taking an arctangent.
In practice, how many measurements s are needed to accurately determine M; - ;7 This
is analyzed in the next two sections.
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4.2 FEstimating o, with Exponential Precision

To efficiently achieve exponential precision in our estimate of ¢y, we measure multiples M;
of . Then we use the measurement results in a classical inference technique to enhance the
precision of the estimate. We begin by measuring multiple My = 2™, then M; = 2™ 2,
increasing the precision as we move to M,,_; = 2. Each measurement gives us an estimate
of M,y mod 1.

To achieve the desired precision and probability of error, we measure each multiple s times,
where in this section, s refers to the number of measurements per multiple for both cosine and
sine, so that the total number of measurements required is 2ms. The estimate of 2771 . ¢,
using methods of Sec. is denoted as p;.

We introduce binary fraction notation, where Ta7 .. o = ;:1 2Py, oy € {0,1}. The
output of the algorithm is a = “a7 .- - @12, Which is an exponentially precise estimate of o:

1
|a*¢k|<m- (28)

Kitaev’s phase estimation algorithm [I0] is given in Algorithm

Algorithm 2 Kitaev’s Phase Estimation [10]

: for j=mto1ldo
Set p; to the estimate of 277! - ) using O(s) measurements per j.
: end for
Set "W m+1Qm+2 = Bm, where 3, is the octant value {%7 %, . %} closest to pp,.
for j=m—1to1do
Infer a;:

AN S

0 i[Oy~ ] mear < /4
i 1 if [ Tajsi0y4e — pj| mod 1 < 1/4.

7: end for
8: return «, the estimate of the phase.

Note that in Algorithm [2| we modify the inference step in line |§| to use p;, as opposed to
using (; as done in Ref. [I1].

4.8 Simulation Results

How large does s need to be to estimate ¢y to exponential precision? The probability that a
given estimate of 271y, differs by more than a given amount from the true value is exponen-
tially small in s, as shown in Ref. [I1] using a Chernoff bound. This implies that to accurately
compute the word (the entire sequence of bits a), we need s to scale logarithmically with m.
We ran 10000 independent simulations of Algorithm for words of length m = {1000, 10000}.
These word lengths are of particular interest since Shor’s algorithm promises computational
speed-ups over its classical counterpart for words longer than 1000 bits [I§]. We considered
performance of the algorithm as we varied the number of measurements s of each multiple.
Figure {4] shows the numerical results. The z-axis is the number of measurements s. The
y-axis is the probability, where we plot both the probability of a given bit being wrong (blue)
across all bits and simulation runs, and the probability of a given word being wrong (red)
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Fig. 4. The number of measurements s versus the probability of a given bit being wrong (blue)
and a given word being wrong (red), meaning probability that a given word has at least one bit
wrong. (a) Simulation results for words of length 1000 bits. (b) Simulation results for words of
length 10000 bits.

across all simulation runs (i.e., the probability that at least one bit in the word is wrong). For
both word lengths, we see that s scales logarithmically in m, and does not exceed 64. The
number of measurements required thus scales as O(mlog(m)). The corresponding classical
post-processing circuit scales as O(m) size and O(log(m)) depth.

5 Fast Phase Estimation

In this section, we extend Kitaev’s algorithm for phase estimation by considering inference
across multiple bits simultaneously. We begin by describing an algorithm that improves the
number of measurements O(m log(m)) in the previous section to O(mlog(log(m)). This algo-
rithm consists of two “rounds”, where the first round is similar to Kitaev’s algorithm, but the
second round infers multiple bits simultaneously. Having described this algorithm, we then de-
scribe how to further improve it by considering more rounds, requiring O(m log(log(log(m))))
measurements for three rounds, and so on, ultimately describing an algorithm that requires
O(mlog"(m)) measurements, where log™(m) is the iterated logarithm and is bounded for all
practical purposes by 5. These algorithms all require only an amount of computational time
for classical post-processing that is O(mlog(m)) as discussed at the end of the section.

The algorithms in this section can be motivated as follows: the limitation of Kitaev’s algo-
rithm is that it infers single bits at a time, and requires logarithmically many measurements
per bit. So, a natural generalization is to consider multiples M that are not powers of two,
so that we can infer multiple bits at a time. The information theory method does this, by
using random M, but requires lots of post-processing. So, in this section we consider “sparse”
M, in that the M will be a sum of a small number of powers of two. There is a tradeoff,
in that as the “density” (defined to be the number of powers of two) increases, the number
of measurements required is reduced, but the postprocessing becomes more complicated. So
to make the inference efficient, we use a bootstrapping procedure with multiple rounds, with
the density increasing from one round to the next. The early rounds yield only imperfect
inferences, but they give enough information to simplify the inference in later rounds.

5.1 Two Round Algorithm

The measurements that we use in the first round of the two-round algorithm are equivalent
to those of Kitaev’s algorithm, except that the parameter s will be chosen differently. We
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set s = s1 for some s; chosen later (we call this quantity s; as in the second round we will
have an s3, and so on). Using a Chernoff bound estimate as in Ref. [II], we can bound the
probability that the difference between 2/~ - ¢ and our best estimate of 277! - ¢, is greater
than 1/16 by exp(—csy) for some constant ¢ > 0. For notational simplicity, we will use one
piece of notation that was used in Kitaev’s original algorithm: for each j, we will let 3; be
the closest approximation in the set {%, e %} to the estimate of 2771 - ;. So, the probability
of an error larger than 1/8 in /3, is bounded by exp(—cs1).

In the original Kitaev algorithm, we then combine these 3; to estimate ;. Instead, our
goal in the first round of the two-round algorithm is to give, for almost every j, a quantity
called p; that will be an estimate of 2/=1. ;. to a precision 6;, where the subscript 1 is to
indicate that this is the precision on the first round. This quantity d; will be much larger
than the final precision § of our two-round algorithm, but will be much smaller than 1. We
say “almost every” j because, as we will see, we will only be able to give this precise estimate
p; for 0 < j < m —log(1/d1); however, since log(d;) will be much smaller than m, this will
indeed be most of the j. To compute p;, we use ;4 for [ =0, ...,log(1/d1) in a Kitaev-style
inference procedure to compute log(1/d1) + 2 bits in the binary expansion of p;. That is, we
obtain the three lowest order bits in the binary expansion from 3;15g(1/5,)- We then sharpen
the estimate, obtaining the [*" bit in the binary expansion from Bj+i—1 and from the [ + 1tk
and [ + 21 bits, proceeding iteratively. We can bound the probability of error in p;j by

v

pi =271 i > 61| < log(1/81) exp(—cs1). (29)

mod 1

The factor of log(d1) occurs because to obtain an error less than d; requires log(1/d1) bits of
precision. This estimate of the probability of error is essentially the same as the estimate of
the probability of having an error in Kitaev’s original algorithm, except that instead of having
m + 2 bits in the expansion, we have log(1/d1) 4+ 2 bits. The event of having large error for
some given j is uncorrelated with the event of having large error for bits j if |j/ — j| is large
enough compared to log(1/d;). This will play an important role in analyzing the algorithm
later, allowing us to neglect certain correlations (we will explain this below, although we will
not give a mathematical proof of this). The fact that we have only obtained the accurate
estimate of p; for j < m —log(1/61) will not pose a difficulty in what follows; this will be
only a minor technical detail. For one thing, most “sets of measurements” (as defined below)
do not “contain” (also defined below) the j for which we do not have an accurate estimate.
Alternatively, we can simply on the first round infer all p; for j < m accurately by running
the first round on m + log(1/d1) + 2 bits.

The second round uses ssm “sets” of measurements, for some parameter s, chosen later,
where each set of measurements will consist of repeating the same measurement a total of C
times, for some constant C'. We also introduce a parameter S, called the “density” in this
round. For the i*" set of measurements, we pick S different random values of j in the range
1 < j < m, calling these values ji,...,j5. We will require that these values ji,...,j% all be
distinct from each other in a given measurement (if any two are equal, we simply generate
another S-tuple of values; we will have S << /m so a random tuple will have distinct entries
with probability close to 1). Then we estimate

(2jii—1 4 251 +...+2jg_1)apk, (30)
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calling this estimate o;. We do this estimate using C' applications of the basic measurement
operation, with M; = 271~ 4 .. 4 2/5~1 for each measurement and 6; being chosen randomly
in {0,7/2}. The constant C' will be chosen so that

IN
ool

PI‘HMZ@]C — 0y . (31)

> 1/32}

The constant C' is of order unity and does not depend upon m.

This completes the description of the measurements in the two-round algorithm. We
now describe the classical post-processing phase. We will explain below how to estimating a
quantity B for each j. This quantity will be an approximation to 2/~"¢}, chosen from the
set {%, ey %} The goal of the algorithm is to obtain an estimate such that for all ;7 we have

PrHQJ'*l.garﬁ; L > 1/16 <,

m

for some constant e. Thus, by a union bound, the probability of an error greater than 1/8 in
any of the ﬁ; will be bounded by e. We then use the ﬁ; to determine the o; using a procedure
similar to Kitaev’s algorithm. This procedure is given in Algorithm [3] steps 13 — 17. If
indeed the error is bounded by 1/8 for all B;-, then the estimate of the phase will be accurate
to 27(m*2) because at every step of the inference procedure the correct value of o; will be
inferred; an incorrect value of «; can only be inferred if there is an error larger than 1/8 in ﬁ;
for the same reason that in the Kitaev algorithm, algorithm 2, an incorrect value of «; will
only be inferred if there is a large error in the p; defined in that algorithm.
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Algorithm 3 Fast Phase Estimation

: First Round:

for j=mto1ldo
Estimate 271 - ¢, using O(1) measurements per j.

: end for

: Later Rounds:

: for r = 2 to Number of Rounds do

Set density, S, and number of measurements per bit, s,., for given round.

for i =1 to s,m do
Set M; to a sum of S different powers of two, choosing these powers of two
at random or with a pseudo-random distribution. Perform O(1) measurements
with given M; and random or pseudo-random 6.

10: end for

11: end for

12: Perform multi-bit inference to determine estimate of §; = 27" ¢y, for all j. Use estimates

from previous round to give starting point for inference in next round. See text for details.

© PO NP RN

/.
m)

13: Set " Qi1 Cmta =
14: for j=m—1to1do
15: Infer o;:
o — { 0 if |.Oozj+1ozj+2 — ﬁ;‘ mod 1 < 1/4.
J 1 if |.10[j+10[j+2 — ﬁ;‘ mod 1 < 1/4

16: end for
17: return «, the estimate of the phase.

To estimate 297! - ¢, for a given j, consider all sets of measurements such that one of the
random values of j, was equal to j; we say that such a set of measurements “contains j”. On
average, there will be s9.5 such sets of measurements. Let us first proceed by assuming that
there are indeed exactly s2.5 sets of measurements and then later deal with the fluctuations
in the number of sets of measurements. On the i*" set of measurements, we obtain some
estimate of ¢;. Suppose this set contains j. Without loss of generality, let us suppose that
j1 = j. Then, given only o; and pj,, ..., pjs, our best estimate of 2771 - ¢ is:

Oi = Pjs — Pjs — - — Pis (33)

We now bound the probability that the estimate is off by more than 1/16. We do this
by bounding the probability that our value of o; differs by more than 1/32 from the correct
value using Eq. and also bounding the probability that our estimate of ZZSZQ pj, differs
by more than 1/32 from the correct value. To bound that probability, we have

2

S
(Z pj, — 2. ¢>’ e > 3—12} < Slog(325) exp(—csy), (34)
1=2

where we have taken 6; = 1/325 in Eq. so that if each quantity pj, — 271 - ¢ is accurate
to within §; then the sum is accurate to within 1/32. We then use a union bound: if the
probability that any given measurement is inaccurate is bounded by log(1/d1)exp(—cs1),
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then the probability that at least one measurement is inaccurate is bounded by S times that
quantity.

We choose s1 ~ log(log(m)) and S ~ log(m) so that the right-hand side of Eq. is
bounded by 1/32. Then, using Eqs. 7 the probability that the quantity in Eq.
differs by at least 1/16 from 27=! . ¢ is bounded by 1/4. We get roughly s2.5 different
estimates of 2771 - ¢, one for each set of measurements involving the given j. Let us assume
the independence of certain events between different sets of measurements, namely the event
that the quantity in Eq. differs by more than 1/32 from 2971 .y}, (we discuss this further
below). Then, we can combine these measurements to obtain an estimate of 3} by picking

the value of 3 which is most frequently within 1/16 of Zzszz (pj, — 20—l -go); i.e., it is within
1/16 of that value for the greatest number of sets of measurements containing j.

The probability of error in 8} by more than 1/16 is then bounded by exp(—c's2S) for some
constant ¢’ > 0. Picking sy ~ 1, we find that the probability of error is 1/poly(m) for any
desired polynomial, with the power depending upon the ratio between S/log(m), so we can
ensure that this probability is small compared to ¢/m. The number of measurements required
by this procedure is O(mlog(log(m))).

We now discuss several issues of correlations and fluctuations that were left open in the
above analysis. First, consider the fluctuation in the number of sets of measurements that
contain j, for any given j. On average this quantity is s2.5, but there may be some fluctuations.
However, the probability that there are fewer than s95/2 different such sets of measurements
is exponentially small in s5.5, and hence for the given choice of 555, the quantity is bounded
by 1/poly(m) and so can be made negligible (in fact, this probability, being exponentially
small in 555, has a similar scaling as the probability that we incorrectly infer a given 2771 . ¢y
given $2.5 sets of that contain j, as that probability is also exponentially small in s25). So,
with high probability all j are contained in at least s5.5/2 measurements, and so we can double
S and apply the analysis above.

It is possible that a better way to deal with fluctuations in the number of measurements
is to change the distribution of choices of j¢, and anti-correlate the choices in different sets of
measurements to reduce the fluctuations in the number of sets of measurements containing a
given j. This will at best lead to a constant factor improvement.

Another kind of correlation that we must deal with is correlation between the events that
the quantity in Eq. differs by more than 1/16 from 2771 .. For a given j, let us assume
for a given set of measurements we have ji = j. Let us refer to ji, ..., j& as the “partners” of
j. For a given j, the different sets of measurements involving that j will typically have wildly
different partners of j; that is, for two different sets of measurements, m,n, we will typically
have |57 — ji'| 2 m/S? >> log(S) for a,b # 1. So, for most sets of measurements, these will
be independent. Similarly, in a given measurement we will typically have |55* —j;| >> log(S)
so we can ignore correlations between errors in different p;, .

Of course, the above is not a rigorous proof, but we expect that such a proof can be
provided without any significant difficulty. Note that if for a given j we have a large number
of (roughly) independent sets of measurements containing that j, then adding a small number
of correlated sets of measurements will not prevent the inference from working.
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5.2 Multiple Round Algorithm

We can improve this procedure by increasing the number of rounds. In the first and second
rounds we proceed as before, though the constants si,s2, S will be changed. Let us write
S = S5 for the second round. The third round of the procedure is the same as the second
round, except that we do s3 sets of measurements, and in each measurement we pick S3
different random values of j. On the third round, as in the second, we repeat each set of
measurements C times; it is only the first round where the quantity C' does not appear, for
the reason that in that round, each measurement is already being repeated s; times. We can
increase the number of rounds indefinitely. In each round, we can exponentially increase the
density compared to the previous round, while keeping all constants s, of order unity. The
number of measurements required is then proportional to the number of rounds. Since S
increases exponentially in each round and we need S ~ log(m) in the last round, the number
of rounds required is ~ log™(m) and the total number of measurements is ~ mlog*(m).

5.3 Classical Post-processing Time Required

The simplest implementation of the algorithm above requires a time O(m log?(m)). We discuss
this first and then discuss how to improve to O(mlog(m)). Each bit is contained in ~ log(m)
sets of measurements (indeed, the fact that it is contained in this many sets of measurements
is the whole point of the algorithm). To compute the quantity in Eq. , the sum on the
right-hand side require summing over S different quantities, and for S ~ log(m), this means
that it takes time ~ log(m) to do the computation for each bit for each set of measurements
containing that bit. So, with m bits, each contained in log(m) sets of measurements, the
time is O(m log®(m)).
However, we can slightly improve this by noting that Eq. can be written as

o; — (,% +pjp + - +/)js) + Pj- (35)

The quantity in parentheses can be computed once for each set of measurements, and re-used
in inferring each of the p;, for i € {1,...,S}, and then it only requires O(1) time to do the
arithmetic for each of these ¢. This improves the total time to O(mlog(m)).

6 Analysis of Quantum Circuit Depth and Width

The fast phase estimation algorithm offers an asymptotic improvement in the number of
measurements required to estimate the phase with exponential precision. How does the cor-
responding quantum circuit scale, in terms of depth, width and size? We define the depth of
a quantum circuit as the number of timesteps, where gates on disjoint qubits can occur in
parallel in a given timestep. Here we assume that a given n-qubit gate takes one timestep.
The width of a quantum circuit is the number of qubits. The size of a quantum circuit is the
total number of non-identity quantum gates. We analyze the circuits given three different
computing settings, to emphasize tradeoffs in depth and width depending on resource avail-
ability. Table [I] contains a summary of the circuit resources required for each algorithm given
the setting.

First, consider the setting where each measuring operator is performed sequentially. That
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Table 1. Table of circuit depth, width, and size for Kitaev’s quantum phase estimation and fast
phase estimation.

T Kitaev’s Phase Estimation [11] Fast Phase Estimation
ype Depth Width Size Depth Width Size
Sequential || O(mlog(m)) | O(mlog(m)) | O(mlog(m)) O(mlog*(m)) | O(mlog*(m)) | O(mlog*(m))
Parallel O(log(m)) O(mlog(m)) | O(mlog(m)) O(log(m)) O(mlog*(m)) | O(mlog*(m))
Cluster O(log(m)) O(m?) O(mlog(m)) O(log*(m)) O(m?) O(mlog*(m))

0) (Oms) |—g— - —————JHHAF

O 2 ) 1
0 {Hz ) : i
|A) ‘/—‘UMWF { M2 HUM1 ’—

Fig. 5. Quantum circuit for sequential phase estimation.

is, the circuit is given by the sequence of gates (shown in Fig. 5]

Hem™s Z(O0pr, )N (UM [, A] Z(Oa1, ) AN (UM2) [, A] ...
Z(Ong,, )N (UM™) [gns, A HE™, (36)

where A™(U)[q1, ¢2] denotes n-qubits in register ¢; controlling the application of gate U to
register ¢o. The quantum register containing the eigenvector state is denoted by |A) and
consists say of a qubits. Each phase estimation algorithm performs O(ms) measurements,
resulting in a circuit of depth and size O(ms). The circuit requires O(ms) ancilla qubits,
one per measurement, plus a additional qubits. For Kitaev’s phase estimation and fast phase
estimation, s equals O(log(m)) and O(log"(m)), respectively. Thus in the sequential setting,
fast phase estimation offers an asymptotic improvement in circuit depth and size, as well as
in the number of ancilla qubits.

Second, consider a more parallel setting obtained by decreasing circuit depth at the cost
of increasing circuit width. We can parallelize quantum phase estimation using techniques
presented in Refs. [II}, 9]. The idea is to apply one multi-controlled gate instead of the
sequence in Eq. , by evolving as

M) @ |4) = [M) 2 UM |A), (37)

where M is given by the sum of the multiples:

ms

Jj=1

The sum can be computed using a quantum addition circuit based on a 3-2 quantum adder
(also called a carry-save adder) [I1} 20, 2], which reduces the sum of three m-bit numbers
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10) ADD—e— ADD'HHHAF
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Fig. 6. Quantum circuit for parallel phase estimation. Each wire represents a register of qubits.

to a sum of two encoded numbers in O(1) depth, with width O(m) and size O(m). Consider
M to be a sum of s m-bit integers. The circuit first uses a log(s)-depth tree of 3-2 adders to
produce two encoded numbers, and then adds these two numbers in place using a quantum
carry-lookahead adder [22] with O(m) ancillae, O(m) size, and O(log(m)) depth. In total, the
addition requires a quantum circuit of O(ms) ancillae, O(log(s) + log(m)) depth, and O(ms)
size.

The circuit for performing parallel phase estimation is shown in Figure [l The circuit
begins with a quantum register containing qubits initialized to |0). Each qubit ¢; undergoes
a Hadamard operation, followed by a phase rotation by angle 6; about the z-axis. An addi-
tion circuit is applied to determine |M). A controlled UM operation is applied, followed by
an addition circuit to uncompute |M). Finally, O(ms) Hadamard operations and measure-
ments are applied, which can be done in depth O(1). The complete circuit for parallel phase
estimation requires O(ms) size and O(log(s) + log(m)) depth, up to the implementation of
the multi-controlled UM gate. Again, s equals O(log(m)) for Kitaev’s phase estimation and
O(log*(m)) for fast phase estimation yielding a significant reduction in circuit size and width
to O(mlog™(m)).

Third, consider access to a cluster of quantum computers containing m nodes, where each
node contains the same superposition of eigenstates. Each node performs s measurements,
resulting in a depth of O(s), with a size and width per node of O(s) gates and O(s + a)
qubits, respectively. The cumulative cost across all m nodes is O(s) depth, O(ms) size,
and O(ms + ma) qubits. Again, fast phase estimation yields asymptotic improvements in
all dimensions, and results, for all practical purposes, in a constant-depth phase estimation
circuit. One potential advantage of the cluster model is that errors do not accumulate on the
eigenvector state |A), since subsets of measurements are done on separate nodes. This could
be advantageous when designing a fault-tolerant phase estimation algorithm.

Table [I| summarizes the circuit size, depth, and width for the various settings of the two
algorithms. Fast phase estimation yields asymptotic improvements in each dimension.

7 Conclusions and Future Work

We have presented several algorithms for quantum phase estimation based on a basic mea-
surement operation and classical post-processing. Both our “information theory” algorithm
and our fast phase estimation algorithm depend upon a randomized construction of which
measurements to take, and have applications to classical signal processing and quantum phase
estimation. Our fast phase estimation algorithm achieves asymptotic improvements in cir-
cuit depth, width, and size over Kitaev’s phase estimation, resulting in significant reductions
in resource requirements including circuit depth and size, and the number of ancilla qubits.
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Fig. 7. Quantum circuit for parallel phase estimation across a cluster consisting of m nodes.

Remarkably, when using an m-node cluster of quantum computers, our algorithm requires
essentially constant time. It is an interesting question for future work to de-randomize these
algorithms.
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