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We present a detailed analysis of spin squeezing of the one-axis twisting model with a

many-body phase dephasing, which is induced by external field fluctuation in a two-mode
Bose-Einstein condensates. Even in the presence of the dephasing, our analytical results
show that the optimal initial state corresponds to a coherent spin state |θ0, φ0〉 with the

polar angle θ0 = π/2. If the dephasing rate γ ≪ S−1/3, where S is total atomic spin, we
find that the smallest value of squeezing parameter (i.e., the strongest squeezing) obeys
the same scaling with the ideal one-axis twisting case, namely ξ2 ∝ S−2/3. While for
a moderate dephasing, the achievable squeezing obeys the power rule S−2/5, which is
slightly worse than the ideal case. When the dephasing rate γ > S1/2, we show that the
squeezing is weak and neglectable.
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1 Introduction

Spin squeezing of an ensemble of spin-1/2 particles have attracted considerable attention for

decades because they are not only important in view point of fundamental physics but also

have a lot of applications. For instance, a quantum interferometer felt with spin squeezed

states (SSS) or multi-particle entangled states (MES) in the input ports can improve phase

sensitivity beyond standard quantum limit (SQL) [1, 2, 3]. Dynamical generation of the

SSS [4, 5] and the MES [6, 7, 8] has been proposed by using the ‘one-axis twisting’ (OAT)

interaction, which leads to quantum correlation among individual spin in a collective spin

system. In addition, the OAT scheme of spin squeezing can be transformed into the so-called

two-axis twisting with a sequence of π/2 pulses [9].

Under governed by the OAT Hamiltonian, the spin system can evolve from a coherent spin

state (CSS) into a spin squeezed state, which shows the reduced variance V− below standard

quantum limit (SQL)—S/2, where S is total atomic spin. The degree of spin squeezing ξ2

(= 2V−/S) can reach the power rule S−2/3, which is the ideal OAT result [4]. Experimental

realizations of the OAT model has been proposed [10, 11, 12, 13, 14, 15, 16, 17] and demon-

strated [18, 19, 20, 21, 22, 23, 24, 25, 26, 27] in a two-mode Bose-Einstein condensate (BEC).

aPresent address: State Key Lab for Mesoscopic Physics, School of Physics, Peking University, Beijing 100871,
China.
bCorresponding author: grjin@bjtu.edu.cn

266



C.-G. Ji, Y.-C. Liu, and G.-R. Jin 267

Due to experimental imperfections in coupling pulses, atom losses, technique and quantum

noises, etc., the achievable squeezing is worse than the theoretical prediction [28]. Recently,

we investigated the dependence of spin squeezing on the initial CSS |θ0, φ0〉. Our results show

that the scaling of ξ2 depends sensitively upon the polar angle θ0; it becomes ξ2 ∝ S−1/3 [29]

even when θ0 is slightly deviated from its optimal value π/2.

In this paper, we investigate the effect of phase dephasing on spin squeezing of the OAT

model. The dephasing process considered here is induced by external field fluctuation [30,

31, 32, 33, 34, 35, 36, 37, 38], which gives rise to an enhanced decay of the phase coherence

between two modes of the BEC [39]. We present the details of Ref. [29] to obtain analytical

results of the strongest squeezing ξ2min. For the optimal initial CSS with the polar angle

θ0 = π/2, we find that the dephasing effect can be negligible as long as the dephasing rate

γ ≪ S−1/3. The ideal one-axis twisting is attainable with the best squeezing ξ2min ∝ S−2/3 [4].

For a moderate dephasing rate (i.e., S−1/3 < γ < S1/2), our analytical result indicates that

the achievable squeezing scales as S−2/5, which is slightly worse than the ideal OAT case. As

the dephasing rate increases up to S1/2, we find that the squeezing becomes very weak as

ξ2 ∼ 1.

This paper is arranged as follows. In Sec. II, we consider quantum dynamics of the

one-axis twisting model with a many-body phase dephasing, which describes quantitatively

a two-mode BEC in the presence of the phase diffusion. The density-matrix elements are

obtained by solving quantum master equation. In Sec. III, we investigate the OAT-induced

spin squeezing by calculating exact solutions of five relevant quantities, 〈Ŝz〉, 〈Ŝ+〉, 〈Ŝ2
z 〉, 〈Ŝ2

+〉,
and 〈Ŝ+(2Ŝz + 1)〉. With these expectation values at hands, one can numerically calculate

the squeezing parameter ξ2. To get scaling behavior of ξ2, in Sec. IV, we consider short-time

limit and large enough particle number. Analytical expression of the squeezing parameter is

obtained, with which we analyze power rules of ξ2 according to the role of the phase dephasing.

Finally, we conclude in Sec. V with the main results of our work.

2 The one-axis twisting Model

We focus on a two-component Bose-Einstein condensates with the internal states | ↑〉 and | ↓〉
that is confined in a deep three-dimensional harmonic potential. Quantum dynamics of the

total system can be described by the Lindblad equation (h̄ = 1):

dρ̂

dt
= i[ρ̂, Ĥ] + Γp(2Ŝz ρ̂Ŝz − Ŝ2

z ρ̂− ρ̂Ŝ2
z ), (1)

where Ĥ = χŜ2
z , known as the one-axis twisting Hamiltonian [4], can be realized in a two-

mode BECs [10, 11, 12] with the interaction strength χ tunable via the Feshbach resonance

technique [25] or the BEC spatial splitting [26]. Atomic spin operators Ŝz = (b̂†↑b̂↑ − b̂†↓b̂↓)/2

and Ŝ+ = (Ŝ−)
† = b̂†↑b̂↓ represent atomic population imbalance and phase coherence between

the two bosonic modes. The second term in Eq. (1) simulates a phase dephasing of the BEC

due to magnetic-field fluctuations [30, 31, 32, 33, 34, 35, 36, 37, 38, 39]. Such a kind of

many-body decoherence has also been studied in cavity-QED system [40, 41].

Due to particle-number conservation, the OAT Hamiltonian and the super-operator in the

Eq. (1) commutes with total angular momentum operator Ŝ2. Consequently, the state at any

time t can be expanded in terms of common eigenstates of Ŝ2 and Ŝz, i.e., {|S,m〉} with total
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angular momentum S = N/2 andm = −S, −S+1, · · ·, S. Using the basis, the density-matrix

operator ρ̂ reads

ρ̂ =

S
∑

m,n=−S

ρm,n |S,m〉 〈S, n| , (2)

with the elements ρm,n = 〈S,m|ρ̂|S, n〉 satisfying
dρm,n
dt

=
[

iχ(n2 −m2)− Γp(n−m)2
]

ρm,n. (3)

Assume that the BEC system evolves from a coherent spin state (CSS) [42]: |θ0, φ0〉 ≡
exp{iθ0[Ŝx sin(φ0)− Ŝy cos(φ0)]}|S, S〉 =

∑

m cm|S,m〉, with the probability amplitudes

cm =

(

2S

S +m

)1/2 (

cos
θ0
2

)S+m(

sin
θ0
2

)S−m

ei(S−m)φ0 . (4)

Exact solutions of Eq. (3) can be obtained with the density-matrix elements

ρm,n(τ) = ρm,n(0)e
−i(m2−n2)τe−(m−n)2γτ , (5)

where τ = χt and γ = Γp/χ. The first term on the right-hand side of Eq. (5) ρm,n(0) = cmc
∗
n,

with cm given by Eq. (4). The second term arises from time evolution of the density matrix

under the OAT Hamiltonian χŜ2
z . The last one is the dephasing term due to magnetic-

field fluctuation and has been obtained previously [43, 44, 45, 46]. Particularly, Takeuchi et

al. [43] considered a light-induced spin squeezing in an atomic gas and obtained almost the

same result with ours. However, their result is based upon an approximated commutation

relation of the Stokes operators of light. Here we present exact solution of the density-matrix

elements, which describes quantitatively the OAT-induced spin squeezing in a two-mode BEC

in the presence of the phase dephasing.

3 Spin squeezing of the OAT model

Starting from a CSS |θ0, φ0〉, unitary evolution of the spin system under the OAT Hamiltonian

leads to spin squeezing and multipartite entanglement. Both of them can be quantified by

the variances of a spin component Ŝψ = Ŝ · nψ that is normal to the mean-spin vector

〈Ŝ〉 ≡ (〈Ŝx〉, 〈Ŝy〉, 〈Ŝz〉), i.e., nψ · 〈Ŝ〉 = 0. As usual, the expectation value of an operator
∧O is defined by 〈 ∧O〉 = Tr(ρ̂∧O). For a given state ρ̂, the mean spin and its direction n3 =

〈Ŝ〉/|〈Ŝ〉| can be determined uniquely, which in turn gives nψ = n1 cosψ + n2 sinψ, with

three orthogonal vectors n1, n2, and n3 (for details see Ref. [29]). The increased and the

reduced variances of the spin component Ŝψ are defined, respectively, as V+ = maxψ(∆Ŝψ)
2

and V− = minψ(∆Ŝψ)
2, with

V± =
1

2

(

C ±
√

A2 + B2
)

, (6)

where A, B, and C depend only on five expectation values (see Appendix A): 〈Ŝz〉, 〈Ŝ+〉, 〈Ŝ2
z 〉,

〈Ŝ2
+〉, and 〈Ŝ+(2Ŝz + 1)〉. According to Kitagawa and Ueda [4], a spin state is squeezed only

if the variance V− is smaller than the SQL, S/2, namely the squeezing parameter

ξ2 =
2V−
S

< 1. (7)
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The spin squeezed state is useful to improve frequency resolution in spectroscopy provided that

ζ2S = 2SV−/|〈Ŝ〉|2 < 1 [3], which provides a sufficient criterion for the degree of multipartite

entanglement [12]. In addition, the squeezing parameter can be defined as ζ2 = 2V−/|〈Ŝ〉| =
(S/|〈Ŝ〉|)ξ2 [47]. The three definitions are slightly different in magnitude, ξ2 ≤ ζ2 ≤ ζ2S due

to |〈Ŝ〉| ≤ S. For large enough particle number N (> 102), the minimum values of them obey

almost the same power rule [43], so we only focus on the squeezing parameter ξ2.

Based upon Eq.(5), we now calculate exact solutions of the mean spin and the variances

V±. After some straightforward calculations, we can obtain (see Append. A, or Ref.[29])

〈Ŝz〉 = S cos(θ0), 〈Ŝ+〉 = S sin(θ0)e
iφ0e−γτ [R(τ)]2S−1, (8)

where the population imbalance 〈Ŝz〉 is time-independent, and

R(τ) = cos(τ) + i cos(θ0) sin(τ) =

√

1− sin2(θ0) sin
2(τ) · ei tan−1[cos(θ0) tan(τ)]. (9)

From Eq. (8), we note that the phase dephasing considered in Eq. (1) imposes an exponential

decay term e−γτ to the phase coherence |〈S+〉|, but maintains the population imbalance 〈Ŝz〉
intact. Moreover, it is easy to obtain 〈Ŝx〉 = Re〈Ŝ+〉 = |〈Ŝ+〉| cos(φ) and 〈Ŝy〉 = Im〈Ŝ+〉 =
|〈Ŝ+〉| sin(φ), with the argument of 〈Ŝ+〉:

φ ≡ arg〈Ŝ+〉 = φ0 + (2S − 1) tan−1[cos(θ0) tan(τ)]. (10)

Here, φ0 is the azimuth angle of the initial CSS. The variances V± depend upon the coefficients

A, B, and C (see Append. A). In real calculations of them, only cos(φ) and sin(φ) are required,

which depends on 〈Ŝ+〉. In addition, we need to solve the following expectation values:

〈Ŝ2
z 〉 =

S

2
+ S

(

S − 1

2

)

cos2(θ0), (11)

〈Ŝ2
+〉 = S

(

S − 1

2

)

sin2(θ0)e
2iφ0e−4γτ [R(2τ)]2S−2, (12)

and

〈Ŝ+(2Ŝz + 1)〉 = 2S

(

S − 1

2

)

sin(θ0)e
iφ0e−γτ [R(τ)]2S−2[i sin (τ) + cos(θ0) cos (τ)].(13)

Substituting the above results into the coefficients A, B, and C, one can obtain the variances

V± and also the squeezing parameter ξ2. In Fig. 1, we plot exact numerical results of ξ2 (solid

lines) for different values of the dephasing rate γ. We find that the strongest squeezing occurs

at a certain time τmin (= χtmin), with its position indicated by the arrows of Fig. 1.

4 Scaling behaviors of the squeezing parameter

In order to analyze scaling behaviors of ξ2, we now consider the short-time limit (i.e., τ =

χt ≪ 1) and large enough particle-number (S = N/2 ≫ 1), so Eq. (9) can be approximated

as R(τ)≈S exp(− 1
2τ

2 sin2 θ0)e
iτ cos θ0 , which in turn yields

〈Ŝ+〉≈S sin(θ0)e
iφe−β , (14)
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Fig. 1. (color online) The squeezing parameter ξ2 as a function of scaled time τ (= χt) for
various dephasing rates γ = Γp/χ = 0 (a), 1 (b), and 10 (c). Solid blue lines are given by exact
numerical simulations and red dashed lines are predicated by Eq. (18). Other parameters are

S = N/2 = 103, θ0 = π/2, and φ0 = 0. The arrows indicate the location of maximal-squeezing
times τmin = 7.536 × 10−3 (a), 1.264 × 10−2 (b), and 1.632 × 10−2 (c), at which the strongest
squeezing occurs with ξ2

min
= 6.56× 10−3 (a), 9.278× 10−2 (b), and 0.4504 (c).
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〈Ŝ2
+〉≈S

(

S − 1

2

)

sin2(θ0)e
2iφe−4β , (15)

and

〈Ŝ+(2Ŝz + 1)〉≈ 2S

(

S − 1

2

)

sin(θ0)e
iφe−β (cos θ0 + iτ) , (16)

where the argument of 〈Ŝ+〉 now becomes φ ≈ φ0 + 2Sτ cos(θ0), and

β = Sτ2 sin2 θ0 + γτ. (17)

Note that without the dephasing, the phase coherence reduces to |〈S+〉| ≈S sin(θ0)e
−(τ/τd)

2

,

with the coherent time τd = χtd = 1/(
√
S sin θ0) [29]. Such a kind of exponential decay is

well known as the so-called phase diffusion of a two-mode BEC. For the BEC atoms, the

nonlinearity χ ∝ 1
2 (a↑↑+a↓↓−2a↑↓) depends upon the intra- and the inter-species atom-atom

scattering lengthes. When the three coupling constants are close to each other, the coherence

time td increases dramatically due to χ→ 0 [48]. If we take the phase dephasing into account

(i.e., γ 6= 0), the phase diffusion process will speed up, as demonstrated recently in Ref. [39].

In what’s following, we will investigate the role of the phase dephasing on the spin squeezing.

Firstly, using Eq. (15) and Eq.(16), as well as the exact result of 〈Ŝ2
z 〉, we obtain the

short-time solutions of the coefficients A, B, and C [see Eq. (B.1)-Eq.(B.2)]. Next, we focus

on a time regime: τ < Sτ2 ≪ 1 and γτ ≪ 1, which allows us to expand the above results

in terms of β (≪ 1) [4]. From Eq. (6), it is easy to find that the product of the variances

V+V− = [(C + A)(C − A) − B2]/4. To simplify it, we expand C ± A, B2, and hence V+V−
up to the third-order of β [see Eq. (B.4)-Eq. (B.5)]. On the other hand, we can reduce the

increased variance V+ by keeping the lowest-order of β (see Appendix B). Finally, using the

relation V− = (V+V−)/V+, we obtain analytical result of the reduced variance and also the

squeezing parameter:

ξ2 ≈ γτ

β
+

1

4Sβ sin2(θ0)
+

2β2

3

[

1 + 9S sin2(θ0) cos
2(θ0)

]

, (18)

where β is given by Eq. (17) and θ0 is polar angle of the initial state. In Fig. 1, we compare

our analytical result of ξ2 (red dash) with its exact solution (solid line) for different values of

the dephasing rate γ. When γ is not too large, we find that Eq. (18) works well to predict

the minimal value of the squeezing parameter ξ2min = 2V−(τmin)/S. This is because both the

analytical and the exact results almost merge with each other around the maximal-squeezing

time τmin.

Based upon Eq. (17) and Eq. (18), we now analyze in detail the role of the phase dephasing

on the spin squeezing. If the first term on right-hand side of Eq. (18) is comparable with the

second one, we obtain γτ ∼ [4S sin2(θ0)]
−1. On the other hand, we compare the two terms

of Eq. (17) and get γ ∼ Sτ sin2(θ0).

Obviously, the dephasing effect can be neglected only if γ ≪ Sτ sin2(θ0) and γτ ≪
[4S sin2(θ0)]

−1, for which Eq. (17) becomes β ≈ Sτ2 sin2(θ0) and the first term of Eq. (18)

can be omitted. As a result, we obtain the analytical result of the squeezing parameter [29]:

ξ2 ≈ 1

4Sβ sin2(θ0)
+

2β2

3

[

1 + 9S sin2(θ0) cos
2(θ0)

]

. (19)
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From the relation (dξ2/dτ)
∣

∣

τmin

= 0, we obtain the maximal-squeezing time:

τmin = χtmin ≈ 31/6[2S sin2(θ0)]
−2/3

[1 + 9S sin2(θ0) cos2(θ0)]1/6
. (20)

Substituting Eq. (20) back to Eq. (19), we further obtain the smallest value of ξ2:

ξ2min ≈ 3

4

{

2
[

1 + 9S sin2(θ0) cos
2(θ0)

]

3S2 sin4(θ0)

}1/3

. (21)

For the initial CSS with θ0 = π/2, Eq. (21) shows ξ2min ≈ 1
2 (

2S
3 )−2/3, which is the best

squeezing that the one-axis twisting scheme can reach [4, 29]. Considering a large enough

particle-number with S = N/2 = 103, we can obtain τmin ≈ 7.565 × 10−3 and ξ2min ≈
6.552 × 10−3, fitting very well with numerical simulations [see Fig. 1(a)]. From Eq. (20), we

find that the time scales as τmin ∝ S−2/3 for θ0 = π/2 [4], and τmin ∝ S−5/6 for θ0 6= π/2 [29].

Substituting the power rules into the condition γτ ≪ [4S sin2(θ0)]
−1, we make a conclusion

that our analytical results, Eq. (20) and Eq. (21), are valid for the dephasing rate γ ≪ S−1/3

(θ0 = π/2), or γ ≪ S−1/6 (θ0 6= π/2). As shown by the dash lines of Fig. 2, one can find that

Eq. (21) coincides with the exact results when ln(γ)/ ln(S) < −0.5.

-1.0 -0.5 0.0 0.5 1.0
10-4

10-3

10-2

10-1

100

0
= /2

ln( )/ln(S)

2
min

 

 

0
= /4

Fig. 2. (color online) The minimal value of the squeezing parameter ξ2
min

as a function of
ln(γ)/ ln(S) for θ0 = π/2 (open circles) and θ0 = π/4 (balls). The dash and the red solid lines are

obtained from our analytical results, Eq. (21) and Eq. (24). The blue dotted line corresponds to
the case ξ2 ≈ 1 (almost no squeezing) as ln(γ)/ ln(S) > 0.5 for θ0 = π/2 and ln(γ)/ ln(S) > 0.25
for θ0 = π/4. Other parameters: χ = 1, S = N/2 = 105 and φ0 = 0.

To proceed, let us consider the case γ < Sτ sin2(θ0), but γτ > [4S sin2(θ0)]
−1, for which

the first term of Eq. (18) becomes important in a comparison with the second one so we get

ξ2 ≈ γτ

β
+

2β2

3

[

1 + 9S sin2(θ0) cos
2(θ0)

]

, (22)
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where β ≈ Sτ2 sin2(θ0). Minimizing ξ2 with respect to τ , we obtain

τmin ≈ (3γ)1/5
[

8S3 sin6(θ0)
]−1/5

[1 + 9S sin2(θ0) cos2(θ0)]1/5
, (23)

and

ξ2min ≈ 5

4

{

8γ4[1 + 9S sin2(θ0) cos
2(θ0)]

3S2 sin4(θ0)

}1/5

. (24)

From Eq. (23), we find that the strongest squeezing appears at τ ∝ γ1/5S−3/5 for θ0 =

π/2, and τ ∝ γ1/5S−4/5 for θ0 6= π/2. Using the conditions γτ > [4S sin2(θ0)]
−1 and

γ < Sτ sin2(θ0), it is easy to find that Eq. (24) works quite well for a relatively weak dephasing

rate with S−1/3 < γ < S1/2 (θ0 = π/2), or S−1/6 < γ < S1/4 (θ0 6= π/2).
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3 /4/20
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(a)

/4

2
min

S

 

 

Fig. 3. (Color online) The minimal value of the squeezing parameter ξ2
min

against θ0 for S = 105

(a), and S for θ0 = π/2 (b). From top to bottom in each figure, the dephasing rates are taken
as γ = 3.3 (triangles), 1 (crosses), and 0 (open circles). The solid line is given by Eq. (21). The

dashed and dashed-dot curves are predicted by analytical result, Eq. (24). Other parameters are
χ = 1 and φ0 = 0.

As shown in Fig. 1(b), for the case S = 103 and γ = 1, Eq. (23) and Eq. (24) predict

τmin ≈ 1.303 × 10−2 and ξ2min ≈ 9.596 × 10−2, respectively. Both of them fit with the exact

numerical results τmin = 1.264 × 10−2 and ξ2min = 9.278 × 10−2. As the dephasing rate

increases up to 10, our analytical results give τmin ≈ 2.064×10−2 and ξ2min ≈ 0.605, which are

in order-of-magnitude agreement with the exact results [see Fig. 1(c)]. Moreover, we find that
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the red solid line of Fig. 2, given by Eq. (24) for θ0 = π/4, shows clearly that ξ2min increases

rapidly with γ in the regime −0.2 < ln(γ)/ ln(S) < 0.25.

Our analytical results, Eq. (21) and Eq. (24), can not work to predict the spin squeezing

when γ becomes large. For instance, let us consider γτ > [4S sin2(θ0)]
−1 and γ > Sτ sin2(θ0).

In this case, Eq. (22) reduces to

ξ2 ≈ 1 +
2β2

3

[

1 + 9S sin2(θ0) cos
2(θ0)

]

, (25)

with β ≈ γτ . Actually, when γ > S1/2 (θ0 = π/2), or γ > S1/4 (θ0 6= π/2), the squeezing

effect is week due to ξ2 ≈ 1, as shown by the blue dotted line of Fig. 2.

For a fixed S (= N/2), we find from Fig. 3(a) that the achievable squeezing depends

upon the polar angle of the initial state; the initial CSS with θ0 = π/2 is the optimal one to

minimize ξ2 even in the presence of phase dephasing. In Fig. 3(b), we focus on the optimal

case θ0 = π/2 and investigate the dependence of ξ2min on S for the dephasing rates γ = 0 (open

circles), 1 (red crosses), and 3.3 (blue triangles). The three curves, given by our analytical

results, show good agreement with the exact numerical simulations for large enough particle

number (say S = N/2 > 102). More interestingly, it is also found that the slop of the solid

curve is different with that of other two lines. This is because our analytical result for the

case γ = 0, Eq. (21), predicts ξ2min ∝ S−2/3 [4]; while for a small but nonzero γ, Eq. (24) gives

ξ2min ∝ S−2/5. Such a power rule has been also obtained by Takeuchi et al. [43]. However, their

scheme is based upon a double-pass Faraday interaction between atoms and far-off-resonant

light. In addition, the starting point of their work, though quite similar with Eq. (5), is

derived by an approximated commutation relation of the light-field Stokes operators [43].

5 Conclusion

In summary, we have investigated the role of phase diffusion on spin squeezing of the one-axis

twisting model. Our results show that the spin squeezing depends upon the initial state |θ0, 0〉
(= e−iθ0Ŝy |S, S〉). The optimal initial state corresponds to the polar angle θ0 = π/2, even in

the presence of phase dephasing. If the dephasing rate γ = Γp/χ ≪ S−1/3, the dephasing

effect is negligible and the ideal one-axis twisting is restored. The strongest squeezing scales

as ξ2min ∝ S−2/3. For a moderate dephasing rate (i.e., S−1/3 < γ < S1/2), the achievable

squeezing obeys the power rule ξ2min ∝ S−2/5, which is slightly worse than the ideal case.

When the dephasing rate γ > S1/2, we show that the squeezing becomes very weak due to

ξ2 ∼ 1.
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Reiche (2010), Enhanced and Reduced Atom Number Fluctuations in a BEC Splitter, Phys. Rev.
Lett., 105, pp. 080403.

28. Y. Li, P. Treutlein, J. Reichel, and A. Sinatra (2009), Spin squeezing in a bimodal condensate:
spatial dynamics and particle losses, Eur. Phys. J. B., 68, pp. 365-381; Y. Li, Y. Castin, and
A. Sinatra (2008), Optimum Spin Squeezing in Bose-Einstein Condensates with Particle Losses,
Phys. Rev. Lett., 100, pp. 210401.

29. G. R. Jin, Y. C. Liu, and W. M. Liu (2009), Spin squeezing in a generalized one-axis twisting
model, New J. Phys., 11, pp. 073049.

30. C. W. Gardiner and P. Zoller (2000), Quantum Noise, Springer (Berlin).
31. D. F. Walls and G. J. Milburn (2008), Quantum Optics, Springer-Verlag (Berlin Heidelberg).
32. S. F. Huelga, C. Macchiavello, T. Pellizzari, A. K. Ekert, M. B. Plenio, and J. I. Cirac (1997),

Improvement of Frequency Standards with Quantum Entanglement, Phys. Rev. Lett., 79, pp. 3865-
3868.

33. D. Ulam-Orgikh and M. Kitagawa (2001), Spin squeezing and decoherence limit in Ramsey spec-
troscopy, Phys. Rev. A, 64, pp. 052106.

34. A. M. Rey, L. Jiang, and M. D. Lukin (2007), Quantum-limited measurements of atomic scattering
properties, Phys. Rev. A, 76, pp. 053617.

35. S. Boixo, A. Datta, S. T. Flammia, A. Shaji, E. Bagan, and C. M. Caves (2008), Quantum-limited
metrology with product states, Phys. Rev. A, 77, pp. 012317.

36. Y. Khodorkovsky, G. Kurizki, and A. Vardi (2009), Decoherence and entanglement in a bosonic
Josephson junction: Bose-enhanced quantum Zeno control of phase diffusion, Phys. Rev. A, 80,
pp. 023609.

37. Y. C. Liu, G. R. Jin, and L. You (2010), Quantum-limited metrology in the presence of collisional
dephasing, Phys. Rev. A, 82, pp. 045601.

38. G. R. Jin, Y. C. Liu, and L. You (2011), Optimal phase sensitivity of atomic Ramsey interferom-
eters with coherent spin states, Front. of Phys., 6, pp. 251-257.
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Appendix A Exact solutions of the squeezing parameter

As Eq. (6), the reduced and the increased variances depend upon the coefficients A, B,
and C (for details, see Ref. [29]):

A =
1

2

{

sin2(θ)
[

S(S + 1)− 3〈Ŝ2
z 〉
]

− [1 + cos2(θ)] Re
[

〈Ŝ2
+〉e−2iφ

]

+sin(2θ)Re
[

〈Ŝ+(2Ŝz + 1)〉e−iφ
]}

, (A.1)

B = − cos(θ) Im
[

〈Ŝ2
+〉e−2iφ

]

+ sin(θ) Im
[

〈Ŝ+(2Ŝz + 1)〉e−iφ
]

, (A.2)

C = S(S + 1)− 〈Ŝ2
z 〉 − Re

[

〈Ŝ2
+〉e−2iφ

]

−A, (A.3)

where the angles θ and φ are determined by the mean spin 〈S〉 = (〈Sx〉, 〈Sy〉, 〈Sz〉), with

sin(θ) =
|〈Ŝ+〉|
|〈Ŝ〉|

, cos(θ) =
〈Ŝz〉
|〈Ŝ〉|

, (A.4)

cos(φ) =
〈Ŝx〉
|〈Ŝ+〉|

, sin(φ) =
〈Ŝy〉
|〈Ŝ+〉|

. (A.5)

Here, 〈Ŝx〉 = Re〈Ŝ+〉 and 〈Ŝy〉 = Im〈Ŝ+〉, as mentioned above. Note that the above formulae

are valid for any SU(2) system. Moreover, one can find that A, B, and C depend only on

five expectation values: 〈Ŝz〉, 〈Ŝ+〉, 〈Ŝ2
z 〉, 〈Ŝ2

+〉, and 〈Ŝ+(2Ŝz + 1)〉. Although the argument

φ appears in the coefficients, we do not need to know its explicit expression. Instead, only

cos(φ) and sin(φ) are needed in real calculations of the coefficients and hence the variances

V±.

Starting with an initial CSS |θ0, φ0〉, the OAT model can be solved exactly. For instance,

we calculate the expectation value 〈Ŝl+〉 ≡ Tr(ρ̂Ŝl+), with an integer l = 1, 2, · · · , [S]. Here,

[S] denotes the greatest integer of any real number S. Using Eq. (5), we obtain

〈Ŝl+〉 =
S−l
∑

m=−S

ρm,m+l(0)X−mX−m−1 · · ·X−m−l+1e
i(2ml+l2)τe−γl

2τ = e−γl
2τ 〈Ŝl+〉0, (A.6)
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where Xm =
√

(S +m)(S −m+ 1), and ρm,n(0) = cmc
∗
n represent the density-matrix ele-

ments of the initial CSS, with cm given by Eq. (4). In addition, we have introduced

〈Ŝl+〉0 ≡
S−l
∑

m=−S

ρm,m+l(0)e
i(2ml+l2)τX−mX−m−1 · · ·X−m−l+1

=
S−l
∑

m=−S

(2S)!

(S +m)!(S −m− l)!
eilφ0ei(2ml+l

2)τ

(

cos
θ0
2

)2S+2m+l(

sin
θ0
2

)2S−2m−l

=
(2S)!

2l(2S − l)!
sinl (θ0) e

ilφ0

∑

m

(

2S − l

S +m

)(

eilτ cos2
θ0
2

)S+m(

e−ilτ sin2
θ0
2

)S−m−l

=
(2S)!

2l(2S − l)!
sinl(θ0)e

ilφ0 [R(lτ)]2S−l, (A.7)

where R(lτ) = cos(lτ) + i cos(θ0) sin(lτ), and we have used the binomial formula:

S−l
∑

m=−S

(

2S − l

S +m

)

aS+mbS−m−l =
2S−l
∑

n=0

(

2S − l

n

)

anb2S−n−l = (a+ b)2S−l. (A.8)

With the help of Eq. (A.6) and Eq. (A.7), we can obtain the exact solutions of 〈Ŝ+〉 and 〈Ŝ2
+〉,

given by Eq. (8) and Eq. (12), respectively.

We note that without the dephasing, the spin system evolves under governed by the OAT

Hamiltonian Ĥ = χŜ2
z , so we have d〈Ŝ+〉0/dτ = −i〈[Ŝ+, Ĥ]〉0/χ = i〈Ŝ+(2Ŝz + 1)〉0, where

the subscript 0 denotes the expectation values in the absence of phase dephasing (i.e., γ = 0),

and 〈Ŝ+〉0 has been given in Eq. (A.7) with l = 1. Therefore, we obtain

〈Ŝ+(2Ŝz + 1)〉 = e−γτ 〈Ŝ+(2Ŝz + 1)〉0 = −ie−γτ d〈Ŝ+〉0
dτ

, (A.9)

which gives Eq. (13). Finally, we calculate the population imbalance and its variance:

〈Ŝz〉 =
S
∑

m=−S+1

(S +m)ρm,m(0)−
S
∑

m=−S

Sρm,m(0)

= 2S cos2
(

θ0
2

)

∑

m

(

2S − 1

S +m− 1

)(

cos2
θ0
2

)S+m−1 (

sin2
θ0
2

)S−m

− S

= 2S cos2
(

θ0
2

)

− S = S cos(θ0), (A.10)

and

〈Ŝ2
z 〉 =

S
∑

m=−S

S2ρm,m(0)−
S−1
∑

m=−S+1

(S +m)(S −m)ρm,m(0)

= S2 − S

(

S − 1

2

)

sin2(θ0)
∑

m

(

2S − 2

S +m− 1

)(

cos2
θ0
2

)S+m−1 (

sin2
θ0
2

)S−m−1

= S2 − S

(

S − 1

2

)

sin2 (θ0) =
S

2
+ S

(

S − 1

2

)

cos2(θ0), (A.11)
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where we have used the normalization condition
∑

m ρm,m(0) = 1. So far we have solved all

the quantities that relevant to get the coefficients A, B, and C, with which we can calculate

exactly the variances V±, and hence the squeezing parameter ξ2.

Appendix B Short-time solutions of the squeezing parameter

To obtain analytical results of the coefficients A, B, and C, we have to make further

approximations [29], sin(θ) = |〈Ŝ+〉|/|〈Ŝ〉| ≈ sin(θ0) and cos(θ) = 〈Ŝz〉/|〈Ŝ〉| ≈ cos(θ0), where

θ0 is polar angle of the initial CSS. Substituting Eq. (15) and Eq.(16), as well as Eq.(A.11)

into Eq. (A.1), we obtain the short-time solution of the coefficient

A ≈ sin2 θ0
2

{[

S(S + 1)− 3

(

S

2
+ S

(

S − 1

2

)

cos2 θ0

)]

−S
(

S − 1

2

)

(

1 + cos2 θ0
)

e−4β + 4S

(

S − 1

2

)

e−β cos2 θ0

}

= S

(

S − 1

2

)

sin2 θ0
2

{

1− e−4β −
(

3 + e−4β − 4e−β
)

cos2 θ0
}

. (B.1)

Hereafter, we assume S(S − 1/2) ≈ S2 for large enough particle number N (= 2S > 100).

Similarly, we have B ≈ 2S2τ sin2(θ0)e
−β , and

C ≈ S2 sin2 θ0
2

{

1− e−4β + (3 + e−4β − 4e−β) cos2 θ0
}

+ S. (B.2)

Following Kitagawa and Ueda [4], we focus on a time regime τ < Sτ2 ≪ 1 and γτ ≪ 1,

which allows us to expand the coefficients A, B, C in terms of β because of β ≪ 1. Firstly,

we calculate the product of the variances V+V−, which is given by Eq. (6),

V+V− =
1

4

[

(C +A)(C − A)− B2
]

. (B.3)

To calculate it, we expand C ± A and B2 up to the third-order of β (also γτ) and obtain

B2 ≈ 4S3 sin2(θ0) (β − γτ)
(

1− 2β + 2β2
)

,

C +A ≈ 4S2 sin2(θ0)β

(

1− 2β +
8

3
β2

)

+ S, (B.4)

C − A ≈ 6S2 sin2(θ0) cos
2(θ0)β

2

(

1− 5

3
β

)

+ S.

Keeping the terms up to O[(Sβ)3], we obtain

V+V− ≈ S2

4

{

1 + 4S sin2(θ0)

[

2

3
β3 + 6S sin2(θ0) cos

2(θ0)β
3

+γτ +
3

2
cos2(θ0)β

2

(

1− 5

3
β

)]}

. (B.5)

For brevity, we will omit the last term 3 cos2(θ0)β
2(· · ·)/2, though its contribution may be

larger than that of the term 2β3/3.
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Next, we calculate the increased variance V+. From Eq. (B.1)-Eq. (B.2), we note that the

leading terms of the coefficients A ∝ S2β (∝ S3τ2) and B ∝ S2τ . In the time scale with

S2τ > 1, it is easy to find that A > B, so the increased variance can be simplified as

V+ ≈ 1

2
(C +A) ≈ 2S2 sin2(θ0)β. (B.6)

where we only keep the lowest-order of β in the last step [see also Eq. (B.4)]. Finally, using

V− = (V+V−)/V+, we obtain analytical result of the reduced variance

V− ≈ S

2

{

1

4S sin2(θ0)β
+
γτ

β
+

2

3
β2

[

1 +
9S

4
sin2(2θ0)

]}

, (B.7)

which gives the analytical result of the squeezing parameter, i.e., Eq. (18).


