Quantum Information and Computation, Vol. 12, No. 11&12 (2012) 0983-0988
© Rinton Press

IMPROVED BOUNDS ON NEGATIVITY OF SUPERPOSITIONS

ZHI-HAO MA*

Department of Mathematics, Shanghai Jiaotong University
Shanghai, 200240, P. R. China

ZHI-HUA CHEN

Department of Science, Zhijiang College, Zhejiang University of Technology
Hangzhou, 310024, P.R.China

SHUAI HAN
SJTU College, Shanghai Jiaotong University
Shanghai, 200240, P. R. China

SHAO-MING FEIT

Department of Mathematics, Capital Normal University
Betjing 100037, P. R. China

SIMONE SEVERINI
Department of Computer Science and Department of Physics € Astronomy, University College London
Gower St., WC1E 6BT London, United Kingdom

Received December 20, 2011
Revised June 11, 2012

We consider an alternative formula for the negativity based on a simple generalization
of the concurrence. We use the formula to bound the amount of entanglement in a
superposition of two bipartite pure states of arbitrary dimension. Various examples
indicate that our bounds are tighter than the previously known results.
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1 Introduction

The study of entanglement in a superposition as a function of its terms was initiated by Linden,
Popescu, and Smolin [1]. With the use of entanglement of formation, it was observed that
the superposition of two separable states can give an entangled state, while the superposition
of two entangled states can give a separable one. The literature comprises now a number of
papers devoted to bound the amount of entanglement in a superposition [2, 3, 4, 5, 6, 7, 8, 9].
The present note is a contribution in this direction. Our main tool is a generalization of the
concurrence [10, 11, 12]. When restricted to a special case, this gives an alternative formula
for the negativity. We apply the formula to study entanglement in superpositions of two
bipartite pure states of arbitrary dimension. We derive simple but compact relationships
between the negativity of a superposition and that of its terms for biorthogonal and generic
pure states. In analytical and numerical examples based on randomly generated states, our
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984  Improved bounds on negativity of superpositions

bounds turn out to perform better than previous results obtained in [3, 4, 9]. The expression
for the negativity is presented in Section 2. The bounds are in Section 3. Examples are in
Section 4.

2 Negativity
Let H4 and Hp be Hilbert spaces of dimension d; and ds, respectively. The concurrence (see

[12]) of a pure bipartite state pap = |¢)(¢| in Ha®@Hp is defined as C(|¢)) := /2 (1 — Trp%).
We denote by pg, with S = A, B, the reduced density operator. It is well-known that a pure

state is separable if and only if its concurrence is zero. The square of the concurrence can be

written as
Dy,Ds

C*(|) =2(1=Trph) = > [Connl?, (1)

m,n=1
where Dy = dy(dy — 1)/2, Dy = da(dy — 1)/2, and Crpp = (]thn). Here, [bmn) = (L @
L,)|v*), with L,,,m =1,...,Dq, L,,n =1, ..., Dy being the generators of the groups SO(d;)
and SO(dy), respectively [13]. Since |[¢)) = Zflji?l ijlig) (¢i; € C), with respect to the
computational bases of H 4 and H g, we have the following equivalent form of the concurrence:

1/2
dy,ds /

Cv) =4 D |t — butl?
i<, k<l
By noticing that this is an 5-norm, a straightforward generalization would be

1

d1,dz

Co(l)) == (20 D [atbj — vatbul? | - (2)

1<j,k<l

For our purposes, we shall only consider the case p = 1, which is arguably the simplest to
analyze. Thus, let the ¢;-norm concurrence

dy,da Dy,Ds
Cr(lv)) = | 2 > [bintbje — butjel | = D |Conl, (3)
1<j,k<l m,n=1

where C,,, is as in Eq. (1). For a pure state p, if the eigenvalues of ps are Aq,..., A,
(A1 > ... > \,) then C2(|y)) = Y7, MiA;. Tt follows that

ij=1

Cr(le) = > VAN (4)
ij=1
This expression is nothing but the negativity of the pure state [14]. Recall that the negativity
of pap is defined as N (|¥)) = (||prall; — 1) = ('l’r(pTAp;qA)l/2 —1). Here rhor, is the partial
transpose of pa4p with respect to the subsystem A.

3 Bounds

Let H 4 and H p be Hilbert spaces of dimension N. We consider two states [1), |¢) € H 2 HA®
Hp. Let {|1),...,|N)} be the computational basis of Ha (resp. Hp). We write [¢)) =

Zlgi,jgN ¥i;lig) and |¢) = ElSz‘,jSN ¢ijli). A superposition of |¢) and |¢) is simply

) = al) +B8lg) = D (athyy + Boiy)lis), (5)

1<ij<N
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where |a|? + |3]2 = 1. We say that |[¢) and |¢) are biorthogonal (see [1]), when
Tra[Tre([¥)(W)Tre(l¢){(0])] = Tre[Tra(v){w)Tra(lé){(s])] =

By applying local unitary transformations, |¢) = Zl 1 Yiilid) and |¢) = Zf\; N,y 41 Piilid).

Proposition 1 Let |1) and |¢) be biorthogonal states. Let |x) = a\w>+ﬂ\¢> with |o|?+|8|% =

1. Then
N(Ix)) = la>N(@) + |BPN(¢) + 2|a||8]V/N

Proof. Since |¢) = EZ 1 Yiiltd) and |¢) = ZﬁiNlH ¢ii|it), then

N1
) = abyglid) + Z Bépiii) : Z%zlm
=1 i=Ni+1
By Eq. (3),
N
N(X) = Z |’7Tm’75l - ’YTlstml-
l,m,r,s=1

By disregarding the zero terms and rearranging the sum of the product terms, we have

N N
N(X) = Z |’Ymm71l - 7ml’7lm| = Z h/mm'yll - ’lefylm‘
l,m=1 l,m=1:l#m
N N
= Z |'7mmcll| = Z |7mm| Z |71l|
l,m=1:l#m m=1 l#m

The following equation is straightforward algebra:

N 2 N
X) = (Z |7mm|> - Z "me‘Q
m=1 m=1
Ny N 2 N N
= <Z|Oﬂlh‘i|ii>| + > |6¢mz'>|> = lavili) P+ > |Bgulii)]

i—1 i=N1+1 i—1 i=N1+1

N 2~ N 2 N

.. L2 .. .12

= laf? (Z |¢n‘|”>|> —Z|W|ZZ>| + 187 (Z |¢>n‘|”>|> - Z |pii|i7)|

i—1 i—1 =N, i=N1

Ny N
+20al181 Y [ulia) > gulii)]

=1 i=N1+1

= |al>N(¥) + BI*N(¢) + 2|al|Bl VN
O

Proposition 1 is about biorthogonal states. Let us now focus on generic pure states in H.
Again, by Eq. (3),for a generic pure state |x) = >, ; ;j<n 7ijlij), we have

N N
N(X) = Z |’Y7”m’75l - ’YTZ’Ysm‘ = Z |<X|L7‘s (Y LmllXH? (6)

l,m,r,s=1 m,r,l,s=1
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where {Li;}, ., ;< are the generators of the group SO(N).

Proposition 2 Let |[¢) and |¢) be generic pure states. Let |x) = a|y)+Bl¢) with |al?+|B|? =
1. Then,

N

IXIPN(X) < o> N(@) + [BPN(¢) + 28] > [(¥[Lrs Q) Limil@)| (7)

m,r,l,s=1

22N (¥) — BN (¢) — 20 3 [(¢|Lrs @ Lini|9)],
IXIPN(x') 2 max § —[al?N(@) +[B]*N(¢) — 2/aB| 3 [(¥|Lrs @ Luni9)], (8)
—e]2N (%) = [BPN(¢) + 2|eB] 32 [(¥|Lrs @ Limi|¢)|

where ||x]1? := (x|x), and x' := Tl * X s the normalized state.

Proof. From triangular inequality, we have

N

”XHQN(X/) = Z ‘042(’(/}”,1'(/151 - "/}rlwsm) + 52(¢rm¢sl - ¢Tl¢sm)

m,r,l,s=1

+ aﬁ(¢rm¢sl + ¢rmwsl - wrlgbsm - ¢rl¢sm)| (9)
N
< |O‘|2N(¢) + ‘/B‘QN(QS) + ‘O‘/B| Z |¢rm¢sl + ¢mesl - '(/)Tl(bsm - (Zsrlwsm‘
m,r,l,s=1
N
= o’ N (@) + |BEN(¢) +2laBl Y [(W|Lrs @) Lint|6)-

m,r,l,s=1
The lower bound can be proved similarly:

N
||X||2N(X/) > |04|2N(¢) - ‘ﬁ‘QN((b) - ‘Oéﬁ| Z IwT‘mqhsl + (;brmwsl - ’(/)7'l¢sm - ¢7‘lwsm‘
m,r,l,s=1
N
= |a’N(¥) = |BPN(9) = 20l D [(lLrs Q) Lint9)].

m,r,l,s=1
The other two lower bounds can be easy proved in the same way.

4 Examples

We give here some examples to show that the bounds obtained in Egs. (7) and (8) are close
to the true value of the negativity. A comparison of our bound with results of [3], [4], and
[9] is done by making use of random states, which have been generated with a computer
algebra system [15]. Additionally, some analytical examples are also useful to put in evidence
the advantages of our method. In the following, we consider the state |x) = aly) + b|¢) for
various choices of |¢) and |¢).

1. Let 1) = (0.2266, 0.2941, 0.8821, 0.2897)7 and |¢) = (0.2758, 0.4802, 0.5380, 0.6354)" .

2. Let |¢) = (0.3915, 0.1285, 0.0627, 0.4252, 0.2975, 0.3002, 0.1044, 0.2509, 0.2296, 0.1863,

0.3012, 0.0934, 0.2545, 0.2205, 0.1836, 0.2430)7 and |¢) = (0.3041, 0.2115, 0.1197,
0.2700, 0.3389, 0.3721, 0.0577, 0.3292, 0.3316, 0.0205, 0.2922, 0.0644, 0.0290, 0.1473,

0.2138, 0.3777)7.



Z.-H. Ma, Z.-H. Chen, S. Han, S.-M. Fei, and S. Severini 987

3. Let [¢) = 2=]00) + 5|11) + §]22) and |¢) = J5]00) — 3[11) + §|22).
4. Let |¢) = —5(00) + [11)) and |¢) = —5(]22) — [33)), with [0) = (1,0,0,0)"....,[3) =

(0,0,0,1)7, and a = b = 271/2 The lower and upper bound for the negativity of
|x) given in [4] are 0 and 8, respectively. The bounds obtained from our result are 1
and 3. The bounds for the usual concurrence given in [9] and [3] are —2,2 and —4,4,

respectively. In the case of generic a and b, [4] gives 0 and 4 4+ 8av/1 — a2; our bounds
are instead

max{—1+2a*® — 4a\/1 —a2,1 — 3a® — 2a\/1 — a2, —1 + 4a\/1 — a2}

and (1 + 4av/1 — a?). Thus, our upper bound is always smaller than the one in [4] for
all 0 < a < 1; our lower bound is larger than the one in [4] for 0 < a < 0.966 and
0973 <a <1.

5. Let [1T) = %U0,0) +|1,1)) and |¢T) = %(\0, 1) + |1,0)) be the usual Bell states.
Our upper and lower bounds are 1 and max{—1,1 — 2a?,2a® — 1}; the upper and lower
bounds in [4] are 4av/1 — a? 4+ 1 and 0. Hence, our bounds are tighter.

The bounds for the first three points are illustrated in the the figure (upper-left/upper-
right /lower, respectively). The coefficients a and b are free (here we choose b = —v/1 — a?
for point 3; b = v/1 — a? for the other ones). The bounds are represented by the dotted line
(upper) and the “*’ line (lower); the bound in [9], by the red solid line (upper) and the red
‘-’ line (lower); the bound in [3], by the ‘O’ line (upper) and the ‘+’ line (lower); the bound
in [4], by the lines with pentagrams (upper) and hexagrams (lower). The true value of the
negativity is represented by A and the concurrence by (.
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