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‘We present a new analysis on the quantum control for a quantum system coupled to a
quantum probe. This analysis is based on the coherent control for the quantum system
and a hypothesis that the probe can be prepared in specified initial states. The results
show that a quantum system can be manipulated by probe state-dependent coherent
control. In this sense, the present analysis provides a new control scheme which combines
the coherent control and state preparation technology.
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1 Introduction

Controlling the time evolution [1, 2, 3, 4, 5, 6, 7, 8] of a quantum system is a major task
required for quantum information processing. Several approaches to the control of a quantum
system have been proposed in the past decade, which can be divided into coherent (unitary)
and incoherent (non-unitary) control, according to how the controls enter the dynamics. In
the coherent control scheme, the controls enter the dynamics through the system Hamiltonian.
It affects the time evolution of the system state, but not its spectrum, i.e., the eigenvalues
of the target density matrix py remain unchanged in the dynamics, due to the unitarity of
the evolution. In the incoherent control scheme [9, 10, 11, 12], an auxiliary system, called
probe, is introduced to manipulate the target system through their mutual interaction. This
incoherent control scheme is of relevance whenever the system dynamics can not be directly
accessed, and it provides a non-unitary evolution which is capable for transferring all initial
states (pure or mixed) into an arbitrary pure or mixed state. This breaks the limitation for
the coherent control mentioned above.
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88 Indirect quantum control for finite-dimensional coupled systems

To be specific, Romano and colleagues [9, 10] have investigated accessibility and control-
lability of a quantum bit (or a two-level system) coupled to a quantum probe, under the
condition that the external control affects only the probe. This analysis is based on the Car-
tan decomposition [13, 14, 15] of the dynamics, and hence it is involved for high-dimensional
systems. In Ref.[16] the authors propose a leaning control with a non-equilibrium environ-
ment. The results show that by tailoring the dissipative dynamics we can control the quantum
system form a given state to a limited set of states (reachable states).

In this paper, we first examine the controllability for two-dimensional systems, then extend
the approach to finite-dimensional quantum systems. This analysis is based on the quantum
coherent control scheme and the hypothesis that the probe can be prepared in a specified
initial state. The advantages of this scheme are threefold. Firstly, it overcomes the difficulty
of the Cartan decomposition based analysis. Secondly, it brings a connection between the
coherent control and incoherent control for quantum systems, hence it is easy to be generalized
to finite-dimensional systems. Finally, this analysis provides a new control scheme, namely
quantum states can be manipulated by probe state-dependent coherent control.

Throughout this paper, we describe the state of the controlled quantum system s by a
density matrix ps, a positive, unit trace operator on the Hilbert space H, of the system. The
convex set of all possible states is represented by Ps [9]. Its boundary 9P is a set of pure
states satisfying p? = p,. By the definition [9], the system s is controllable if and only if for
all pairs (p;, pf) € Ps x Ps, there exists a set of controls § such that ps(t = 0) = p; and
Ps(t,§ = Grivea) = py for some t > 0. Suppose that the quantum system s interacts with an
initially unentangled probe p, whose density matrix is denoted by p, on its Hilbert space
H,. The time evolution of the composite system of the controlled system and the probe is
governed by H = H,+ H, + Hy, where H,; and H), are the free Hamiltonian for the controlled
system and the probe, respectively, while H; denotes the coupling of the system and the
probe. Since local transformations do not affect the controllability of the system [9], Hs and
H,, can be ignored safely in the later analysis.

The paper is organized as follows. In Sec.Il, we study the controllability of a two-
dimensional system in the indirect control scheme, then we extend the approach to arbitrary
finite-dimensional systems in Sec. III. Conclusions and discussions are presented in Sec.IV.

2 Two-dimensional systems

Consider a two-dimensional system s coupled to a probe p modeled as another two-dimensional
system. The interaction Hamiltonian describing such a composite system takes the form

Hi(7) = (9107 + 9205 + g505 ) @ (930 + ga}), (1)

+,—,z

where § = (g1, 92,93, 94) are coupling constants, o

acting on Hilbert space H, and H,, respectively.

and ot denote the Pauli matrices

We now show that the two-dimensional system is controllable governed by H;. The com-
plete controllability requires that one can steer the system s from arbitrary initial states to
an arbitrary pure or mixed target state. This requirement on the initial states can be partly
lifted by requiring that the interaction Hamiltonian H; is unchanged up to g under the local
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unitary transformation
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(0, ¢) <e“f’sing cos & >S® p
= f.®1, (2)

where 0 < ¢ < 27, 0 <0 < 7 and I, is the identity operator on H,. By unchanged we mean
Hi(¢') = FH;(§)F', namely the transformation F(6,¢) changes the coupling constants (or
the controls) in the Hamiltonian only. The proof is straightforward. Suppose the composite
system is initially prepared on a state p(0) = ps(0) ® p,(0). The final state of the quantum
system s reads (F' = F (0, ¢))

ps(t:§) = Trp(up(0)u’)
= Tr,(uFTFp(0)FTFul)

= im0 s, (3)

where the trace is taken over the probe, u = e H1(@t 4/ = e_"Hf(gﬁl)t, and p'(0) = Fp(0)F*
represents a set of states which have the same spectrums as p(0). Since the two sets { f.ps(t, 7)f1}
and {ps(t,g)} are in one-to-one correspondence, thus the quantum system s is controllable
initially in {Tr,p’(0)} if and only if it is controllable initially in {Tr,p(0)} [17]. As by proper
choice of the unitary transformation f,, the initial state can be always transformed to the
form
ps(0) = pi = ps(0)]0)s{0] + (1 — ps(0))[1)s(1], (4)

(where |0)s and |1)s denote the ground and excited states of the quantum system, respectively,
and 0 < ps(0) < 1) the system is completely controllable if we can steer the system to arbitrary
target states from the initial state in the form (4).

We then show that the Hamiltonian H; can drive the quantum system from the initial
state ps(0) to an arbitrary final state. The time evolution operator for the composite system
governed by Hj can be written as

U(t) = UL @) H)p(+ + U2 ()] =)p(—, (5)
where |+), = cos §[1),, + sin £]0),,, |—), = sin §|1), — cos 4]0),, and UZ (t) satisty

0
Zh&

HY = +1/63 + 93(910% + 9205 + g505),

g3

N ET

Ui(t) = HLUL(D), (6)

with

sinf =

We assume that the probe is initially prepared on the state

Pp(0) = pp(0)[0), (0 + (1 = pp(0))|1)p (1], (8)
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in terms of |+), and |—),, pp(0) can be rewritten as,

pp(0) = py ) p{H + pp T 1=)p(—]
+ oy (= oy T (9)
where 0 < p,(0) < 1, and p* = cos? g —ppcost, py~ =1—pft, pf~ = $sinf — p,sin,

as well as p,; T = p;‘_. We shall discuss how to prepare such a state for the probe at the end
of this section. After some algebras, we obtain the density matrix for the quantum system at
time ¢

ps(t) = popy TUL(1)|0)s (0T (1)
+ pepy UL (D|0)s (00 (2)
+ (L= p e UL (U ()
+ (1= pa)py UL (1U (8), (10)

define
[V40) = UL0)s, [¥—0) = UZ|0)s,
W_1) = U |L),, |ok) = UilL)s, (11)

clearly |¢40) and [¢3,) are normalized and orthogonal. Rewrite the density matrix for the
quantum system in the basis spanned by {|¢40), |z/1j_‘0>}, we obtain

ity = (i 450 ), az

where (setting pp(O) = pp, and ps(0) = ps)

% P . .
pl(t) = (py")" = T sin2ae” " (2p, — 1),
plt) = psp++ + (1 =ps)p, ~ sin? o +pspp cos? a,
pit(t) = (1—pptt +psp, ~ sina’

+ (L—=psp, cos? .

Here « and [ is defined by,

[¥—0) = cosalto) + sin e [p),

equivalently,
1) = sinae™B[y0) + cos alLy).

Namely,

cosa = [(Y10|Y—0)],
B = Arg(vo|t—o) — Arg(violt—o), (14)
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where Arg denotes a function that extracts the angular component (sometimes called the
phase angle) of a complex number.

For a given target state, we need to determine the control parameters ¢ and initial state
parameter p, from o and [ as well as the conditions that guarantee |¢)1¢) is an arbitrary pure
state of the system. Dependence of ¢ on o and (3 is so complicated that explicit expressions
cannot be found for general cases. We will present an example to show how to calculate this
dependence at the end of this paragraph. Two observations can be made from Eq.(11). (1)
|tb4+0) can be prepared for the quantum system to be an arbitrary pure state (unnormalized),
this can be done by control g; and gs in H3. The reason is that |¢4¢) is a solution to the
Schrodinger equation ih%w}w) = H3 |¢10) with the initial state |0),. Since io? € su(2) and
ioct € su(2) are generators of the Lie algebra SU(2), |¢),0) then can be manipulated to be
any pure state in 9P, by varying ¢1 and go; (2) « (or ) are controllable by g5 and g4 resulting
in the change of the overlap between [1)_g) and [1)1¢). As a result of these observations, we
conclude that pl°(¢) can be manipulated to be zero for any ps and p,, leading to

ps(t) = p ()0} (ol + pLt () [Wto) (Wikol. (15)

Obviously, (p%° + pi!) = 1, and p%° can be arbitrarily controlled in the interval [0,1] by
changing p,. Therefore, the quantum system is controllable with H;. To be specific, from the
condition plo(t) = 0 we can easily find that

1
cosf) = ,
1-2p,
a = nmn=0=x1,+2 ..,
(16)
Suppose that the target state is p2°(t) = ¢, (0 < ¢ < 1), we find
20 20 2 .29
— ps cos? & —sin® £ sin” o — p, sin® ¢ cos 2«

cos 0 sin? o + p; cos @ cos 2o — p, cos f

Eqgs.(16) and (17) together determine the parameters gz, g4 and p,.

In comparison with earlier work [9, 10], it seems that our proposal needs more real param-
eters to control a two-level system. This is not true. In fact, p!°(t) = 0 is not necessary to
prove the controllability. The reason is as follows. Diagonalizing the density matrix Eq.(12),
we can write the state of the quantum system as

ps(t) = By (8)[4 (0)) (4 (0)] + E- () [ () (- (B)]; (18)

with the eigenvalues and the corresponding eigenvectors as follows

1
Bx(t) = 1 [0 + ') £ V(P = o 4

I I .
|94 (t)) = cos §|¢+o> + sin §ew|1/¢0>,

where [¢)_(t)) is orthogonal to |4 (t)), v = Arg(p®!), and the mixing angle I' are defined by
cosT' = (p%0—p!) [(p% — p'1)% + 4|p°! 2] /2 Note that |4 (1)) (or |¢b—(t))) can be controlled
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to be an arbitrary pure state regardless of I' and =, since |[¢)4¢) is controllable (in the sense of
pure states). Hence, two real parameters in H are enough to control |14 (¢)). This together
with the parameter to control E; (from zero to 1/2) [18], only three real parameters are
required to control the two-level system. Therefore, Hamiltonian Eq.(1) can be rewritten as

H1(g) = (9105 + g20%) ® (930, + 930,), (19)

where g1, g2, g3 are real. This Hamiltonian can be realized in solid-state NMR experiment as
follows[19]. Consider two coupled heteronuclear spins I and S under magic angle spinning.
The spins are irradiated with rf fields at their Larmor frequencies along the = direction. In a
doubly rotating Zeeman frame, rotating with both the spins at their Larmor frequency, the
Hamiltonian of the system takes the form

H(t) = wi(t) +ws(t)S. +wis(t)2L.5,
+ w0 L + W ()Sa, (20)

where wr(t), ws(t), and wrg(t) represent time-dependent chemical shifts for the two spins I
and S and the coupling between them, respectively. When the rf field strengths on the two
spins is chosen to be integral (or half integral) multiples of spinning frequency, i.e., wi §=Dwr
and wff = qw,, the Hamiltonian for the dipole-dipole coupling in the interaction frame of the
rf irradiation averages over a rotor period to [19]

His =(AZT+BY 1)+ (CZ~ + DY), (21)

where A, B,C, D are parameters, Z* = IS, T 1,S, and Y*=1,5, + 1,S,. This is exactly
the Hamiltonian in Eq.(19)(the role played by S, and S, are similar).

These discussions implies that a two-level system can be controlled by the Hamiltonian
Eq.(1) together with the initial state preparation of the probe. The probe is not required to
be prepared in an arbitrary initial state, rather it is a specified state determined according to
the target state. In fact, this requirement on the probe can be removed by adding a control
in the Hamiltonian (see Eq.(17)). This holds true for arbitrary finite dimensional systems we
will discuss in the next section.

Before closing this section, we propose a possible way to prepare the probe on the required
mixed state, p,(0) = p,(0)]0),(0] + (1 — pp(0))[1),(1]. For this purpose, we place the probe
in a thermal environment at temperature 7. At equilibrium, the density matrix of the probe
would take the above form with p, = e=#F0 /(e=PEo 4 e=BEL) where 3 = 1/kpT, and Ey(E))
is the energy corresponding to state |0) (]1)). By varying the energy spacing |E; — Ep|, we can
in principle obtain the required p,. Note that p, is not required to vary between 0 and 1 [18],
we conclude that the mixed state prepared in this way meets requirement in this proposal.

3 Finite-dimensional system

In order to extend the approach to finite-dimensional systems, we recall that the controllability
in this case can be expressed in the following way. For any state ps in Ps, the quantum system
is controllable if and only if there exists a Kraus map ®,, such that ®, (ps) = py for all state
ps in Ps. In this section, we shall show that the following Hamiltonian

N

N
Hr=1{ 3" gsli)stil | @ [ Y fanlm)pinl | = ho@ by, (22)

JjF#i=1 m¥#n
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P, =P |00 +(1=p)|1X1]

PO=P" Nty [+ W o) |

Arbitrary

state

Fig. 1. (Color online) Schematic illustration of the proof for controllability. A, B, C and D in
the left Bloch ball represent arbitrary pure and mixed states, in which A and B denote arbitrary
pure states, while C and D denote arbitrary mixed states. The controllability requires that the
quantum system can be controlled from A to B and C to D, from C to A, B and D as well as
from A to C, B and D. We first showed that it is not necessary to require the quantum system
to be controllable starting from an arbitrary initial state (i.e., an arbitrary point in the Bloch
ball), provided the interacting Hamiltonian Hj is unchanged under F'(6, ¢), rather it is enough to
control the system initially from a state on the green line in the middle of Bloch ball. The actual
control can be done by first rotating the initial state G determined by the target state to H, and
then changing the purity of the state G to reach the target state I.

which describes interaction between the system s and the probe p, would give rise to the Kraus
map @, required for the controllability. Here the probe p is modeled as a finite dimensional
system with the same dimension as the system. Assume that the composite system is initially
on an uncorrelated state p(0) = ps(0) ® pp(0), and the target state of the quantum system
reads

ps(t) = Trp[U(t)ps(0) ® pp(O)UT (1)), (23)

where U(t) denotes the time evolution operator of the whole system. Preparing initially the
probe on state (), P, =1)

pp(t=0) = Y Puln)y(n|

= > pun|M)y(N], (24)
M,N
we obtain
ps() = 3" paracUnt(£)°ps (0) U3 (1), (25)

M
Here, |M), is an eigenstate of hy, i.e., hy|M), = E,|M),. It is easy to find that Uj,(t)
satisfies

im0 ),
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N
Hy; = Bum Y, gyl (26)
itj=1

The above results can be readily derived by writing U(t) = > ,, Us;(t)| M), (M|, and ps(t) =
Trid(t) pp(0) ® ps(0)UT(t). With these results, the Kraus map ®,, is

®,.(ps(0)) = > Kar(H)ps(0) KL, (1), (27)
M

where K (t) = /paar Ujy(t). It has been proved that Uj,(t) can drive all initial pure states
of the quantum system s into an arbitrary pure state at some time ¢ > 0 [8, 7]. So U§,(t) can
be written as

Un = ¢ (1)) (par (0)], (28)

where both |¢a(¢)) and |par(0)) are arbitrary and in 9P;. This together with the hypothesis
that the probe can be initially prepared in an arbitrary state, show controllability of the
quantum system s. In contrast to the earlier study [20], in which the authors presented
a constructive proof of complete kinematic state controllability for finite-dimensional open
systems via the Kraus map, we here not only provide the details to realize such a Kraus map
but also derive the equations for parameters to control the system from an arbitrary initial
state to an arbitrary target state. It is worth pointing out that the realization of the Kraus
map is not a trivial task, many works in literature are devoted to this task, in particular not
all Kraus maps allowed in quantum mechanics can be used to control a quantum system. This
problem was shown in Ref. [21] and has been realized in Ref. [16].

Now we present a general formulism to show that the indirect control can be represented
as a combination of coherent control for the quantum system s and preparation of the initial
state of the probe p. Consider an initial state of the composite system p(0) = p,(0) @ p,(0),
and a Hamiltonian H = H;® H, that governs the evolution of the composite system. Suppose
that both the quantum system and the probe are N-dimensional, and the quantum system is
coherently controllable driven by H,. The latter assumption means Hy can drive the quantum
system from an arbitrary pure state to any other pure state, i.e., {|¢;)s = e ":t|i) |i =
1,2,..., N} spans a basis for the quantum system, and |¢;)s is an arbitrary pure state in 9P;
for any ¢. The density matrix for the quantum system at time ¢ reads

ps(t) =D plmle 1) (0) @ py (0)e'HeEH) ),

m

Choosing Hy|m), = E,,|m),, we obtain
ps(t) = ij > p(mlop(0)lm)y|é; (Emt)) (65 (Emt)], (29)

where we have set the initial state of the system as ps(0) = >~ p;|j)s(j|, and used the relation
|9 (Emt)) = e *H=Emt|j)  Suppose the target state is (X9 =1

ps(T) =Y Gl dm(T)) (G (T, (30)
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we find the condition to determine the controls in Hy and H),
Go = Y05 ) p(mlpp(0)lm)ylcl™ |,
J m
> _pi Y p{mlpp(0)mpes™ (™) =0,
J m

a7537:1727"'7N7 (31)

where ¢I™ is defined by |¢;(Emnt)) = >, ¢Z™|¢a(T)). These results suggest that the manip-
ulation of a quantum system may be realized by coherent controls for the quantum system
conditioned on the spectrum of the initial density matrix of the probe.

Before summarize our results, we present a discussion on the limitation of this scheme.
This limitation resulting from the Hamiltonian in the form H; = h;®h,, is that the completely
mixed states of the system remains completely mixed. We take the two-dimensional system
as an example to show this drawback. Consider an initial state of the whole system

1
where [ is a identity operator. Following the same procedure in Sec.2, we obtain the den-
sity matrix of the system at time ¢, ps(t) = 1/2I, i.e., the completely mixed state remains
completely mixed. Nevertheless, the presented results could be useful in the less demanding
objective of purification[22], which is already explored in the NMR experiment.

4 conclusion

In this paper we have presented a scheme for indirect control of a quantum system coupled to
a probe. This control scheme is actually a combination of coherent control conditioned on the
initial state of the probe. For a two-level system, we have proved that the restriction on the
initial state for the quantum system can be partly removed. This simplifies the formulation for
the controllability. The scheme has been generalized to arbitrary finite dimensional systems
and equations to determine the controls are given. We would like to note that the probe is
not required to be initially prepared in an arbitrary state but with a specified spectrum. This
requirement can be lifted by adding more controls in the composite systems.

This work was supported by NSF of China under grant Nos. 10775023, 10675085, and
10935010.
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