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This paper is an expanded and more detailed version of the work [1] in which the Oper-
ator Quantum Error Correction formalism was introduced. This is a new scheme for the
error correction of quantum operations that incorporates the known techniques — i.e.
the standard error correction model, the method of decoherence-free subspaces, and the
noiseless subsystem method — as special cases, and relies on a generalized mathemat-
ical framework for noiseless subsystems that applies to arbitrary quantum operations.
We also discuss a number of examples and introduce the notion of “unitarily noiseless
subsystems”.
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1 Introduction

A unified and generalized approach to quantum error correction, called Operator Quantum
Error Correction (OQEC), was recently introduced in [1]. This formalism unifies all of the
known techniques for the error correction of quantum operations — i.e. the standard model
[2, 3, 4, 5], the method of decoherence-free subspaces [6, 7, 8, 9] and the noiseless subsystem
method [10, 11, 12] — under a single umbrella. An important new framework introduced as
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part of this scheme opens up the possibility of studying noiseless subsystems for arbitrary
quantum operations.

This paper is an expanded and more detailed version of the work [1]. We provide complete
details for proofs sketched there, and in some cases we present an alternative “operator”
approach that leads to new information. Specifically, we show that correction of the general
codes introduced in [1] is equivalent to correction of certain operator algebras, and we use
this to give a new proof for the main testable conditions in this scheme. In addition, we
discuss a number of examples throughout the paper, and introduce the notion of “unitarily
noiseless subsystems” as a relaxation of the requirement in the noiseless subsystem formalism
for immunity to errors.

2 Preliminaries
2.1 Quantum Operations

Let H be a (finite-dimensional) Hilbert space and let B(H) be the set of operators on H. A
quantum operation (or channel, or evolution) on H is a linear map & : B(H) — B(H) that is
completely positive and preserves traces. Every channel has an “operator-sum representation”
of the form (o) = >, E,0E}, Vo € B(H), where {E,} C B(H) are the Kraus operators (or
errors) associated with €. As a convenience we shall write £ = {E,} when the F, determine
£ in this way.

The choice of operators that yield this form is not unique, but if &€ = {E,} = {Fy}
(without loss of generality assume the cardinalities of the sets are the same), then there is
a unitary matrix U = (uqp) such that E, = Y, uwFy, Va. The map £ is said to be unital
or bistochastic if E(1) = Y, E,E} = 1. Trace preservation of £ can be phrased in terms of
the error operators via the equation ), E!E, = 1, which is equivalent to the dual map for &
being unital.

2.2 Standard Model for Quantum Error Correction

The “Standard Model” for the error correction of quantum operations [2, 3, 4, 5] consists of
triples (R, E,C) where C is a subspace, a quantum code, of a Hilbert space H associated with
a given quantum system. The error £ and recovery R are quantum operations on B(H) such
that R undoes the effects of £ on C in the following sense:

(Ro&)(o)=0 Vo= PFeoP, (1)

where Pc is the projection of H onto C.

When there exists such an R for a given pair £,C, the subspace C is said to be correctable
for €. The existence of a recovery operation R of & = {E,} on C may be cleanly phrased in
terms of the {E,} as follows [4, 5]:

PeElEyPe = AyPe VYa,b (2)

for some matrix A = (Agp). It is easy to see that this condition is independent of the operator-
sum representation for £.

2.3 Noiseless Subsystems and Decoherence-Free Subspaces

Let £ = {E,} be a quantum operation on H. Let A be the C*-algebra generated by the E,,
so A = Alg{E,, El}. This is the set of polynomials in the E, and El. As a f-algebra (i.e.,
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a finite-dimensional C*-algebra [13, 14, 15]), A has a unique decomposition up to unitary
equivalence of the form

A 2 DM, 01,,), 3)

J

where M, , is the full matrix algebra B(C™) represented with respect to a given orthonormal
basis and 1,,, is the identity on C™/. This means there is an orthonormal basis such that the
matrix representations of operators in A with respect to this basis have the form in Eq. (3).
Typically A is called the interaction algebra associated with the operation £.

The standard “noiseless subsystem” method of quantum error correction [10, 11, 12] makes
use of the operator algebra structure of the noise commutant associated with &;

A'={oc€B(H): Ec =oE VE € {E,,El}}.

Observe that when £ is unital, all the states encoded in A’ are immune to the errors of £.
Thus, this is in effect a method of passive error correction. The structure of A given in Eq. (3)
implies that the noise commutant is unitarily equivalent to

A= P (L, @ My,). (4)

J

It is obvious from Egs. (3,4) that elements of A’ are immune to the errors of A when & is
unital. In [16] the converse of this statement was proved. Specifically, when &£ is unital the
noise commutant coincides with the fixed point set for &; i.e.,

A" =Fix(§) = {oce€eBH):&(0) = ZanEl =o}. (5)

This is precisely the reason that A" may be used to produce noiseless subsystems for unital
£. We note that the noiseless subsystem method may be regarded as containing the method
of decoherence-free subspaces [6, 7, 8, 9] as a special case, in the sense that this method makes
use of the summands 1,,, ® M,,, where m; = 1, inside the noise commutant A’ for encoding
information.

While many physical noise models satisfy the unital constraint, the generic quantum oper-
ation is non-unital. Below we show how shifting the focus from A’ to Fix(€) (and related sets)
quite naturally leads to the notion of noiseless subsystems that applies to arbitrary quantum
operations.

3 Noiseless Subsystems For Arbitrary Quantum Operations

In this section we describe a generalized mathematical framework for noiseless subsystems that
applies to arbitrary (not necessarily unital) quantum operations and serves as a building block
for the OQEC scheme presented below. Note that a subsystem that is noiseless for a certain
map will also be noiseless for any other map whose Kraus operators are linear combinations
of the Kraus operators of the original map. Hence, for the purpose of noiseless encoding,
any map whose Kraus operators span is closed under conjugation is equivalent to a unital
map. The mathematical framework utilized in [10, 11, 12] produces noiseless subsystems for
precisely these kinds of operations, and so may effectively be regarded as restricted to unital
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channels. That being said, it is desirable to find a means by which noiseless subsystems can
be discovered without relying on the unital nature of an operation, or the structure of its
noise commutant. The main result of this section (Theorem 1) shows explicitly how this may
be accomplished.

Note that the structure of the algebra A given in Eq. (3) induces a natural decomposition
of the Hilbert space

H=EH; oM, (6)
J

where the “noisy subsystems” Hf}‘ have dimension m; and the “noiseless subsystems” HZ
have dimension n ;. For brevity, we focus on the case where information is encoded in a single
noiseless sector of B(H), and hence

H=MH'@oHP)a K (7)

with dim(H4) = m, dim(H?) = n and dim K = dim H —mn. We shall write c* for operators
in B(H*) and o® for operators in B(H?). Thus the restriction of the noise commutant A’ to
HA ® HE consists of the operators of the form o = 14 ® & where 1# is the identity element
of B(H?).

For notational purposes, assume that ordered orthonormal bases have been chosen for
HA = span{|a;)}, and HP = span{|Bj)}7_, that yield the matrix representation of the
corresponding subalgebra of A’ as 14 @ B (HP) = 1, ® M,,. We let

Py =X 01?7 V1<kli<m (8)

denote the corresponding family of “matrix units” in A associated with this decomposition.
The following identities are readily verified and are the defining properties for a family of
matrix units:

Py = PuPuPy V1<EkI<m
Pl, = Py V1<kl<m
Py ifl=10
PuaFuk { 0 LAl

Define the projection Py = Pij + ... + Py, so that PyH = HA @ HB, PQJ( =1 — Py and
PjH = K. Further define a superoperator Py by the action Py(-) = Py(-)Py. The following
result is readily proved.

Lemma 1 The map T : B(H) — B(H) given by I' = { Py} satisfies the following:

[(0) =Y PuoPl,=1" @ (TraoPa)(0) € 1" @ B(HP), (9)
k,l

for all operators o € B(H), so in particular T(c? @ 0B) o« 14 @ 0B for all o* and oB.

Note. While we have stated this result as part of a discussion on a subalgebra of a noise
commutant, it is valid for any t-algebra B = 14 @ B(H?) with matrix units { Py} generating
the algebra B(HA) @ 17.
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We now turn to the generalized noiseless subsystems method. In this framework, the
quantum information is encoded in ¢Z; i.e., the state of the noiseless subsystem. But it is
not necessary for the noisy subsystem to remain in the maximally mixed state 14 under € ,
as is the case for noiseless subsystems of unital channels, it could in principle get mapped to
any other state.

In order to formalize this idea, define for a fixed decomposition H = (H* @ HB) @ K the
set of operators

A={oce€B(H):0=0"®0", for some o and oP}. (10)

Notice that this set has the structure of a semigroup and includes operator algebras such
as Ao = 1" @ B(HP) and |ax)Xar| © B(HP). We note that in the formulation below, the
operation £ maps the set of operators on the subspace Py H = H” @ HE to itself.

Lemma 2 Given a fived decomposition H = (H* @ HP) @ K and a quantum operation &
on B(H), the following four conditions are equivalent, and are the defining properties of the
noiseless subsystem B:

(1) YoA YoB, 3r4 . E(cd @ 0PB) =74 @ 0P
(2) VoB, Ird . E1* @ oP) =14 ® 0B
(3) Yo eA : (TraoPyo&)(o) =Tra(o).

Proof. The implications 1. = 2. and 1. = 3. are trivial. To prove 2. = 1., first let
|¢) € HE and put P = |[¢)v|. Suppose that {|ay)} is an orthonormal basis for H4. Then
S larXax| = 1 and by 2. and the positivity of £ we have for all k,

0<E(lar)ar| @ P) < E(1% @ P)
= 74P
= (I*®P)(r* @ P)(1* @ P).

It follows that there are positive operators oy, , € B(HA) such that &(|ag)a|® P) = oy 1@ P
for all k. A standard linearity argument may be used to show that the operators oy j do not
depend on |¢). Condition 1. now follows from the linearity of £.

To prove 3. = 2., first note that since £ and Tr, are positive and trace preserving, 3.
implies that (Py 0 &) (o) = E(0) for all o € A. Now fix |¢) € HP and put o = 1" ® P where
P = |¢)v|. Then by 3. we have

Tra (14 ® P) E(0) (1* @ P)) = Tra(o).

It follows again from the trace preservation and positivity of Try and & that oc€(0)o = E(0),
and hence there is a 74 such that £(c) = 74 ® P. The above argument may now be used to
show that 74 is independent of |¢), and the rest follows from the linearity of £. O

Definition 1 The subsystem B is said to be noiseless for € when it satisfies one — and hence
all — of the conditions in Lemma 2.

We next give necessary and sufficient conditions for a subsystem to be noiseless for a map

£=1{E,).
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Theorem 1 Let £ = {E,} be a quantum operation on B(H) and let A be a semigroup in
B(H) as in Eq. (10). Then the following three conditions are equivalent:

(1) The B-sector of A encodes a noiseless subsystem for £ (decoherence-free subspace in the
case m=1), as in Definition 1.

(2) The subspace Py H = HA @ HP is invariant for the operators E, and the restrictions
E.|pyn belong to the algebra B(HA) @ 15.

(8) The following two conditions hold for any choice of matriz units {Pg; : 1 < k,1 < m}
for B(HA) @ 18 as in Eq. (8):

PrpE Py = Nari Py Va,k,l (11)
for some set of scalars (Aqk1) and

EaPQ( = PQ[EaPQ[ Va. (12)

Proof. Since the matrix units {Py;} generate B(H*) ® 17 as an algebra, it follows that 3. is
a restatement of 2. To prove the necessity of Eqs. (11,12) for 1., let T : B(H) — 1 @ B(HP)
be defined by the matrix units for 2 as above and note that Lemma 1 and Lemma 2 imply

(Fo&ol)(0) xT'(s) forall o€ B(H). (13)

As in the proof of Lemma 2, the proportionality factor cannot depend on o, so the sets of
operators {Py; E,P;} and {APy/ s} define the same map for some scalar A. We may thus find
a set of scalars fixiqi k1 such that

P E, Py = ZMkiajl,k’l’Pk’l“ (14)
el

Multiplying both sides of this equality on the right by P, and on the left by Py, we see that
Hkiajl k'l = 0 when k 7é kl or [ 7& l/. This implies Eq. (1].) with )\akl = KUkkall,kl-

For the second condition, as a consequence of Lemma 2 we have Py &(Py(c)) Py = 0 for all
o € B(H). Equation (12) follows from this observation via consideration of the operator-sum
representation (see § 2.1) for &.

To prove sufficiency of Egs. (11), (12) for 1., we use the identity Py = >~ P to establish
for all o = Pyo € A,

E(0) = (Pu+Pg)) E.0El(Pu+ Py)

= Z PQ[EQO'E:{PQ[

Z PkkEaO—ElPk/k“
a,k,k’

Combining this with the identity

o ®oP = PQ[(O’A @ PPy = ZP”(UA @ aB)Puy
LI
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implies for all 0 = 04 ® 0@ € ,

S(UA ® UB) = Z Pkk:EaPll(UA ® UB)P[/l/ElPk/k/
a,k,k’, 11’
= Z )\aklxuk/l/Pkl(O'A ®O’B)H/k/,
a,k,k’ 11’

The proof now follows from the fact that the matrix units Pj; act trivially on the B(HP)
sector. J

Remark. In the case that the semigroup 2 is determined by a matrix block inside the noise
commutant A’ for a unital channel £ = {E, }, and hence arises through the algebraic approach
as in the discussion at the start of this section, the conditions Eqgs. (11,12) follow from the
structure of A = Alg{E,, E]} determined by the matrix units Py;. However, Egs. (11,12) do
not necessarily imply that the noiseless subsystem B is obtained via the noise commutant for
E. See [17] for further discussions on this point.

We now discuss a pair of non-unital examples of channels with noiseless subsystems.
Example. As a simple illustration of a noiseless subsystem in a non-unital case, consider
the quantum channel £ : My — My with errors £ = {E, E2} obtained as follows. Fix 7,
0 <~ <1, and with respect to the basis {|0), |1)} let

(Vi 0 (0
FO = < 0 \/ﬁ and F1 = \/ﬁ 0 .
Then define F; = F; ® 1y, for i = 0,1. That ), EZTEZ = 1, follows from ), FZ-TFZ- = 1, which
can be verified straightforwardly.
Decompose C* = HA @ HE with respect to the standard basis, so that H* = HEZ = C2.
Then for all 0 = 04 ® o8, we have

1 1
E(o) = ZEi(UA ® JB)EZ]L = (Z FiO'AFiT) ®ob.
=0 i=0

The operator 74 from Lemma 2 is given by 74 = > FiaAF;r in this case. It follows that B
encodes a noiseless subsystem for £. Also observe that, as opposed to the completely error-free
evolution that characterizes the unital case, in this case we have £(14 @ o) # 14 @ 0P,
Example. We next present a non-unital channel with a pair of noiseless subsystems; one
that is supported by the noise commutant, and one that is not. We shall explicitly indicate
Egs. (11,12) in this case. Let & = {Eop, E1} be the channel on C* = C? ® C? with Kraus
operators defined with respect to the computational basis by

Ey
Ey

a(|00X00] + [11)(11]) + [01)(01] 4 [10)(10],
5(100%00] + [10)00] + [01)(11] + [11)(11]),

where 0 < ¢ < 1 is fixed, and @ = /T—2¢q and § = ,/q. (Notice that £ is non-unital;
M) # 1)

Let HP' = span{|01),|10)} and H** = C, so that H** @ HP+ = HB:. We may regard
|0) = |01) and |1) = |10) as logical zero and logical one states in this case. Let Q =
01)(01] + [10)(10|. Then

Ey@Q =Q =QEy = QEyQ
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EiQ=0=QEQ.
Thus, Egs. (11,12) are satisfied and it follows from Theorem 1 that Bj is a noiseless subsystem
(a subspace in this case) for £. To see this explicitly, let o € B(H?1) be arbitrary, and so

o = a|01)01] + b|01)10] + ¢|10)01] + d|10)10],
for some a,b,c,d € C. Then
£(0) = EyoE} + E\0E] =0,

and the conditions of Lemma 2 are satisfied for all ¢ € B(HP') = B(HA*@HP1). Observe that
a typical operator o € B(HP") satisfies Ey0 = 0 # o Ey, and hence this noiseless subsystem
is not supported by the noise commutant for £.

There is another noiseless subsystem for £ which is supported by the noise commutant.
Decompose C* = HA2 @ HPB2 into the product of a pair of single qubit systems H*? =
span{|a1), |a2)} = C? and HP? = span{|3,),|B2)} = C? such that

_|00) 4 ]11)
|Ot1> ® |ﬂ1> - \/§
lo) @ |B2) = |00>\;§11>

_|10) +101)
loag) @ |B1) = A
o)1) — L2100

V2
As noted below, [0r) = |81) and |11) = |B2) are logical zero and logical one states that remain
immune to the errors of £. For 1 < k,l < 2, let

Py = |apfa| o1
= |ar)ou| ® ([B1)B1] + [B2)B2])
= (lax) ®[61)) (| @ (B1]) + (lar) ©[62)) ({au| @ (Bz])
be the matrix units associated with this decomposition, and notice that these operators are
given by
Pry = |00)X00| + [11X11]  Pra = [00X10] 4 [11)01]
Py = |10X00] + |01)X11| Pap = |10)10| 4 [01X01].
We calculate to find:
P EgPry = aPyy PriEgPy = 0P
PyoEgP11 = 0Py PasEoPag = Pao
P E1Piy = B8P PriE1Pa = 0P
Py E1 P1y = 0Py Pog By Poy = 0.

Thus, Egs. (11,12) are satisfied and it follows from Theorem 1 that Bs is a noiseless subsystem
for £. As an illustration of the conditions from Lemma 2 in this case, one can check that

EMy®o)=(',74,)®0c  VoeBH™),

q
where the tensor decomposition C* = H42 ® HP2 is given above.
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4 Operator Quantum Error Correction

The unified scheme for quantum error correction consists of a triple (R, £, ) where again R
and & are quantum operations on some B(H), but now 2 is a semigroup in B(H) defined as
above with respect to a fixed decomposition H = (H” ® HE) @ K.

Definition 2 Given such a triple (R,E,2l) we say the B-sector of 2 is correctable for € if

(TraoPyoRoE)(0) =Tra(o) foral oe (15)

In other words, (R, £, ) is a correctable triple if the H? sector of the semigroup 2 encodes
a noiseless subsystem for the error map R o £. Thus, substituting £ by R o £ in Lemma 2
offers alternative equivalent definitions of a correctable triple. Since correctable codes consist
of operator semigroups and algebras, we refer to this scheme as Operator Quantum Error
Correction (OQEC). Observe that the standard model for error correction is given by the
particular case in the OQEC model that occurs when m = dim H“ = 1. Lemma 2 shows that
the decoherence-free subspace and noiseless subsystem methods are captured in this model
when R = id is the identity channel and, respectively, m =1 and m > 1.

While we focus on the general setting of operator semigroups 2 as correctable codes, it
is important to note that correctability of a given 2 is equivalent to the precise correction of
the f-algebra

Ay = 14 @ B(HP)
in the following sense. (Note the difference between 2l just defined and A = {o = 04 ® o8 :
o4B ¢ B(HAP)}; in the former case the A sector is restricted to the maximally mixed state
while in the latter it is not.)

Theorem 2 Let £ = {E,} be a quantum operation on B(H) and let A be a semigroup
in B(H) as in Eq. (10). Then the B-sector of A is correctable for & if and only if there is a
quantum operation R on B(H) such that

(Ro&)(o)=0 VoeU. (16)

Proof. If Eq. (16) holds, then condition 2. of Lemma 2 holds for R o & with 74 = 1 and
hence the B-sector of 2 is correctable for £. For the converse, suppose that condition 2. of
Lemma 2 holds for Ro&. Note that the map IV = {ﬁPkl} is trace preserving on B(HA@H?P).

Thus by Lemma 1 we have for all o2,
T oRo &I @oP)=T'(4 0 0P) x 1* ® 5. (17)

By trace preservation the proportionality factor must be one, and hence Eq. (16) is satisfied
for ("o R) o &. The map I'' may be extended to a quantum operation on B(H) by including
the projection Pj onto K as a Kraus operator. As this does not effect the calculation Eq. (17),
the result follows. O

We next derive a testable condition that characterizes correctable codes for a given channel
£ in terms of its error operators and generalizes Eq. (2) for the standard model. We first glean
some interesting peripheral information.
Lemma 3 Let £ = {E,} be a quantum operation on B(H) and let P be a projection on H.
If E(P) = P, then the range space C for P is invariant for every E,; that is,

E,P = PE,P Va.
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Proof. Let |¢) belong to C = PH. Then by hypothesis and the positivity of £, for each a we
have

EJJYXeIE} <) Bylw)Xe|Ef = E(Jw)¢]) < E(P) = P.
b

Thus PH(E,[Y)¢|E})P+ < PLPP+ = 0 and so P E,[¢)) = 0. As both [¢)) and a were
arbitrary the result follows. [J

An adjustment of this proof shows that more is true when £ is contractive (£(1) < 1).
Specifically, £(P) < P if and only if E,P = PE,P for all a in this event. In the special case
of unital operations one can further obtain the following [16].
Proposition 1. If £ = {E,} is a unital quantum operation and P is a projector, then
E(P) = P if and only if the range space for P reduces each E,; that is, PE, = E,P for all a.

We now prove necessary and sufficient conditions for a semigroup 2 to be correctable for
a given error model. Sufficiency was first proven in [18]. We assume that matrix units { Py}
inside B(H*) ® 1% have been identified as above.

Theorem 3 Let £ = {E,} be a quantum operation on B(H) and let A be a semigroup in
B(H) as in Eq. (10). Then the B-sector of 2 is correctable for £ if and only if for any choice
of matriz units { Py} for B(H*) @ 1% as in Eq. (8), there are scalars A = (Aqprt) such that

Pk EIEyPy = Aapei Prr Va, b, k, 1. (18)

Proof. To prove necessity, by Theorem 2 we can assume there is a quantum operation R on
B(H) such that R o € acts as the identity channel on 2, = 14 ® B(H?) C B(H). For brevity,
we shall first suppose that R = id is the identity channel.

Let C = Py'H be the range of the projection Py = Py1 + ...+ P Then since Py € 2y
we have £(Py) = Py and so Lemma 3 gives us PyE,|c = Eqlc for all a.

With B(C) naturally regarded as imbedded inside B(H), define a completely positive map
Ec : B(C) — B(C) via

g = 5c(0) = PQ[g(O')|C = PQ(E(PQ[O’PQ()‘C

for all o € B(C). Then we have

Y (PaEale) (PaEale) = Y PaE}Ealc = Palyle = e,

a

and so & defines a quantum operation on B(C). Moreover, & is unital as
Ec(le) = Pu&(Py)le = 1e.
Thus by hypothesis and Eq. (5) we have
Aole € Fix(Ee) = {PaLalc, PaEjlc},
where the latter commutant is computed inside B(C). It follows that
B(H*) @17 = (Uole)’ 2 {PuFalc, PaEflc} = C*({PuEalc}).

Since the Py form a set of matrix units that generate (Py®olc)’ = B(HA) @ 17 as a vector
space, there are scalars pqr; € C such that

Py EqPy = Pri(PuEqlc)Pu = ftaki Pr-
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We now turn to the general case and suppose R = {R,}. The noise operators for the
operation R o £ are {RyE,} and thus we may find scalars pqpr; such that
PixRyEoPu = pavki Prr - Va, bk, L.

Consider the products

(PkkaEa]Dll)T(Pk/k/RbEa/_Pl/l/) = (mﬂk) (/’La’bk’l’Pk’l’)
(Tavkiparvkr )Py i k=K
B 0 if k # Kk

Noting that C is invariant for the noise operators R, E, by Lemma 3, for fixed a,a’ and 1,1’
we use 3", RI R, = 1 to obtain

(Zuabklﬂa/bw)Pw = Z(PllElRZPkk)(PkkaEa’Pl’l’)
b,k b,k

- ZP”EZRZPQ{R[)EQIPZ/Z/
b

— BIE';(ZRZRb)Ea/Pl/l/
b

= PyE}E.Pu

The proof is completed by setting Agq/ iy = Zb,k Tabkita vk for all a,a’ and I,1'.

For sufficiency, let us assume that Eq. (18) holds. Let o) = |ax)ax| € B(HA), for
1 < k < m, and define a quantum operation &, : B(H?) — B(H) by &(p?) = E(or @ pP).
With P = Py and E, = E.P|ag), it follows that & = {E,,}. We shall find a quantum
operation that globally corrects all of the errors E, j.

To do this, first note that we may define a quantum operation £z : B(H?) — B(H) with
error model

1
Ep = {ﬁEa’k :Va, V1 <k < m}.
Then Eq. (18) and P = )", Py give us
2B B, 17 = 1%(a|PEE,Pla)1”

= Z]1B<ak|Pk’k/ElEbPl/l/|al>ﬂB
kU

= > Xawr 17| Porr]an) 1P = Xy 17,
KU

In particular, Standard QEC implies the existence of a quantum operation R : B(H) — B(H?P)
such that (R o Eg)(p?) = p® for all p&.
This implies that

Ro&)@ @ o) = R(D &™)
k

1
mR(Y EEa,kpBE;k)
k,a

= mRo&p(pP) =mpP.
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Hence we may define a channel Iy : B(H?) — B(H) via Iy(p?) = L(1* @ pP). Thus, on

defining R’ = Iy o R, we obtain

1
m

(Ro&)1*®p?) =14 ®p? Vp? e B(HP).

The result now follows from an application of Theorem 2. [0

Remark. The necessity of Eq. (18) for correction was initially established in [1]. Here we
have provided a new operator algebra proof based on Eq. (5) and Theorem 2. In the original
draft of this paper, we established sufficiency of Eq. (18) up to a set of technical conditions.
More recently, sufficiency was established in full generality in [18]. In [18], two proofs of
sufficiency were given; the first casts this condition into information theoretic language, and
a sketch was given for the second. Here we have presented an operator algebra version (based
on Theorem 2) of the proof of sufficiency sketched in [18].

Let us note that Eq. (18) is independent of the choice of basis {|ay)} that define the family
Py, and of the operator-sum representation for £. In particular, under the changes |a}) =
> ukt|ay) and Fy = Y, wap By, the scalars A change to A, = Dy Wkl Ui Waa Whty Aabki -

Equation (18) generalizes the quantum error correction condition Eq. (2) to the case where
information is encoded in operators, not necessarily restricted to act on a fixed code subspace
C. However, observe that setting k = [ in Eq. (18) gives the standard error correction condition
Eq. (2) with Pz = Pgj. This leads to the following result.

Theorem 4 If (R,E,2) is a correctable triple for some semigroup A defined as in Eq. (10),
then (Pr o R, E, P Pyi) is a correctable triple according to the standard definition Eq. (2),
where Py is any minimal reducing projection of ™Ay = 14 ®B(HE), and the map Py, is defined
by Pu(-) = 32, Pul(-) P
Proof. Let o € |ag)ax| ® B(HB), so that 0 = PypoPyi. Let € = {E,} and R = {R,}. By
Theorem 1 there are scalars Aqpg; such that Py Ry Eo Py = Aapri Prr Va, b, k, 1. 1t follows that

(’PkORO€)(O—) = ZPkIRbEaPkkUPkkElRZPlk
a,b,l

> (NavixPik)o (Ravik Pr)
a,b,l

(Z |>\ablk\2>0.

a,b,l

Thus (ProRo&) (o) x o for all o € |ayXar| @ B(HP), the proportionality factor independent
of 0. In fact, this factor is one. To see this, fix k and note that Theorem 1 shows that

RyEo Py, = Ry Eq Py Py, = Py Ry Eo Py Py = Py RyEy Pre Va,b.

Hence, trace preservation of R o £ yields

O Pasinl?) P = Z(PkkElepll)(PlleEaPkk)
a,b,l a,b,l
= Pkk(ZElRZPgleEa)Pkk
a,b

= Pur(D_ EIR]RyE,) Pir = Pay.
a,b
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As k was arbitrary, the result follows. [

Remark. Theorem 4 has important consequences. Given a map &, the existence of a cor-
rectable code subspace C — captured by the standard error correction condition Eq. (2) —
is a prerequisite to the existence of any known type of error correction or prevention scheme
(including the generalizations introduced here and in [1]). Moreover, Theorem 4 shows how
to transform any one of these error correction or prevention techniques into a standard error
correction scheme. However, while OQEC does not lead to new families of codes, it does allow
for simpler correction procedures. See [19, 20] for further discussions on this point.
Remark. As a special case, Theorem 4 demonstrates that to every noiseless subsystem,
there is an associated QEC code obtained by projecting the A-sector to a pure state. This is
complementary to Theorem 6 of [10] which demonstrates that every QEC scheme composed
of a triple (R, E,C) arises as a noiseless subsystem of the map £ o R.

We conclude this section by exhibiting the 2-qubit case of a new class of quantum channels,
together with correctable subsystems, that is covered by OQEC, but for which the recovery
operation does not fit into the Standard QEC protocol.

First, let us recall briefly that the motivating class of channels £ = {E,} which satisfy

Eq. (2) occur when the restrictions E,|p, = Eq|c of the error operators to C are scalar mul-
tiples of unitary operators U, such that the subspaces U,C are mutually orthogonal. In fact,
this case describes any error model that satisfies Eq. (2), up to a linear transformation of the
error operators. In this situation the positive scalar matrix A is diagonal. A correction opera-
tion here may be constructed by an application of the measurement operation determined by
the subspaces U,C, followed by the reversals of the corresponding restricted unitaries U, F¢.
Specifically, if P, is the projection of H onto U,C, then R = {U[P,} satisfies Eq. (1) for £ on
C. The following is a generalization of this class of channels to the OQEC setting. For clarity
we focus on the 2-qubit case.
Example. Let {|a), |b), |a’),|V')} and {|a;), |b1),|az2), |b2)} be two orthonormal bases for C*.
Let P; be the projection onto span{|a), |b)} and P, the projection onto span{|a’), |0')}. Let
Qi, i = 1,2, be the projection onto span{|a;), |b;)}. Define operators Uy, U], Us, U} on C* as
follows:

Utla) = la1) Usla) = laz2)
Urlb) = |b1) Uslb) = |b2)
Ull) = la1) Usla’) = lag) ’
uily)y = |b1) Uslt'y = |ba)

and put U1 P, = UjP; = UsP, = U,P; = 0. Then these operators are “partial isometries”
and satisty Uy = U1 Py, U] = U{ Py, Uy = Uy Py, U} = USP,. The operators £ = {F1, Es}
define a quantum channel where

1
B = *2(U1P1 +UP,)

1
Ey = —(Uy P, — Uy PRy).
2 \/5(21 22)

The action of E; and FEj is indicated in Figure 1.
Here the matrix units are given by

P1 = Pll = |&><a| + |b><b‘
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Fig. 1.
la) E jax)
Py g Q@1
|b1)
|az)
P2 QQ
|b2)
Py = Poy = |a’)(a| + [b) (V]
Prz = |a){a| + [b) (V|
Py = |a)(al + (V') (D]
For trace preservation, observe that
1
ElE, = 5(PlUlT + P (U)Y) (UL Py + UL )

1
= §(P11 + Py + Po1 + Pa3).

Similarly, we compute
1
EYE, = §(P11 — Piy — Poy + Pa2).

Thus we have EI B+ EgEg = Py + Py = 14. Equations (18) are computed as follows:
f 1 -
PkEi EiPk = §Pk for Z,k == 1,2,

PkEZEjPZZO for i#j and k,l=1,2,
P1E1E1P2 — 5P12 = (ile) = (P2E1E1P1) R
-1

1
PIEYEsPy = —Pio = (5 Pn)' = (REJEP).

Define
Vit =U1P1, Vig=UiP,, Vo =UsP, Vo =UyP,

and observe that
ViV = U1 AU} = Q1 = Ul Pa(U7)T = Via Vi,

Va1 Vi) = U PLUS = Q2 = U Py (US)T = Vao Vi,
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Then a calculation shows that the channel

1 .
R = {ﬁvijj 1 §],k§2}
corrects for all errors induced by £ on 2y = 1y ® Ms. Specifically, (R o £)(0) = o for
all o € B(C*) which have a matrix representation of the form o = (G 2 ), 01 € Mo,

1
with respect to the ordered basis {|a), |b), |a’),|V')} for C*. That is, (R o £)(o) = o for all
a1, @12, 01, a2 € C and all

o = on(lafal + la’Xa'l) + s (la)pl + )b
Tz (1b)al + ¥)a’]) + aza (1B)D] + [0X])-

Thus R corrects all ¢ = 1, ® o1 that are “equally balanced” with respect to the standard
bases for the ranges of P and P,. Further, by Theorem 2 we know R corrects the associated
semigroup 2 in the sense of Definition 2.

Remark. We note that recent work [19] presents physically motivated examples in which
correction of subsystems is accomplished within the OQEC framework. Furthermore, a gen-
eral class of recovery procedures based on the stabilizer formalism was recently presented in
[20]. In particular, this work builds on OQEC to demonstrate how certain stabilizer codes can
be simplified by incorporating gauge qubits. These have the effect of reducing the number of
syndrome measurements required to correct the error map and extend the class of physical
realizations of the logical operations on the encoded data.

5 Unitarily Noiseless Subsystems

In this section we discuss error triples (R, £,2l) such that the restriction of R to £(2) is a uni-
tary operation. Consideration of this case leads to a generalization of the noiseless subsystem
protocol that falls under the OQEC umbrella. Let us first consider a direct generalization of
the fixed point set algebraic approach as in Eq. (5). Here we have the equation

E(0) = UoUT Vo €A =14 0 BHP), (19)

for some unitary operator U. When 2, satisfies Eq. (19) for a unitary U we shall say that
Ao is a unitarily noiseless subsystem (UNS) for £. Of course, a subsystem 2y that satisfies
Eq. (19) is not noiseless, but it may be easily corrected by applying the reversal operation
UT(-)U. As we indicate below, this can lead to new non-trivial correctable subsystems not
obtained under the noiseless subsystem regime. If £ is a unital operation, it is possible to
explicitly compute all UNS’s for €.

Theorem 5 If £ = {E,} is a unital quantum operation on B(H) and U is a unitary on
‘H, then the corresponding unitarily noiseless subsystem Ay is equal to the commutant of the
operators {UTE,};

U= {0 € B(H): £(0) =Y E,0E} =UoU'} = {U'E,}".
Proof. The set of o that satisfy Eq. (19) is equal to the set of o that satisfy UTE(a)U = o.

Thus, here we are considering the fixed point set for the unital operation UT&(-)U, which has
noise operators {UTE,}. The result now follows from Eq. (5). O
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Let us consider a simple example of how this scheme can be used to identify new correctable
codes for a given channel.
Example. Let 721 = Z® 13 and Z5 = 15 ® Z with the Pauli matrix Z = ((1) _01). Then, with
respect to the standard orthonormal basis {|00),[01), [10),|11)} for C*, we have

a 0 0 O
. Jlo b ool
{21, 2.} = 00 ¢ 0 ta,b,c,dec C
0 0 0 d

Hence there are no non-trivial noiseless subsystems for the corresponding channel £ = {Z;, Z5}.
However, if we let U € B(C*) be the unitary

v i)y ifi#Elorj#1
UIU>{ —|11) ifi=landj=1 "~

then we compute

(UT2,,U1Z,} = ta,b,c,de, feC

o OO
oo o0 O
O QOO
-~ O O o

In particular, the f-algebra g = {UTZ;}’ is unitarily equivalent to Ay 2 My @& C @ C. Thus,
a single qubit code subspace may be corrected. Specifically, all operators o € 2y may be
corrected by applying Ut (-)U since they satisfy £(o) = UaUT.

In a similar manner we can extend this discussion to the case of noiseless subsystems for
arbitrary quantum operations. The analogue of Eq. (19) in this case is

Vol Yol , 354 . S(UA ®oP) = U(TA ® UB)UT7 (20)

where U is a fixed unitary on H. In effect, this is the special case of the OQEC formulation
Eq. (15) where the recovery R is unitary. In this context the conditions of Lemma 2 yield
the following.

Theorem 6 Given a fived decomposition H = (H* @ HP) @ K, a map € on B(H) and a
unitary U on 'H, the following three conditions are equivalent:

1. Eq. (20) is satisfied.

2. VoB, 3r4 . E1* @ oB) =U(rA @ oB)UT .

3. Vo eU : (TraoPyolUUto&)(0) =Tra(o).
where U™(:) = UT()U.

6 Conclusion

We have presented a detailed analysis of the OQEC formalism for error correction in quantum
computing. This approach provides a unified framework for investigations into both active
and passive error correction techniques. Fundamentally, we have generalized the setting for
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correction from states to operators. The condition from standard quantum error correction
was shown to be necessary for any of these schemes to be feasible. Included in this formalism is
a scheme for identifying noiseless subsystems that applies to arbitrary (not necessarily unital)
quantum operations. We also introduced the notion of unitarily noiseless subsystems as a
natural relaxation of the noiseless subsystem condition.
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