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We study the complexity of a problem “Common Eigenspace” — verifying consistency
of eigenvalue equations for composite quantum systems. The input of the problem is a
family of pairwise commuting Hermitian operators Hy, ..., H, on a Hilbert space (C%)®"
and a string of real numbers A = (A1,...,Ar). The problem is to determine whether the
common eigenspace specified by equalities Hq|Y)) = Aql9p), @ = 1,...,r has a positive
dimension. We consider two cases: (i) all operators H, are k-local; (ii) all operators
H,, are factorized. It can be easily shown that both problems belong to the class QMA
— quantum analogue of NP, and that some NP-complete problems can be reduced to
either (i) or (ii). A non-trivial question is whether the problems (i) or (ii) belong to NP?
We show that the answer is positive for some special values of k and d. Also we prove
that the problem (ii) can be reduced to its special case, such that all operators H, are
factorized projectors and all A\, = 0.
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1 Formulation of the problem

Quantum complexity were studied intensely during the last decade. Many quantum complex-
ity classes were invented (to find any of them see a comprehensive list [1]). Many interesting
results are known for these classes. Nevertheless, the exact relationship between quantum
and classical complexity classes remain open for almost all of them. In this paper we will
focus on the classical complexity class NP and its quantum analogue QMA which was defined
in [2], [3].

Let us recall the definitions of these classes. A Boolean function F:B* — B is in NP iff
there is a function R:B* x B* — B computable in polynomial time on a classical computer
and a polynomial p such that

F(z)=1 = R(z,y)=1{for somey € B*, |y| < p(|z|).
F(z) =0 = R(z,y)=0foranyy e B, |y| <p(|z]).
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188 Commutative version of the local Hamiltonian problem and common eigenspace problem

(Here and below B = {0,1} and B* is the set of finite binary strings. A length of string
z € B* is denoted by |z|.) It will be convenient to introduce two players: Arthur and Merlin.
Arthur wants to compute F(z), but he is not powerful enough to do that without assistance
of Merlin. Merlin sends him the string y as a ‘proof’ that F(z) = 1. The properties of R(z,y)
guarantee that Merlin can convince Arthur that F(z) =1 iff F(z) = 1.

The class QMA is defined analogously, but Arthur is able to process quantum information.
For our purposes it suffices to mention three distinctions between QMA and NP. Firstly, there
is a quantum communication channel between Arthur and Merlin. Thus Merlin’s message may
be a quantum superposition of many strings y. Secondly, Arthur has a quantum computer
which he uses to verify the proof (i.e. the function R(z,y) is computed by a quantum circuit,
rather than a classical one). Thirdly, the verification may fail with a non-zero probability.
However, the gap between Arthur’s acceptance probabilities corresponding to F(z) = 1 and
F(z) = 0 must be sufficiently large (bounded by a polynomial in 1/|z|).

By definition, NP C MA C QMA, where MA is the class of Merlin-Arthur games —
probabilistic analogue of the class NP. It is not known whether these inclusions are strict. A
good candidate for separating QMA and MA is the group non-membership problem (GNM).
Watrous [4] showed that GNM in the oracle model has succint quantum proofs. He also
constructed an oracle B such that GNM(B) ¢ MA®. So, in a relativized world the inclusion
MAZ c QMAP is strict.

Similarly to the class NP, the class QMA has complete problems. The first QMA-complete
problem was found by Kitaev [2]. It is the k-local Hamiltonian problem with & > 5. Later
Kempe and Regev [5] proved that the 3-local Hamiltonian problem is also QMA-complete.
Then Kempe, Kitaev, and Regev [6] combined this result with a perturbative analysis to show
that the 2-local Hamiltonian is QMA-complete. Recently, Janzing, Wocjan and Beth have
found another example of QMA-complete problem, see [7]. It is a non-identity check for an
unitary operator given by a quantum circuit.

Recall, that the input of the 2-local Hamiltonian problem is z = (H,¢;,¢&,), where H is
a Hermitian operator (a Hamiltonian) acting on a Hilbert space (C%)®" and ¢; < ¢, are real
numbers, such that e, — g; > 1/ poly (n). The operator H has a form

H = }:: fﬁw, (1)

1<a<b<n

where H,;, is a Hamiltonian acting on the particles a and b only. The function F(z) to be
computed€ is defined as

F(z) =1 < H has an eigenvalue not exceeding ¢,
F(z) =0 < all eigenvalues of H are greater than .

(2)

Merlin convinces Arthur that F(z) = 1 by sending him the ground state |¥) of the Hamil-
tonian H. For any Merlin’s message |¥) Arthur can efficiently evaluate an expectation value
(P|H|P), see [2], that allows him to verify Merlin’s proof.

For some special classes of Hamiltonians the ground state may admit a good classical
description (a good description must have a polynomial length and must allow classical poly-
nomial verification algorithm for Arthur). A trivial case is a Hamiltonian H such that all

¢Some binary encoding must be used for an input of all problems. Accordingly, all functions to be computed
are Boolean functions (may be partially defined).
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interactions H,p are diagonal in the standard product basis of (Cd)®". Then the ground state
is a basis vector. It can be described by nlog(d) classical bits. The corresponding 2-local
Hamiltonian problem thus belongs to NP. As an example, consider a graph G = (V, E) with
qubits living at vertices and an ‘antifferomagnetic’ Hamiltonian H = + Z(u’v)e g OL0Z, where

Z is the Pauli operator acting on the qubit u. As was shown in [8], it yields NP-complete

O

problem.
A less restricted case of the 2-local Hamiltonian problem is obtained by putting pairwise
commutativity constraint on the individual interactions:

HuH.q = HeqHyp  for all pairs  (a,b) and (c,d). (3)

In this case all interactions are still diagonalized over the same basis. In particular, the ground
state |¥y) of H satisfies eigenvalue equations

H.p|To) = Aap|To) forall 1<a<b<n,

while the lowest eigenvalue of H is

Ey = Z Aab-

1<a<b<n

(If some pair of particles a,b do not interact with each other, i.e., H,; = 0, one can take
Aab = 0.) However, a priori, there is no good classical description for the state |¥y). Note
that a mere list of the eigenvalues {4} is not a good classical description, unless Arthur has
an efficient algorithm to verify their consistency (there might be some configurations of the
eigenvalues that do not correspond to any quantum state). So the complexity of the problem
may be higher than NP.

As a simple example consider Hamiltonians associated with the one-dimensional cluster
states, see [9]. The cluster state |C,) is an entangled state of a linear chain of n qubits. It is
specified by eigenvalue equations

Sa|Cr) =|Cr)y Se=(0"®0c°®0c%)a—1,a,a+1], 4)

where @ runs from 1 to n and the square brackets indicates the qubits acted on by an operator
(we use the periodic boundary conditions 0®[0] = ¢*[n] and 0 [n+ 1] = 0*[1]). All operators
S, pairwise commute. Define a Hamiltonian H as

This Hamiltonian is 2-local with respect to a coarse-grained partition, such that the qubits
1,2 comprise the first 4-dimensional particle, the qubits 3,4 — the second, and so on (the
partition is defined only for even n). Its unique ground state is the cluster state |C,). This
example demonstrates that the commutativity constraint (3) does not prevent the ground
state of H from being highly entangled.

We shall prove that the ground state of any 2-local Hamiltonian (1) satisfying the commu-
tativity constraint (3) always admits a good classical description?so the corresponding 2-local

dThe lowest eigenvalue of H may be degenerate. In this case one can choose a ground state with a good
classical description.
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Hamiltonian problem belongs to NP (is NP-complete for d > 3). It should be contrasted with
the general 2-local Hamiltonian problem, which is QMA-complete.

We consider here this problem and some other problems involving sets of pairwise com-
muting Hermitian operators acting on a product space

H=Hi1OH2® - Q@ Hy. (5)
The factors H; will be referred to as ‘particles’. The maximal local dimension

d= max dim%H;
j=1,...,n
will be regarded as a constant. Let us introduce two classes of operators. An operator
H € L(H) is called factorized if it can be expressed as H = h; ® ha ® --- ® h,, for some
hj € L(#;). For any group of particles S C {1,...,n} and for any operator h € L(Q),c5 #;)
there exists a naturally defined operator h[S] € L(#). It is equal to a tensor product of h
with identity operators for all j ¢ S. An operator H € L(#) is called strictly k-local if it can
be expressed as H = h[S] for some S C {1,...,n}, [S| <k, and h € L(Q);c5H;). Note that
if d and k are regarded as constants, both factorized and k-local operators admit a concise
classical description (its length grows at most linearly with n).
Consider now a family of Hermitian operators Hy, ..., H, € L(H) such that

H,H, = HyH, forall 1<a,b<r, (6)

and a set of real numbers Ay, ..., A,.. We shall use a notation ¢ = (Hy, ..., H.;A1,..., ) for
all these data as it will be a typical input of our problems. The operators H, will be referred
to as check operators. Define a common eigenspace (CES) corresponding to z as

Lo.=A{[Y) eH : Hy|¢p) = Aa|¢p) forall a=1,...,r} (7)

If there are no vectors |¢)) € H satisfying all the eigenvalue equations, the common eigenspace
is empty, £, = 0.

Problem 1 (THE k-LOCAL CES) The input is z = (Hy,...,Hy;A1,...,\), where all
check operators H, are k-local. Determine whether the common eigenspace £, has a positive
dimension.

Problem 2 (THE FACTORIZED CES) The input isz = (Hy, ..., H; A1,..., A.), where
all check operators H, are factorized. Determine whether the common eigenspace £, has a
positive dimension.

To analyze the complexity of these problems, the input z must be represented by a binary
string using a suitable encoding. Assuming that an eigenvalue and a matrix element of a linear
operator can be represented by a constant number of bits (see a remark at the end of this
section), the length of the input is |z| = O(d?**r) for the k-local CES and |z| = O(d?nr) for
the factorized CES. As was mentioned above, d and k are regarded as constants, so the length
of the input is bounded by a polynomial, |z| = poly (n + r). Note also that the consistency of
the input, i.e., the commutativity constraint (6), can be verified by an algrorithm running in
a time poly (n + ) ¢ If z is regarded as a binary string, both problems require computation

€In that respect the CES problems are different from the 2-local Hamiltonian problem. For the latter problem
the consistency of the input (i.e., that the lowest eigenvalue of H does not belong to the interval (g;,&y]) is
promised. This indicates that the CES problems are unlikely to be QMA-complete.
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of a Boolean function
Flz)=1 & L,#0, (8)
Fz)=0 & L,=0.

Remarks: The input of the CES problems consists of operators and their eigenvalues. Opera-
tors acting on a space of fixed dimension will be represented by their matrix elements in some
fixed basis. Note that the CES problems are formulated in terms of exact equalities. So, we
need an appropriate ‘exact’ representation of (complex) numbers. A good choice is algebraic
numbers of bounded degree of the extension over rationals. These numbers are represented
by arrays of rationals and we have a trivial algorithm to check an exact equality for them.

If matrix elements are algebraic numbers and a size of the matrix is fixed then eigenvalues
of the matrix are also algebraic numbers (roots of a characteristic polynomial) of a bounded
degree of the extension over rationals.

To keep the bounded degree condition we put some additional restrictions to an input of
factorized CES. Namely, we require that eigenvalues of all factors must belong to the same
extension of bounded degree over rational numbers. So the eigenvalues which appear in the
input belong to the same field.

It is important that such data can be efficiently manipulated. In other words there are
algorithms running in polynomial time which solve all common linear algebra tasks in a
space of bounded dimension (solving systems of linear equations, finding eigenvalues and
eigenvectors of an operator and so on), see books [13, 14] for the subject.

2 Summary of main results

Our first theorem states the upper bound on the complexity of the CES problems.

Theorem 1 The k-local and the factorized CES problems belong to QMA.
Intuitively, it follows from the fact that any state |¢)) € L, is a sound proof that L, is
not empty. Merlin’s proving strategy in both problems is to send Arthur an arbitrary state
|y € L. The key part of Arthur’s verification algorithm is to measure eigenvalues of the
check operators, see Section 3 for details.

The next theorem establishes the lower bound on the complexity of the CES problems.

Theorem 2 The k-local CES is NP-hard fork =2,d >3 ork > 3,d > 2. The factorized
CES is NP-hard for d > 2.
We construct NP-hard instances without resorting to quantum mechanics at all — the corre-
sponding check operators are classical, that is diagonal in the standard product basis. Namely,
we will show that NP-complete problems 3-coloring and 3-CNF can be reduced to ‘classical’
CES problems, see Section 3 for details.

Our main result is that the CES problems belong to NP for special values of k and d.

Theorem 3 The 2-local CES belongs to NP.

We prove this theorem using the concept of interaction algebra introduced by Knill, Laflamme,
and Viola in [16] and the elementary representation theory for finite-dimensional C*-algebras.
Roughly speaking, we find a fine-grained partition of each particle into smaller subsystems
which we call subparticles. These subparticles are naturally grouped into interacting pairs,
such that there is no interaction between different pairs. To verify that the common eigenspace
is non zero, it suffuces to do this for each pair of subparticles independently. It can be done
efficiently. The fine-grained partition reveals itself only on certain subspace of #. It can
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be specified locally and Merlin’s proof is just a description of this subspace. Amazingly,
the structure of the common eigenspace resembles very much the structure of states with
“quantum Markov chain” property, see [10].

It follows from Theorems 2,3 that the 2-local CES is NP-complete problem for d > 3.
Besides, Theorem 3 has the following corollary:
Corollary 1 The problem 2-local Hamiltonian with the pairwise commutativity constraint (3)
belongs to NP.

As far as the factorized CES is concerned, we present the following results.

Theorem 4 The factorized CES with d = 2 belongs to NP.
The proof of this theorem relies on the explicit formula for the dimension of the common
eigenspace. Although Arthur can not use this formula to compute the dimension efficiently,
sometimes it allows him to verify that two different instances of the problem yield the common
eigenspace of the same dimension. It happens if the two instances satisfy simple consistency
relations. We show that for any instance z of the factorized CES there exist another instance
y consistent with z, such that all check operators of y are diagonal in the standard product
basis. Merlin’s proof that £, # 0 is just a description of the instance y and a basis vector
belonging to L,.

To state the next theorem let us define the factorized projectors CES. It is the factorized
CES problem whose input satisfies additional constraints.

Problem 3 (THE FACTORIZED PROJECTORS CES) The same as the factorized
CES, but all check operators H, are tensor products of orthogonal projectors and all A, = 0.

We shall prove that any factorized CES problem can be divided into two independent
subproblems. The first subproblem is the factorized CES with all check operators being
tensor products of the Pauli operators o”, o¥, and o*. It can be solved efficiently using the
stabilizer formalism, see [17]. The second subproblem is the factorized projectors CES. Both
subproblems are defined on a subspace H' C H. This subspace is defined locally and admits
a good classical description. Arthur can efficiently identify the two subproblems provided
that Merlin sends him a description of #'. In other words, we prove that Problem 2 can be
non-deterministically reduced to Problem 3.

Theorem 5 If the factorized projectors CES with a given d > 2 belongs to NP then the
factorized CES with the same d also belongs to NP.

We shall derive two interesting corollaries of Theorem 5.
Corollary 2 The factorized CES with a constraint (A, # 0 for 1 < a <) belongs to NP.

Corollary 3 The factorized CES with a constraint (H,Hp # 0 for 1 < a,b < r) belongs to
NP.

The rest of the paper is organized as follows. Section 3 contains the proof of Theorems 1,2.
Section 4 elucidates the connection between the k-local CES and the k-local Hamiltonian
problems. Theorem 3 is proved in Section 5. Section 6 is devoted to a proof of Theorem 5
and its corollaries. In Section 7 we prove that the factorized projectors CES for qubits (d = 2)
belongs to NP. Being combined with Theorem 5, this result immediately implies that the
factorized CES for qubits belongs to NP, i.e., Theorem 4. Unfortunately we do not know how
to generalize the algorithm described in Section 7 to the case d > 3. The reason this algorithm
fails for d > 3 is rather non-trivial and can be understood with the help of Kochen-Specker
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theorem [19]. We briefly discuss a connection with Kochen-Specker theorem in the concluding
part of Section 7.

3 Inclusion in QMA and NP-hardness

The proof of Theorem 1 is contained in the following two lemmas.
Lemma 1 The k-local CES belongs to QMA.

Proof: Let z = (Hy,...,Hp;A1,..., ) be an instance of the k-local CES, £, be the
common eigenspace, and F(z) be the Boolean function (8) to be computed. Merlin’s proof
that F(z) = 1 will be a quantum state |n) € H, see (5). We shall construct a polynomial (in
|z|) size quantum circuit that tells Arthur whether to accept or reject the proof (i.e. decide
that F(z) =1 or F(z) = 0).

The Hilbert space H can be encoded using n log, d qubits. Under this encoding any check
operator H, acts non-trivially on at most klog,d qubits (this number does not depend on
the complexity parameters n, r and must be regarded as a constant).

One can assume without loss of generality, that all operators H, are orthogonal projectors
and all A, = 1 (otherwise, consider the spectral decomposition of H, and substitute H,
by the projector corresponding to the eigenvalue ),). Define a POVM measurement M,
corresponding to the decomposition I = H, + (I — H,). Since the operator H, acts only
on a constant number of qubits, Arthur can implement the measurement M, by a quantum
circuit of a constant sizef Suppose Arthur implements the measurements My, ..., M, and gets
outcomes \j,..., Al € {0,1} (the order is not essential, since the measurements commute).
The post-measurement state |n’) satisfies eigenvalue equations

Ha|’7/> = A;|77/>, a=1,...,r

Arthur accepts the proof |n) iff all X, =1 (in which case |n’) € £, and thus £, # 0).
If F(z) = 1, Merlin can send Arthur a state |n) € £,. Then Arthur accepts the proof with
a probability 1. If F(z) = 0, Arthur rejects all proofs |n) with a probability 1. The size of
the quantum circuit used in the protocol is bounded by poly (r). This is enough to place the
problem to QMA.
O

Lemma 2 The factorized CES belongs to QMA.

Proof: Let z = (Hy,...,H.;A1,...,\:) be an instance of the factorized CES, L, be the
common eigenspace, F'(z) be the Boolean function (8) to be computed, and |n) € H be the
Merlin’s proof that F(z) = 1.

Arthur may pick up @ = 1,...,r in random and check the equality H,|n) = A;|n) for
the chosen value of a only. To do that Arthur performs a destructive measurement of the
eigenvalue of H, on the state |n). If the measured eigenvalue equals \,, he accepts the
proof, otherwise rejects it. Denote py and p; probabilities for Arthur to accept the proof
provided that F(z) = 0 and F(z) = 1 respectively. Let H, = ®?=1 H, ;. Without loss of
generality we can assume that all factors H, ; are Hermitian operators. Arthur must perform
n separate projective eigenvalue measurements for all factors H, ;. Because each factor H, ;

fWe shall skip the details concerning the approximation precision. In all cases considered in this paper the
approximation precision can be easily made arbitrarily small with only poly-logarithmic overhead.
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acts on log, d qubits, the whole measurement can be realized by a quantum circuit of a size
O(n) (recall that d is regarded as a constant). After that Arthur computes the product of n
measured eigenvalues to evaluate A,.

If |[n) € L, Arthur always accepts the proof and thus p;y = 1. Suppose £, = 0. We
shall prove that pg < 1 — 1/r. Let |no) € H be the state which maximizes the acceptance
probability pg. For any real vector x = (xi,-.-,Xr) denote P(x) € L(H) the projector on
the subspace specified by equalities H,|) = xq|¥), a = 1,...,7 (a vector x is analogous to
an error syndrome in quantum codes theory). Since the projectors P(x) pairwise commute,
they make up a unity decomposition, i.e. >° P(x) = I. Denote also

F(x) = (Mol P(x)|no)-

For the chosen Arthur’s verification algorithm we have

=13 Y 50

a=1x:Xa=Aa

Changing the order of the summations we come to

=Sl X 1

a: Xa=>\a.
But since £, = 0 we have x, # A, for at least one a = 1,...,r whenever P(x) # 0. Thus

o< IO =11
X
So we have a gap p1 — po = 1/r = Q(1/|z|) between acceptance probabilities of positive and
negative instances. As was said in the beginning of Section 2, this is enough to place the
problem in QMA.
O
The following two lemmas constitute the proof of Theorem 2.

Lemma 3 The 2-local CES is NP-hard for d > 3.
Proof: We will show that the NP-complete 3-coloring problem can be reduced to 2-local CES
with d = 3. (An idea used in this reduction was suggested by Beth and Wocjan in [8]). Let
G = (V, E) be an arbitrary graph. The 3-coloring problem is to determine whether the graph
G admits a coloring of the vertices with 3 colors such that each edge has endpoints of different
colors. Let n = |V| and r = 3|E|. Choose a Hilbert space H = (C3)®™ such that each vertex
of the graph carries a space C3. The operators H, will be assigned to the edges with three
operators assigned to each edge. These operators are responsible for three forbidden coloring
of the edge. It is convenient to introduce a composite index a = (uv, ¢), where (uv) € E is an
edge and ¢ € {1, 2,3} is a color. Then the 2-local CES z = (Hy,...,H;; \1,..., ) is defined
as

Hype = (lc,c){c,c))u,v], Auppe=0, (w)€eE, c¢=1,2,3. (9)

Obviously, existence of non-trivial common eigenspace L, is equivalent to existence of 3-
coloring for the graph G. (Note that the projectors (9) also provide an instance of the
factorized projectors CES.) We have shown that 2-local CES with d > 3 is NP-hard.
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O
Lemma 4 The k-local CES is NP-hard for d =2, k > 3.
Proof: We will prove that NP-complete 3-CNF problem can be reduced to 3-local CES
with d = 2. Recall that 3-CNF (conjunctive normal form) is a Boolean function of the form
L(z) = Ci(z) AC2(z) A--- A Cr(z), x = (21,...,2,) € B", where each clause C,(z) is a
disjunction of three literals (a literal is a variable or negation of a variable). An example
of three-literal clause is z1 V 3 V (—z5). The 3-CNF problem is to determine whether an
equation L(z) = 1 admits at least one solution. Choose a Hilbert space H = (C?)®". The
operators H, and the eigenvalues A, must be assigned to the clauses C,(z) according to the
following table:

Cu(z) H, Aa
wi\/acj \/.’Ek (|0,070><070a0‘)[17]7k] 0
|0,0,1)(0,0,1))[¢,5,k] | O

z; Va; V(-wk) (

(zzi) V (ozj) V (oze) | (11,1,1)(1,1,1)[, 5, k] | O

It is easy to check that the common eigensubspace for the 3-local CES introduced above is
non-trivial iff the equation L(z) = 1 has at least one solution. Thus we have reduced 3-CNF
problem to the 3-local CES.
O
Obviously, the 3-local CES assigned to 3-CNF problem in the previous lemma is a special
case of the factorized projectors CES (and thus a special case of the factorized CES). So we
have proved all statements of Theorem 2.

4 The k-local commuting Hamiltonian

We shall now discuss the k-local Hamiltonian problem. Recall that the problem is to evaluate
the Boolean function (2) with the Hamiltonian

H = ZHa, H, is strictly k-local for all a. (10)

a=1

If, additionally, all terms in H pairwise commute,
H,H, = H,H, for all a,b,

we shall call the problem “k-local commuting Hamiltonian”. The goal of this section is to
reduce the k-local commuting Hamiltonian to the k’-local CES. In the first Lemma a non-
determistic reduction with k' = k is put forward. It also shows that Corollary 1 indeed
follows from Theorem 3. The second Lemma [18] establishes a deterministic reduction with
E=k+1.

Lemma 5 If the k-local CES belongs to NP then the k-local commuting Hamiltonian also
belongs to NP.

Proof: Obviously, we can choose a complete set of eigenvectors of H which are eigenvectors
of all operators H, also. To prove that H indeed has an eigenvalue not exceeding ; Merlin
can send Arthur a set of eigenvalues (A1, ..., \.) such that
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() S0y e < e,
(ii) z = (Hy,. .., Hp; A1,-. ., Ap) is a positive instance of k-local CES (i.e. £, # 0).
Although Arthur can not verify (ii) by himself, according to assumption of the lemma this
verification belongs to NP. So Arthur can ask Merlin to include a proof of (ii) in his message.
It follows that k-local commuting Hamiltonian problem belongs to NP.

O

Lemma 6 The problem k-local commuting Hamiltonian can be polynomially reduced to the

(k + 1)-local CES.

Proof: Let = (H,e;,e,) be an instance of the k-local commuting Hamiltonian. Here the
Hamiltonian H has the form (10). Taking the spectral decomposition of each operator H, we
can rewrite the Hamiltonian as follows:

R
H=> e, ILI,=ILI, foral a,b,

a=1

where all TI, are orthogonal projectors. Note that the number of terms R is at most R = rd,
that is only linear in the length of the input |z| (recall that d and k are regarded as constants).
For any binary string y = (y1,-..,yr) define the corresponding energy

R
E(y) = Z €alYas
a=1

and the eigenspace
Ly,={Y) €N : U|Yp) =yo|ty) forall a=1,...,R}.

Then z is a positive instance of the problem iff there exist a binary string y such that E(y) < ¢
and £, # 0. Let us define a Boolean function

& E(y)<e,
& E(y) >« (11)

where ¢ = (¢; + &,)/2. Obviously, f(y) can be computed by an algorithm running in a
polynomial time, or equivalently, there exists a polynomial classical circuit that computes
f(y). Accordingly, f(y) can be written as a 3-CNF formula that uses poly(R) ancillary bits,
see [2], Theorem 3.5. More strictly, it means that there exists a 3-CNF formula g(y, z) that
takes as arguments two binary strings y € B, 2 € B?, Q = poly(R), and such that

fly)=1 iff g(y,z) =1 forsome 2z € BY.
By combining the two strings y and z into a single string § € BE+?, we can write
9(7) = C1(§) N C2(§) A -+~ ACu(§), M = poly (R). (12)

Here each clause C; involves at most three bits g,. Summarizing, x is a positive instance iff
there exists a string § = (y, z) € B+ such that g(§) = 1 and £, # 0.
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We are now ready to present an instance of the (k + 1)-local CES associated with z. The
CES problem is defined on the space

H =H o (C1)®F @ (C?)®9,

The second register of R qubits will ‘keep’ the binary string y. The third register is auxiliary.
Denote [0,)(0,| and |1,)(1,| the projectors |0)(0| and |1)(1] applied to the a-th qubit of the
second register. The CES problem has two families of check operators. The first one is

H,=1,®|1){ls| ® I + (I —11,) ® [0,)(0,| ® I, a=1,...R.

Roughly speaking, H/ ties a value of y, to an eigenvalue of the projector II,. Note that the
operators H are strictly (k + 1)-local. The check operators of the second family act only on
the second and the third registers. They are associated with the clauses C; in (12). Let us
introduce an operator C; acting on R 4 () qubits such that its action on the basis vectors
|5) € (C?)®(R+Q) g
Cily) = C;(9)19)-

The corresonding check operator acting on H' is I ® C’j. It is strictly 3-local, which is also
(k + 1)-local for k > 2 (for k = 1 the statement of the lemma is trivial). Consider a common
eigenspace

M={jp) e ' : Hyly)=1|¢), I@Cilyp)=1|¢) forall a=1,...,R; j=1,...,M}.

It follows from the definitions that M # 0 iff there exist a product state |¢) ® |y) ® |z) € H'
such that |¢) € £, and f(y) = 1. It means that x is a positive instance of the k-local
commuting Hamiltonian problem.

O

5 The 2-local common eigenspace problem

Let us start from revisiting the example of cluster states, see Section 1. Recall that the
chain of n qubits is partitioned into two-qubit particles as shown on Fig. 1. There are n check
operators Sy, ..., Sy, see (4). The common eigenspace L is defined by equations S, |¢) = |¢),
where a runs from 1 to n. In this example £ is one-dimensional with the basis vector |C,,).
Although |C,) is a highly entangled state, its entanglement has very simple structure with
respect to the coarse-grained partition. Indeed, denote the qubits comprising the j-th particle
as j.l and j.r, see Fig. 1. A pair of qubits j.r and (j + 1).l will be referred to as a bond. Let
V; be the controlled-o* operator applied to the qubits j.l and j.r,and V=V, ®---QV,. It
is an easy exercise to verify that the state V|C,,) is a tensor product over the bonds:

V|C,) = |¢[1.r,2.0]) ® |$[2.7,3.]) ® -+ - ® |p[n.l,1,7]), (13)

where the square brackets indicate owners of a state and |¢) ~ |0,0) +]0,1) +|1,0) — |1,1)
is specified by eigenvalue equations (6 @ o%)|¢) = (6% ® o”)|¢p) = |$). In other words, |Cy,)
can be prepared from a collection of bipartite pure states distributed between the particles
by local unitary operators. This fact is not just a coincidence. We will show later that for
any instance of the 2-local CES the common eigenspace is either empty or contains a state
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which can be created from a collection of bipartite pure states by applying local isometries
(local unitary embeddings into a larger Hilbert space).

We continue by making a simplification that allow one to reduce the number of check
operators. Let x = (Hy,...,H,;\1,..., ) be an instance of the 2-local CES and £, be the
common eigenspace. For each pair of particles (j, k) consider a subset S;x C {1,2,...,r} such
that a € Sjj, iff H, acts trivially on all particles [ ¢ {j, k}. Define an eigenspace

Lir ={|¢) € H : Hy|p) = Ag|¢p) forall a € Sji}.

Denote IT;;, € £(#) the orthogonal projector onto L (we shall use a convention IT;, = IIj;).
Clearly, {IL;} is a family of pairwise commuting 2-local operators and the common eigenspace
L is specified by equations

Lo={Y) € H : Wglyp) =|¢p) forall 1<j<k<n} (14)
Summarizing, it suffices to prove Theorem 3 only for the following version of the 2-local CES.

Input: A family of 2-local pairwise commuting projectors ¢ = {II;3}, 1 < j < k < n.
Problem: Determine whether the common eigenspace (14) has a positive dimension.

Our first goal is to introduce a notion of irreducible instance and prove Theorem 3 for
irreducible instances only. Define an algebra

.A/j = {O S L(’H]) : O[j] H]’k = H]’k O[]] for all k 75 ]} (15)

It includes all operators acting on the particle 7 and commuting with any check operator.
Definition 1 An instance © of the 2-local CES is irreducible iff the algebras N are trivial,
ie, Nj=C-I forallj=1,...,n.

For example, the 2-local CES corresponding to the cluster state is irreducible. Indeed, an
operator O € N acting on the qubits j.r and j.I (see Figure 1) must commute with the
Pauli operators ¢” ® 0%, 0% ® 0%, I ® 0%, 0* ® I, which is possible only if O ~ I. On the
other hand, the 2-local CES corresponding to a commuting Hamiltonian H = Z(j’k) tjk o0},
(see Section 4) is reducible, since N includes oF. Arthur can check whether an instance is
irreducible using an efficient algorithm, since the constraints (15) are given by linear equations
on a space of bounded dimension. We shall now prove that any irreducible instance of the
2-local CES is positive (£, # 0), unless one of the projectors is the zero one. The proof is
based on the following lemma.

Lemma 7 Let x = {Il;;} be an irreducible instance of the 2-local CES. There exist

o Hilbert spaces Hj,, 1 < j,k <n, such that H;; = C,

Fig. 1. A chain of 8 qubits is partitioned into n = 4 particles with local dimensions d = 4.
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o A tensor product structure H; = ®Z:1 Hjk,

such that the projector Il acts non-trivially only on the two factors Hjr ® Hi; in the
decomposition H = ®Zm:1 Him-

The lemma says that there exists a fine-grained partition of the system, such that the particle
j is decomposed into several subparticles {j.k}. The interaction between the particles j
and k affects only the subparticles j.k and k.j, that is ILj, = hjx[j.k, k.j] for some projector
hjr € L(Hj,k QHr. j). Accordingly, the common eigenspace £, has a tensor product structure:

L, =) Mg, (16)

i<k

where M, € H;r ® Hi.; is specified by an equation hj|¢) = |¢). It follows that £, # 0 iff
all the projectors I, are non-zero (indeed, M, # 0 iff hj, # 0 iff ILj;, # 0). So the lemma
has the following amazing corollary.

Corollary 4 An irreducible instance of the 2-local CES is positive unless Il = 0 for some
pair of particles (j,k).

Now we move on to the proof of Lemma 7. The main mathematical tool is the repre-
sentation theory for finite-dimensional C*-algebras. In the subsequent discussion the term
C*-algebra refers to any algebra of operators on a finite-dimensional Hilbert space which is
t-closed and contains the identity. The center a C*-algebra A is defined as

Z(A)={Xe€eA: XY =YX forall Y e A}.

An algebra has a trivial center iff Z(A) = C-I. We shall use the following fact (for the proof
see the book [15], or Theorem 5 in [16)):

Fact 1: Let H be a Hilbert space and A C L(H) be a C*-algebra with a trivial center. There
exists a tensor product structure H = Hi @ Ho such that A is the subalgebra of all operators

acting on the factor H; i.e.,
A=L(H,)®I.

Proof of Lemma 7: Consider any pair of particles (j,k) and let IL;j, = h[j, k] for some
h € L(H; ® H). Our goal is to construct two C*-algebras A, C L(#;) and Ay ; C L(Hy)
such that h € A;, ® Ai;. The main element of the construction was proposed by Knill,
Laflamme, and Viola [16], who studied {-closed algebras generated by an interaction between
a system and an environment. Consider a decomposition

h=) Aq® Ba, (17)

where each of the families of operators {A, € L(#;)} and {B, € L(#)} is a linearly
independent one. Denote M;; and M; ; the linear spaces spanned by {A,} and {B,}
respectively (if h = 0, put M, = My ; = 0). One can easily verify that M, and My ; do
not depend upon the choice of the decomposition (17). An identity

ht=h=> Al @B},
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tells us that M;, and Mj, ; are closed under Hermitian conjugation. Define A; C L(#;)
and Ap; C L(#) as the minimal C*-algebras such that M;; C A;jxr and My ; C Ag ;.
Equivalently, A; ;, is generated by the family {A,} U T and Ay ; is generated by {B,} U I.
(The fact that h is a projector is irrelevant for this construction.)

Consider any triple of particles j, k,! and the C*-algebras A;, A;j; C L(#;). The first
claim is that these algebras commute i.e.,

XY =YX forall XecA;; and Y €A, (18)
Indeed, the projectors II;; and II;; can be represented as
I = H[j, k1], L = Gl k, 1],
where the operators H,G € L(H; ® Hj ® H;) admit decompositions

H=Y Aa®Ba®I, G=) C3®I1®Dg.
a B

Here each of the families {A.}, {Ba}, {Cs}, and {Dg} is a linearly independent one. The
commutativity constraint II;5II;; = IL;II; yields

Z(Aan — C,(-}Aa) ® B, ® Dg = 0.
aYIB

All terms in the sum are linearly independent due to the second and the third factors. Thus
the equality is possible only if A,Cg = CgA, for all a and 3. Since the algebras A;; and
Aj; are generated by {A,} and {Cj3} respectively, we conclude that they commute.

Consider any pair of particles j # k and prove that the center Z(.A; ) is trivial. Indeed,
it follows from (18) that any central element Z € Z(A; ) commutes with all elements of the
algebras A;; (including ! = k). Since IIj; = h[j,!] for some h € A;; ® A, j, we conclude that
the operator Z[j] € L(#) commutes with all the projectors IL;; (including II;;). Since we
consider an irreducible instance of CES, this is possible only if Z = X - I for some complex
number X\. Thus Z(A,;) =C-1I.

Let us show how H; acquires the tensor product structure for some particular j. Choose
any k # j and make use of Fact 1 with # = #; and A = A; C L(#;). It follows that 7;
admits a decomposition

Hj = Hjr @ H, (19)

such that the algebra 4; ; is the algebra of all operators acting on the factor H; i.e.,
Ajr =L(H;k) Q1. (20)

Consider now a third particle ! ¢ {j, k}. Let us examine the commutativity relation between
the algebras A;; and A;;. It is consistent with the decompositions (19,20) iff A;,; acts
trivially on the factor #; . In other words, any element X € A;; has a form X = I ® X' for
some X' € L(#}). We can now make use of Fact 1 with % = #’; and A = A;; to get a finer
decomposition

Hi=Hjk QH;u ® ’H;-I,
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such that
Ajp =L(H;j,)®I®I and Aj;=I®L(H;;)® I

Repeating these arguments we arrive to a decomposition #; = (Q); Hj.k) ® H;.5, such that
the algebra A;j coincides with the algebra of all linear operators on the factor #; . As
for the last factor H; ;, it is acted on by neither of the algebras. This factor however can
not appear for an irreducible problem. Indeed, any operator X € L(#;) acting only on #; ;
would commute with all the algebras A; . Accordingly, an operator X[j] would commute
with all the projectors II;;. This is possible only if X = A - I. Thus the algebra L(#; ;) is
just the algebra of complex numbers. It follows that H;; = C. Summarizing, we get

Hi:@”zﬂk» Hij=C Ap=1® - QIQLH;x)@I®---®1.
k=1

It follows from the definitions above that II;; acts non-trivially only on the factor H; ; in H;
and only on the factor Hj. ; in Hy. The lemma is proved.
O

The next step is to generalize Lemma 7 to reducible instances. We first outline the
generalization and then put it formally. For each particle j a local ‘classical variable’ a;
will be defined. Each value of o specifies a subspace H?j C H;, such that a decomposition
H; = @aj 'H?" is a direct sum. This decomposition is preserved by all check operators. If one
fixes the classical variables o, . . . , a,, for each particle, one gets some subspace H(*1-n) C 2.
The restriction of the problem on this subspace is almost irreducible (in the sense specified
below), so Lemma 7 can be applied. In other words, for fixed values of the classical variables
the fine-grained partition into subparticles emerges. The subparticles are naturally grouped
into pairs, such that there are no any interactions between different pairs. Arthur can solve
the restricted problem efficiently. Accordingly, the role of Merlin is just to send Arthur the
values of the classical variables a4, ...,a, for which the intersection L, ﬂ’l—t(o‘l"'o‘") is not
empty.
Lemma 8 Let x = {II;;} be an instance of the 2-local CES. There exist

e Direct sum decompositions H; = EB(X], ’H;-aj ),
o Hilbert spaces Hﬁj), 1<j5,k<n,
e A tensor product structure ’H;aj) =@ ’H;-fzj),

such that the projector Il;; can be represented as

M~ G, M e LS o u),

g (077

where H;.zjak) acts non-trivially only on the two factors 'H;f);cj) ® 7-[,(:"].’“) in the tensor product

decomposition of H;a") ® H,(ca").
Remarks: (1) As in Lemma 7, the notation j.k refers to subparticles of the particle j. (2)
It should be noted that the spaces ’Hgo;’ ) are acted on by neither of the check operators. That
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is why they do not appear in Lemma 7. However, if the problem is reducible, and there exist
an operator h[j] commuting with all check operators, it acts only on the spaces H; a]) (4)
Any of the Hilbert spaces listed in Lemma 8 may be one-dimensional.

Let us introduce a string variable & = (ay, ..., a,) and a subspace

HE@D 1) g g plan)

such that # = @, H®. A straightforward corollary of the lemma is that the common
eigenspace can be represented as a direct sum:

Lo =@PM, M =L, H (21)

where each subspace M(®) has a tensor product structure:

®%(U‘J) ®M(aa ak) , M;zjak) H ® H(ak ) (22)

i<k

(Some of the subspaces M;? o) may be zero though.) Indeed, the lemma says that

HE‘Z"D"“) = hg.l,:"ak)[j.k,k-j], for some hga’ak) eL (7{(% 'H(ak ) .

Thus the eigenvalue equations IL;z[1)) = |+) specifying L, lead to (21,22) with

M) = {lg) e w3 @ 1P+ mGI™|9) = 19) ). (23)

J

Theorem 3 is a simple corollary of Lemma 8. Indeed, Merlin’s proof that £, # 0 may be
a description of the subspaces ’H C Hj, 5 =1,...,n, such that £, NH®) #£ 0. Arthur

uses Merlin’s message to find the restricted projectors Hg‘;jak). It follows from (21,22,23) that

L, #0iff H;?:j o) # 0 for all j and k. Arthur can verify it efficiently.

As an alternative way to prove Theorem 3, let us show that the common eigenspace L,
always contains a state with a good classical description. Indeed, choose some value of a for
which Lo NH® +# 0. Denote V; 'H(aj N ‘H; an isometry corresponding to the embedding

H( C H;. Choose arbitrary states |¢;x) € My (@jek) and \$;) € 'H;O;J) Denote

¢) = é |¢5) ® (® |¢kl)> e H®.

k<l

This state is just a collection of bipartite pure states and local unentangled states. As such
it has a concise classical description. The state |¢') = (V1 ® --- ® V,)|#) belongs to £, and
also has a concise classical description. Indeed, an eigenvalue equation IL;z|¢') = |¢’) follows
from identities

LV = VI, l59)|g) = |9),

where we denoted V = V; ® --- ® V,,. To prove that £, # 0 Merlin can send Arthur a
description of the spaces ’H;-_LZ"), the states |¢;), |¢;x), and the isometries V.
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In the rest of this section we prove Lemma 8. It requires a generalization of Fact 1 to
C*-algebras with a non-trivial center (the statement given below coincides with Theorem 5
in [16]).

Fact 2: Let H be a Hilbert space and A C L(H) be a C*-algebra. There exist a direct sum
decomposition H = @, H'™ and a tensor product structure H(®) = Hﬁ“) ® ”Hé“) such that

A=PLH) o1

The center Z(A) is generated by orthogonal projectors on the subspaces H(),

Proof of Lemma 8: For each j # k define a C*-algebra A;; C L(#;) in the same way as
in the proof of Lemma 7. A key role is played by a C*-algebra A; ; = N; C L(#;), see (15).
These algebras obey certain commutativity relations. Namely, for any k # [ one has

XY =YX forall X € .Aj_]c and Y € .Aj.l. (24)

These relations follow from (18) for j ¢ {k,1} and from the definition of A; ; for j € {k,l}.
Thus any element of the center Z(A; ) commutes with all algebras under consideration. As
such, it must be an element of A; ;, that is Z(A;x) C A; ;. But the algebras A;; and A; ;
pairwise commute, so one has

Z(Ajx) C Z(Aj ) forall k. (25)

Let us apply Fact 2 with A = A; ; and # = H;. One gets a direct sum decomposition

Hi=@PH, HD =ulD @Kl (26)
such that
Ay =@Praer=pAay. (27)
oG oG

Consider any pair of particles (j,k) and any operator h € A; . It follows from (24) that h
commutes with any element of A; ;. In particular, it commutes with any element of its center,
Z(A,;). Since an orthogonal projector onto 'H;ai) is an element of Z(A; ;) (see Fact 2), we

conclude that h preserves the subspaces 'H;aj ). Thus the algebra A;; has the same direct
sum structure:

(aj) (aj) (aj)
@
It follows from (25) that each subalgebra A;‘jcj) has a trivial center. Moreover, the commuta-
tivity relation (24) implies that A;f);:) acts only on the factor K;aj) in the decomposition (26).
Let us fix any a = (a1,...,0a,) and consider the subspace H(®) = ®?:1 'H;ai) C H.
Since a check operator II;; is an element of the tensor product A, ® Ayg.; (see the proof of

Lemma 7), the decomposition # = @, #(@) is preserved by all check operators. Therefore
one can define restricted check operators

) = Mjlpye € L(H®). (28)
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From (26) one gets

HE = | Q@AY | oK@, K@ =K. (29)

j=1 j=1

It follows that the restricted check operators (28) act only on the factor ().

Consider an instance y of the 2-local CES with the Hilbert space K(® and the check
operators (28). This instance is irreducible. Indeed, suppose an operator Z € L(lC;-aj ))
belongs to the set N (see Definition 1) corresponding to the instance y. Denote Z' = I® Z €
L(#(®), where I acts on all factors except for K;aj) in the decomposition (29). By definition,

VANS .Ag-?;-" )| see (27). But we know that the algebra .Ag-?;-) acts only on the factor H!%/ in

33
the decomposition (29). Thus Z is proportional to the identity, that is y is irreducible. By
applying Lemma 7 to y we get the desired tensor product decomposition of ’H;-aj) and Hg.z)
(it suffices to delete all the superscripts).

O

It should be mentioned that for k-local CES problem with & > 3 the check operators do
not necesseraly commute with each locally, as it is the case for the 2-local CES, see (18). Thus
the techniques presented above can not be directly applied to k > 2.

6 The factorized common eigenspace problem

In this section we prove Theorem 5. First of all we shall answer a simple question: under
what circumstances do factorized Hermitian operators commute with each other?
Lemma 9 Let Hy, Hy € L(H) be tensor products of Hermitian operators:

Hyo=QH,;, Hl,=H.;, a=12 j=1,..,n.
j=1

Then the commutator [Hy, Ha] = 0 iff one of the following conditions hold

1. Hy jHy; = +=H, jH, ; for each j in the range 1,...,n. The number of anticommuting
factors is even.

2. Hy;H>; =0 for some j € [1,n]. Equivalently, HiHy = 0.

Proof: Obviously, either of conditions stated in the lemma is sufficient. Suppose that
[H1, H2] = 0 and prove that at least one of the conditions is true. We have

Q) Hi jHs j = Q) Ha jHy ;. (30)

If both sides of this equality equal zero then H; jH> ; = 0 for at least one j € [1,n]. Suppose
that both sides are non-zero operators, i.e. H; jHs; # 0 for all j. Then by definition of a
tensor product, there exists a set of complex numbers rq,...,7, such that

Hl,jH2,j = TszajH]-J'? _] = 1, Ry and H r; = 1. (31)
j=1
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This equality says that the operator Hs ; maps any eigenvector of H; ; to an eigenvector of
H; ;. Under this map an eigenvalue of H; ; is multiplied by r;. It means that r; must be a
real number. Taking Hermitian conjugation of (31) we get an equality Hy jHy ; = r; Hy j;Hy ;.
Combining it with (31) yields r]2- =1, i.e. r; = &1, which completes the proof.
O

This lemma motivates the following definition.
Definition 2 Let Hy, Hy € L(#) be Hermitian factorized commuting operators. We say
that H; and Hs commute in a singular way iff H; Ho = 0. Otherwise we say that H; and Ho
commute in a regular way.
Thus saying that H; and Hs commute in a regular way implies that all factors of H; and H>
either commutes or anticommutes.

Let z = (Hy,...,Hp;A1,-.., ) be an instance of the factorized CES problem. By defin-
ition,

Hy=QHaj, Hl,=H,; forall a=1,...,r, j=1,...,n. (32)

It will be convenient to define a table T, = {H, ;} whose entries are Hermitian operators.
Let us agree that the columns of the table T} correspond to particles (the index j), while the
rows correspond to the check operators (the index a). Let us give one more definition:
Definition 3 A row a of the table T, is called regular if A, # 0. If A, = 0 the row a is called
singular.

Generally, some rows of T, commute in a regular way and some rows commute in a singular
way. Note that two regular rows always commute in a regular way unless £, = 0. Indeed, if
H,Hy, = 0 for some regular rows a,b, then for any |¢) € £, one has 0 = H, Hp|)) = Ao Ap|9).
Since Aq, A\p # 0, this is possible only if [¢)) = 0. It is the presence of rows which commute in a
singular way which makes the problem highly non-trivial. In this case the operators H, ; and
Hj ; may neither commute nor anticommute and their eigenspaces may be embedded into #;
more or less arbitrarily. In this situation we can not expect that the common eigenspace L,
contains a state which has a ‘good’ classical description.

As before, Merlin claims that z is a positive instance (£, # 0) and Arthur must verify it.
First of all we note that Arthur may perform two significant simplifications of the table T},
by himself.

Simplification 1: Note that Im H, = ®?:1 ImH, ; for any a € [1,7] and that the subspace
Im H, is preserved by all other check operators. If the a-th row is a regular one then, in
addition, £, C Im H,. Thus we can restrict the problem on the subspace H’' C H defined as

H= ImHaz(éH;, H;y= ()| ImH,;. (33)
i

a:Ag#0 a:Ag#0

Obviously, restricted check operators H, |z are factorized and pairwise commuting. Thus
the modified problem is the factorized CES with a constraint that an operator H, ; is non-
degenerate whenever a is a reqular row. Since Arthur can easily find the subspaces ’H; and
the restricted operators H,|3s, we can assume that the original instance z already satisfies
this constraint.
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Simplification 2: For any singular row b denote Hl/m’ € L(#;) a projector on the subspace
Im Hy ; € H;. Denote

H; = éH{,J.
j=1
Obviously, Im H, = Im H; = ®?:1 Im Hy ;, so that
Ker H, = Ker Hj,. (34)
The subspace Im H; is preserved by all check operators H,, so that
[HoyHy] =0 foralla=1,...,r (35)

Thus if we substitute each Hp ; by Héyj (i.e. substitute Hy, by Hj), the new family of operators
is pairwise commuting. So it corresponds to some factorized CES problem. The equality (34)
tells us that both problems have the same answer. Applying, if necessary, the substitutions
H, — Hj, we can assume that the original problem z satisfies the following constraint: Hy, ;
is a projector whenever b is a singular row. In other words, we can assume that singular rows
of the table T}, constitute a factorized projectors CES.
Lemma 10 If a is a regular row and b is a singular row then [H, j,Hy ;] = 0 for all j =
1,...,n.
Proof: Since the operators {H, ;}; are non-degenerate, we have H,H, # 0, i.e. a regular
and a singular row can commute only in a regular way. Thus H, ; and Hp ; either commute
or anticommute for all j. Suppose that H, ;Hy ; = —Hp jH, j for some j. Since H, jHy ; # 0,
the operator H, ; maps an eigenvector of Hp ; to an eigenvector of Hy ; reversing a sign of
the eigenvalue. But after the simplifications H ; became a projector and thus it can not
anticommute with H, ;.

O

Let us summarize the results of the two simplifications:

e H, ; is non-degenerate whenever a is a regular row.
e H, ; is a projector whenever a is a singular row.
e [H, ;,Hy;] =0 for all j whenever a is regular and b is singular.

In the remaining part of the section we describe a non-deterministic reduction of the
simplified factorized CES problem to the factorized projectors CES. The reduction is based
on the following possible transformations of the table T and the vector {\,}:

(i). Suppose there exists j € [1,n] and a Hermitian operator Z € L(#;) such that Z
commutes with all H; ;,...,H, ;. Then Z[j] commutes with all Hy,..., H, and thus
preserves the subspace £,. Assuming that £, # 0, the operator Z has some eigenvalue
w such that the intersection £, [ Ker (Z[j] — w) is non-zero. So a transformation

H; — H; =Ker(Z —wI) and Ha7j—>Ha7j|H;_, a=1,...,r

leads to an equivalent instance. To implement this transformation, Merlin should send
a description of (j, Z,w) to Arthur.
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(ii). Suppose for some j € [1,n] we have H; = H; ® H} and H,; = H, ; ® H; ; for all
a =1,...,r (here H; ; acts on the factor #; and H, ; acts on the factor 7). A
transformation replacing the j-th column by two new columns with entries {H, ;} and
{H, ;} leads to an equivalent problem.

(iii). Suppose in some column j all operators H, ; are proportional to the identity: H, j = rqol
for some real numbers r,, a = 1,...,r. We may delete the j-th column from the table
and perform a transformation A\, — A\, /rs, a=1,...,r.

(iv). For any column j we can perform a transformation
H,; = UH,;U', a=1,...,r
where U € L(#;) is an arbitrary unitary operator.

(v). For any non-zero real number r we can replace some H, ; by rH, ; and replace A\, by
rAg-

(vi). Swaps of the columns and swaps of the rows.

We claim that the transformations (i) — (vi) allow to transform the simplified instance z into a
canonical form x.. The instance x. consists of two independent problems. The first problem
is the factorized CES with A\, = £1 and all check operators being tensor products of the
Pauli operators and the identity. The second problem is the factorized projectors CES. More
strictly, the table T, for the instance z. has the following structure:

Pauli I Ay = =£1
operators
1 factorized Ae =0
projectors

The table is divided into four blocks. Columns in the left half of the table represent the qubits,
ie. H; = C2. All operators H, ; sitting at the north-west block are either the Pauli operators
Og,0y,0z, OF the identity. All operators H, ; sitting at the south-east block are projectors.
Any operator H, ; sitting in the blocks labeled by ‘I’ is the identity. The whole Hilbert space
H factorizes: H = H'Q@H'", where the factor H' = C2®- --®C? corresponds to the left half and
‘H" — to the right half of the table. The common eigenspace also factorizes: £,, = L' @ L",
where L' is a code subspaces of some stabilizer code (see [2, 17] for the subject), and L£" is
the factorized projectors CES. Obviously £,, # 0 iff £’ # 0 and £” # 0. Arthur can verify
that £’ # 0 (and even compute the dimension of £') using an efficient algorithm, see [2].
Thus the original instance x has been reduced to an instance of the factorized projectors CES
(since Arthur must use Merlin’s message each time he implement the transformation (i), this
reduction is non-deterministic). Summarizing, Theorem 5 follows from the following lemma.
Lemma 11 The transformations (i) — (vi) allow one to transform any instance of the factor-
ized CES 1into the canonical form.
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Proof: Let T, be a table representing a simplified instance of the factorized CES. The first
step is to apply the transformation (i) as long as it is possible. To describe operators Z
suitable for the transformation (i) it is convenient to use a language of C*-algebras.
Definition 4 A column algebra A; C L(H;) of a column j is the C*-algebra generated by the
operators Hg ; for all regular rows a.
Let Z(A;) C A; be a center of the column algebra A;. By definition, any operator Z € Z(A;)
commutes with all H, ; for regular a. On the other hand, Z commutes with all Hy ; for
singular b, see Lemma 10. Thus Arthur can use any operator Z € Z(A;) to implement the
transformation (i). We would like to choose Z such that after the transformation (i) the
column algebra of the column j would have a trivial center. Making use of Fact 2 from
Section 5 one can identify a direct sum decompositions H; = @, 'H;a) such that A; =
D, A;-a), where the algebra .Ag-a) C L(’Hg-a)) has a trivial center. Let Z(*) € Z(A;) be a
projector onto the subspace 'Hg-a). Obviously, the common eigenspace L, is preserved by
all operators Z(®)[j]. Assuming that £, # 0, there must exist a vector |¢)) € L, such that
Z(@) |4h) = |4) for some a. Let us apply transformation (i) with Z = Z(®) and w = 1 for all
columns j of the table (the information about all a’s is contained in Merlin’s message). The
column algebra of the column j for the transformed problem is obviously Ag-a). Now we can
assume that all column algebras A; have a trivial center.

Then according to Fact 1 from Section 5, the spaces #; have a tensor product structure

Hy=H; @ H], (36)
such that the column algebra A; acts on the factor %} only:
A; = L('H;) ® I.

Take some singular row b. The operator Hp ; commutes with all elements of A, see Lemma 10.
It means that Hp,; acts only on the factor

Hy; =1® Hy; whenever \, =0,

for some operator Hy'; € L(#/). Since Hy ; is a projector, the same does Hy' ;. Summarizing,
the whole space H has a tensor product structure

H:HI®HH, H/=®H9, 'H”=®H9’,
j=1 j=1

such that all regular rows act only on H’ while all singular rows act only on H"”. Applying
poly (n + r) transformations (ii), (iii), and (vi) we can split the original instance z into two
independent instances: z' (regular rows) and z” (singular rows), such that £, = L+ @ L.
It remains to prove that z’ is equivalent to non-triviality check for some stabilizer quantum
code.

Since we have already known that all singular rows can be isolated, let us assume that all
rows of the table T, are regular. Thus all operators H, ; are non-degenerate and all column
algebras A; have a trivial center. Applying, if necessary, the transformation (iii) we can get
rid of ‘free’ factors H in (36), so we can also assume that

A; = L(H;).
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For any column j the operators H, ; either commute or anticommute with each other. It
follows that the operator Hg,j belongs to the center of A;. Thus H,f,j ~ I. Applying, if
necessary, the transformation (v) we can make H, 37]- = I for all @ and j. Note that A\, = %1
for all a after this transformation, otherwise £, = 0 by obvious reasons. A connection with
stabilizer codes is established by the following lemma (we shall prove it later):

Lemma 12 Let § be a Hilbert space, Gy, ...,G, € L(S) be Hermitian operators such that
G:=1, G,Gy,==%GyG, foralla,b,

and such that the algebra generated by G1,...,G, coincides with L(S). Then there exists an
integer m, a tensor product structure S = (C2)®™ and a unitary operator U € L(S) such that
UG,U' is a tensor product of the Pauli operators and the identity (up to a sign) for all a.

Take S = H; and G, = H, ; for some column j. Let U € L(#;) be a unitary operator
whose existence is guaranteed by Lemma 12. Applying the transformations (iv) with the
operator U followed by the transformation (ii) to the j-th column we split it into m columns.
Each of new columns represents a qubit. The entries of all new columns are either the Pauli
operators or the identity. Performing this transformation for all columns independently, we
transform the original instance of the factorized CES to the factorized CES with all check
operators being tensor products of the identity and the Pauli operators. The total number of
transformations (i) — (vi) that we made is poly (n + ).

O
Proof of Lemma 12: The family G,,...,G, contains at least one anticommuting pair
G,Gy = —GpG,, since otherwise the algebra generated by G,’s has a non-trivial center.

Without loss of generality, GGz = —G2G;1. The operator G; has only eigenvalues +1 and
G2 swaps the subspaces corresponding to the eigenvalue +1 and —1. Thus both subspaces
have the same dimension and we can introduce a tensor product structure S = C2 ® S’ such
that

UGU' =0,01, UGU' =0,®1I,

for some unitary operator U € L(S). Using the fact that all other G,’s either commute or
anticommute with G; and G5 one can easily show that each G, also has a product form:

UG, U' =G, 0@, G,c{l,o.,0,0.}, G.cL(S).
Obviously, the family of operators G7,. .., G\ satisfies
(G;)T = G;, (G:z)z =1, G;G;) = :tG;)G:z (37)

Denote A C L(S') the C*-algebra generated by the operators G7,...,G.. It has a trivial
center. Indeed, if Z € A is a non-trivial central element then I ® Z is a non-trivial central
element of L(S), which is impossible. Applying Fact 1 from Section 5 to the pair (§',.4), we
conclude that there exists a tensor product structure

§=8"%98", A=LES")®I
But the factor S is acted on by neither of G,’s and thus §"”” = C. We have proved that

A=L(S"). (38)
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Taking into account (37) and (38) we can apply induction with respect to dim S (the base of
induction corresponds to § = C).
O
We conclude this section by proving Corollaries 2 and 3. Obviously, if A\, # 0 for all a then
all rows of the table T, are regular and thus the factorized CES can be non-deterministically
reduced to non-triviality check for an additive quantum code. Suppose now that H,Hj # 0
for all @ and b. It means that all rows of the table (both regular and singular) commute in
a regular way. Thus the factorized projectors CES which appears in our reduction has the
following special property: for any column j all projectors H, ; pairwise commute. Therefore
the space H; has a basis in which all projectors H, ; are diagonal. So the problem becomes
classical and belongs to NP by obvious reasons.

7 The factorized projectors common eigenspace problem for qubits

In this section we prove that the factorized projectors CES for qubits (d = 2) belongs to
NP. Let us start from a general note that applies to an arbitrary d. Consider an instance
z = (Hy,...,H,) = {H,;} of the factorized projectors CES and the common eigenspace

Lo=A{|Y)eH : HyJtp) =0 forall a=1,...,r}.

If we do not care about computational complexity, the dimension of £, can be calculated
using the following simple formula:

dimL, = Rk(I)—) Rk(H,)+ Y Rk(H,H,)— Y Rk(H,H,H,)
+---+(—1)TRk(f[ H,), (39)

where Rk(A) = dimIm A is a rank of the operator A. All summation here are carried out in

the range [1,7]. Formula (39) is analogous to exclusion-inclusion formula for cardinality of a

union of sets. We can apply it since all projectors H, are diagonalizable over the same basis

and each projector can be identified with the set of basis vectors which belong to Im H,.
Let Q C {1,...,7} be an arbitrary subset of check operators. Denote

r(9Q) =Rk(]] Ha)- (40)

acN

Formula (39) has the following important consequence. Let ¢ = {H, ;} and 2’ = {H, ;} be
two instances of the factorized projectors CES with the same n and r. If for any subset of
check operators 2 the quantities 7(€2) for the instances  and 2’ coincide then both instances
have the same answer. So we can try to simplify the original instance = by modifying the
projectors H, ; in such a way that all quantities () are preserved. Although this approach
seems to fail in a general case (see a discussion at the end of this section), it works perfectly
for qubits.

In a case of qubits we have H; = C? for all j and H = (C?)®". Each operator H, ; € L(C?)
is either the identity operator or a projector of rank one. Let us fix the number of qubits
n and the number of check operators r. Recall, that the input z = {H, ;} is regarded as a
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table, such that the columns correspond to the qubits and the rows correspond to the check
operators. We start from introducing an appropriate terminology.

Definition 5 A table z = {H, ;} is called commutative if [H,, Hy] = 0 for all a and b.
Definition 6 A table ' = {H, ;} is called consistent with a table z = {H, ;} if for any
column j one has

* Rk(H, ;) = Rk(H, ;) for all a.
o H,;=Hy; = H,,=H,.
o HojHy; =0 = Hy;Hy; =0

Two following lemmas show that we can substitute the original table x by any table z’
consistent with  without changing the answer of the problem.

Lemma 13 Let = be a commutative table. If a table ' is consistent with x then z’ is also a
commutative table.

Proof: Let z = {H,;}, z' = {H, ;}, Hio = @}_, Ha,j, and H, = Q;_, H,, ;.

Suppose that H, and Hp commute in a singular way i.e., Hy,H, = 0. It means that
H, ;jH, ; = 0 for some j. Since z’ is consistent with x, we have H(’w-Hl’,,j = 0. Thus H] and
Hj also commute (in a singular way).

Suppose now that H, and Hj, commute in a regular way, that is H, Hy # 0, H,H, = Hy,H,.
It follows from Lemma 9 that H, ;Hy ; = +Hy jH, ; for all j. Since both H, ; and H, j are
projectors, they can not anticommute, so we conclude that [H, ;, Hp ;] = 0 for all j. Besides,
we know that H, ;Hp ; # 0. It is easy to see that both conditions can be met by one-qubit
projectors only if for any fixed j at least one of the following statements is true:

(i) At least one of H, ; and H, ; is the identity operator.
(11) Ha’j = Hb’j.
Now we can make use of the fact that z’ is consistent with z. If the statement (i) is true, one
has Rk(H, ;) = 2 or (and) Rk(Hy ;) = 2. It follows that Rk(H('m) =2 or (and) Rk(H{)’j) =2,
that is at least one of the projectors H, ; and Hy ; is the identity. If the statement (ii) is true,
one has Hy, ; = Hy .. In both cases Hy, ;H; ; # 0 and [H,, ;, H; ;| = 0. Since it holds for all j,
we conclude that H and H] commute (in a regular way).

O
Lemma 14 Let x be a commutative table. If a table =’ is consistent with x then all quantities
r(Q) for the tables © and =’ coincide.
Proof: Let = = {H,;}, =’ = {H, ;}, Ho = @}, Haj, and H, = @}_, H, ;. According to
Lemma 13 the table z’ is commutative, so for any  we can define a quantity

r'(Q) = Rk([] H,). (41)

a€N
We should prove that r(2) = 7/(Q) for all Q@ C {1,...,r}. There are two possibilities:
(i) 7(Q2) > 0. It means that H,Hy, # 0 for all a,b € Q. Thus all operators H,, a €  commute
in a regular way and [H,;, Hy ;| = 0 for all a,b € Q and for all j. In this situation the
formula (40) for r(Q) factorizes:

n

r(@) = [T ri(@), (@) =Rk(]] Hay)- (42)

j=1 a€c)
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Let us consider some particular j. The family of projectors {H, ;}acq is diagonalizable over
the same basis. Denote corresponding basis vectors as [1o) and [¢1), (¥a|¥g) = 0a,3. Each
member of the family {H, ;}q.cq is one of the following projectors: I, |¢o)(to|, and |t1) (1]
The requirement r;(€2) > 0 implies that the projectors |1o)(tbo| and [11)(11| do not enter
into this family simultaneously. Thus there exist integers k; and ko, k1 + k2 = ||, such
that the family {H, ;}q,cq consists of ks identity operators I and k; projectors of rank one
[¥) (| (with [¢) = |o) or [¢h) = |¢1)). Now let us look at the family {H; ;}sco. Since z’
is consistent with x, this family also consists of k2 identity operators I and k; projectors of

rank one |p)(¢p| for some |p) € C?. Therefore [H}, ;, Hy ;] = 0 for all a,b € Q and

rj(Q) = Rk([ ] H,;) = r;().
a€c

Also it means that the quantity 7'(Q) factorizes, r'(Q2) = H?:l r:(€2), and thus 7'(Q2) = ().

(ii) 7(2) = 0. It means that [[, o Ha = 0. Suppose first that H,H; = 0 for some a,b € Q.
Since «' is consistent with z it implies that H,H; = 0 (see the first part of the proof of
Lemma 13) and so that 7'(2) = 0. Now suppose that H, Hy, # 0 for all a,b € Q. By definition,
it means that all check operators H,, a € Q2 commute in a regular way, i.e. [H, j, Hp ;] = 0 for
all a,b € Q and for all j. In particular, the family {H, ;}q.cqo is diagonalizable over the same
basis. In this situation we can use a decomposition (42). We know that r;(2) = 0 for some j.
But it happens iff the family {H, ;}.co contains a pair of rank one projectors corresponding
to mutually orthogonal states, i.e. H, ;jHp; = 0 for some a,b € Q. But it implies H,Hy = 0
which contradicts our assumption.

O

What is the most simple form of a table z’ consistent with the original table z? We
will show that for any table z there exists a table =’ = {H, ,} consistent with z such that
H, ; € {I,|0)(0],]1)(1]} for all @ and j. Here |0),|1) € C? is some fixed orthonormal basis of
C? (computational basis). This statement is true even for tables that are not commutative.
Moreover, given the table z, one can find the table z’ using an efficient algorithm.

All check operators H!, for the table z’ are diagonal in the computational basis of (C?)®",
therefore Merlin’s proof that z' is a positive instance might be a binary string (z1,z2,...,Zn)
such that H)|z1)® |22) Q- - -®|z,) = 0 for all a (in fact, one can regard H, as classical clauses
of a CNF formula). Lemma 14 guarantees that ' is equivalent to x. Thus existence of a table
z' with the specified properties implies that the factorized projectors CES for qubits belongs
to NP.

It remains to prove the following lemma.

Lemma 15 For any table = there ezists a table ' = {H, ;} consistent with = such that
H, ; € {1,]0)(0],[1)(1]} for all a and j. The table =’ can be found by an algorithm running
in a time O(r’n).

Proof: Let ¢ = {H, ;}. A transformation from x to the desired table z’ is defined inde-
pendently for each column, so let us focus on some particular column, say j = 1. At first,
we define an orthogonality graph G = (V,E). A vertex v € V is a set of rows which con-
tain the same projector. In other words, we introduce an equivalence relation on the set of
rows: a ~b & H,; = Hp; and define a vertex v € V as an equivalence class of rows.
Thus, by definition, each vertex v € V carries a projector H(v) € L(C?). A pair of vertices
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u,v € V is connected by an edge iff the projectors corresponding to u and v are orthogonal:
(u,v) € E & H(u)H(v) =0.

Consider as an example the following table (r = 100): Hy 1 = I, Ho 1 = Hs 1 = 1/2(I+0,),
H471 = 1/2(I—O'Z), H511 = 1/2(I+0'q;), H6,1 = 1/2([—0’,;), H711 == HlOO,l = 1/2(I+0'y)
Then an orthogonality graph consists of six vertices, V = {1,2,3,4,5,6}, with H(1) = I,
H(2) =1/2(I +o0,), HB3) = 1/2(I — 0,), H(4) = 1/2(I + o), H(5) = 1/2(I — o), and
H(6) = 1/2(I + 0y). The set of edges is E = {(2,3),(4,5)}.

If one represents G by its adjacency matrix, it can be found in O(r?) computational steps.

It is a special property of qubits that any orthogonality graph always splits to several dis-
connected edges representing pairs of orthogonal projectors and several disconnected vertices
representing unpaired projectors of rank one and the identity operator.

Suppose we perform a transformation

H(v) = H'(v), vev, (43)
for some projectors H'(v) € L(C?) which satisfy
Rk(H(v)) = Rk(H'(v)) forallveV; H'(u)H'(v)=0 forall (u,v)€ E. (44)

As each vertex of the graph represents a group of cells of the table, the transformation (43)
can be also regarded as a transformation of the tables z — z’. Note that the table z' is
consistent with the table z, since the restrictions (44) are just rephrasing of Definition 6.

To construct the table z’ with the desired properties we proceed as follows. For each
disconnected edge (u,v) € E define the transformation (43) as H'(u) = |0)(0|, H'(v) = |1)(1]
(it does not matter, how exactly 0 and 1 are assigned to endpoints of the edge — one can use
an arbitrary map from the Bloch sphere to {|0),|1)} such that orthogonal states are mapped
to the different states). For any disconnected vertex v € V, we define H'(v) =1 if H(v) = I
and H'(v) = |0)(0| if Rk(H (v)) = 1. Overall, this algorithm requires O(r?n) computational
steps.

O

We conclude this section by several remarks concerning the factorized projectors CES
problem with d > 2. For simplicity, let us put an additional constraint, namely that each
projector H, ; is either the identity operators or a projector of rank one (a projector on a
pure state). Definitions 5 and 6 are still reasonable in this setting. Moreover, it is easy to
check that Lemmas 13 and 14 are still valid (the proofs given above can be repeated almost
literally). A natural generalization of Lemma 15 might be the following:

For any table = there exists a table ' = {H, ;} consistent with x such that for all a and j
H,; € {,[1)(1], ... ld)(d]}.

Here some fixed orthonormal basis [1),...,|d) € C? is chosen. Unfortunately, this statement
is wrong even for d = 3. Counterexamples may be obtained by constructions used in the
proof of the Kochen-Specker theorem [19]. According to this theorem there exist families of
projectors P, ..., P, € L(C?) (d > 3) which do not admit an assignment

P, —e,€{0,1}, a=1,...,m (45)

such that

Z € =1 whenever Z P,=1. (46)

a€eq a€EN
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Here Q C {1,...,7} may be an arbitrary subset. Peres [20] suggested an explicit construction
of such family for d = 3 and r = 33. This family consists of the projectors of rank one, i.e.
Py = [Ya)(¥al; |¥a) € C,a=1,...,33

Suppose a table z = {H, ;} consists of 33 rows and the first column accommodates the
family of projectors suggested by Peres: Hy 1 = |¢a)(¢al, a = 1,...,33. Let 2’ = {H, ;} be
a table whose existence is promised by the generalized Lemma 15. Since z’ is consistent with
x, one has Rk(H, ;) = Rk(H,,1) = 1, so neither of the projectors Hy 1, a = 1,...,33, is the
identity. Then the only possibility (if the lemma is true) is that Hy ; € {|1)(1],(2)(2[,|3)(3[}.
A consistency property implies also that

> Hyy=I = Y H, =1 (47)

acfl acQ

Indeed, the equality on the lefthand side is possible iff |2] = 3 and all projectors {Hg 1}acq
are pairwise orthogonal. Then the projectors {H, (’l’l}aeg are also pairwise orthogonal and we
get the equality on the righthand side. The family of projectors { H; ;} obviously admits an
assignment (45,46). Indeed, we can put

1 if H,, =3)(3],
€q = . '
T 0 if HL = [1)(1]or [2)(2]-

But the property (47) implies that the assignment H, 1 — €4, a = 1,...,33 also satisfies the
requirements (46). It is impossible. Therefore the generalization of Lemma 15 given above is
wrong.

In fact, the proof of Lemma 15 needs a regular d-coloring of a graph which admits d-
dimensional orthogonal representation. As we have seen, this is not always possible. It might
happen however that all ‘pathological’ (which violate Lemma 15) commautative tables lead to
simple instances of factorized projectors CES. Indeed, a difficult instance must contain pairs
of rows commuting in a singular way and pairs commuting in a regular way. The number of
pairs of each type must be sufficiently large. For example, if all rows commute in a regular
way, the problem belongs to NP according to Corollary 3. If all rows commute in a singular
way, we can easy compute dim £y using the exclusion-inclusion formula (39). The number
of ‘pathological’ columns in the table also must be sufficiently large. To construct difficult
instances we must meet all these requirements which seems to be hard.
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