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Exercises for Chapter 5
Reminder: Attempt Exercise a.b after reading Section a.

1.1 Determine the parity of the following permutations.

(i) 1,2 4,3,6,5 (i) 1,4, 5,23
(iii) 7,6,5,4,3,2,1 (iv) 1,3,5,7,2,4,6,8

1.2 Show that any permutation of 1,...,n can be obtained, starting with
1,...,n, by interchanging adjacent pairs of integers at most % n(n —1)
times.
Hint: How many disordered pairs are there in n,n —1,...,2,17

1.3 Let A be 2 x 2. Show that
det(2] — A) = 2> — (ay; + agy)z + det A.
1.4 Let A be 2 x 2 and suppose that A2 = 0. Show that
det(zI — A) = 22
1.5 Show by an example that it is not true in general that

det(A + B) < det A + det B.

2.1 Let B be obtained from the 3 x 3 matrix A by interchanging row 2 and
row 3. By writing out det B in full, verify that det B = — det A.

2.2 Evaluate the determinants of the following matrices.

[—2 0 3 1 [—1 —1 —21 [1 2 1]
(i) 1 0 —4 (ii) 3 4 5 (i) (2 1 27.
L 0 2 6 J L 6 8 9 J [1 1 2J
2.3 Given vectors ay,...,a,_1 in R* let T: R* - R,

T(x) =detla; - --a, | x|
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(i) Show that T is a linear mapping.
(ii) If ay,...,a, 1 are linearly independent, show that 7" has rank 1 and

write down a basis of Ker 7.

2.4 Let A be n x n of rank r. Show that we can delete n — r rows and n — r
columns, leaving a matrix with nonzero determinant. Could we get a
similar outcome with fewer deleted rows and columns?

Hint: Delete columns to leave a basis of the column space. What is the
dimension of the row space of the remaining n x r matrix?

3.1 Let A be 3 x 3. Write out in full the expansion of det A by row 2. Verify
that the expression you obtain is det A.

3.2 Evaluate det A where

4 1 -2 -1

-2 -3 0 =2
A= 1 2 0 4
2 0 1 3

(i) by expanding by column 3 and then row 3 of the 3 x 3 matrices
obtained;

(ii) by row reduction.
Which method is quicker?

3.3 Show that the expansion by the first row of

@11 Q12 - Qin
0 axp --- ag

det
O Apy - Ann

is a1l det AH.
4.1 Show that adj (A") = (adj A)".

4.2 Show that adj (cA) = " 'adj A.
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4.3 Compute adj A if A = [a; kay] is 2 x 2, with a; # 0. Verify that in
this case
nullity (adj A) + nullity A = 2.

44 Let A = [al a, a;—+ ag] be 3 x 3, where a;, as are linearly indepen-
dent. Compute adj A, and show that
nullity (adj A) + nullity A = 3.

4.5 Let B be an n x n matrix two of whose rows are zero. Show that adj B =
0.

4.6 Apply Cramer’s rule to solve the system

3£U1+2£U2—£U3:2
T+ 9 =5

—T1 + .'172—.'173:0.

5.1 Using the formula
det(AB) = det Adet B,

give another proof that a matrix A with determinant 0 is not invertible.

5.2 Show that
det AB = det Adet B

for 2 x 2 matrices A = [a;;], B = [b;;], by writing out both sides in terms
of Q5 and bl]

5.3 Let T : R* — R" be linear and let A, B be the matrices of 1" for the
bases vy, ... ,v, and wq, ... ,w, respectively. Show that det A = det B.
The number det A is said to be the determinant of 7', written det 7.

5.4 Find the area of the parallelogram whose vertices are
(07 0)7 (17 6)7 (27 _5)7 (37 1)'
5.5 Find the area of the parallelogram whose vertices are

(1,1), (3,4), (4,8), (6,11).

5.6 Find a formula for the area of the triangle whose vertices are 0, v; and
V2 in R2 .
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5.7 Show that the triangle with vertices (a1, as), (b1, b2), (¢1,¢2) has area
1 "al (05} 1-|
+— det b1 b2 1.
2
{cl Co lJ
Hint: Move (ay, a2) to the origin by a translation and use Problem 5.6.

5.8 Show that the equation of the line in R? through distinct points (ay, as)
and (b, by) can be written

a; Qo 1
det b1 bg 1] =0.
Tr1 To 1

5.9 Let A be a 3 x 3 invertible matrix whose determinant is an integer and
whose column vectors have length < K. If Az = b, show that |z| <

V3K2b|.
5.10 Let A be n x n. Show that det(A*A) > 0.

5.11 Let T : R? — R? be a reflection in the line through 0 and v. Show that
T is linear. Show that det 7" = —1.

Hint: Choose a basis to make the problem easy.
5.12 Let A and P be invertible matrices. Show that
adj (P~'AP) = P~'(adj A)P.
Is this formula correct if P is invertible and A is not?

5.13 Show that
3

yZ’ =@y—2)z—2)z—y)(x+y+2).

det

— =
N e g

Hint: Use two row operations to simplify, and extract factors from rows
where possible.
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5.14 Produce a factorization similar to Exercise 5.13 for

"1 x? x3-|
det |1 2% o3 .
Ll 22 z3J

5.15 Use the Vandermonde determinant to show that, given distinct real
T1,...,%, and any numbers c,... ,¢,, there is a polynomial P(x) =
aox" 1 Ha1x" 2+« +a,_sr+a,_1 such that P(xy) = ¢y, ..., P(z,) = cy.



