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Proof. Both (AB)! and B'A' are p x m matrices. The i, j entry of AB is

n

Z aikbk]‘.

k=1

n

Thus the i,j entry of (AB)! is Z jbri. This is the inner product of the

k=1
i-th row (by;, ... ,by;) of B" with the j-th column (a;y, ..., a;,) of A*, which
is the 7, j entry of B'AL.

Proposition 14 Let A be an invertible matriz. Then Al is invertible and
(AD)~! = (A1)
Proof. By Proposition 13,
(A71YPAL = (AA~Y = [t = ],
and similarly,
AA Y = (AT =1
This proves that (A~!)! is the inverse of A’.

6 Change of basis

Let vq,...,v, and wq,...,w, be two bases of R*. Let T : R — R" be

linear. If T(Z ijj> has coordinate vector Ay for the basis vy,... ,v,,
j=1

we say that the matrix of 7' is A for the basis vy,... ,v,. ‘The matrix of

T is A’ now becomes a shorthand for ‘The matrix of 7" is A for the standard

basis.’

Proposition 15 (Change of basis). Let T have matriz A for the basis
Vi,...,0,. Suppose

(17) y = Pz,

where y and z are coordinate vectors for vy, ... ,v, and wy,...,w, respec-
tively. Then T has matrizc P~YAP for the basis w.,... ,w,. In particular
P=[w; - -w,| if vi,...,v, is the standard basis.
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Proof. The change of coordinates can also be written

z=Py

n

(multiply both sides of (17) by P~'). The coordinate vector of T( Z zzwz)

=1

is A(Pz) = APz for vy, ... ,v,. Hence the coordinate vector ofT( Z zzwz)
i=1

is P7Y(APz) for wy,...,w,. Since

P Y (APz) = (P7'AP)z,

this proves the proposition. (The final sentence is simply a reminder of a fact
from Proposition 13 of Chapter 3.)

In Chapter 6 we shall see that the matrix of 1" for a suitably chosen basis
can have a much simpler appearance than the matrix of T for the standard
basis.

Example 19 Find the matrix of the mapping
T(QL’) = (2[1)1 — T2,T1 — 4.’172)

for the basis w; = (1,2), ws = (2,5).

Solution. T has matrix A = ? :ﬂ for the basis ey, es. The matrix B of

T for wy,wy is P~YAP where P = [w; ws]. So

5=l 0 2B )
S L 1 A R e

T(lel + 22w2) = (1421 + 3122)11)1 + (—72’1 — 1622)11)2

Thus

(check this for z = (1,0), (0, 1)!).



