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3 Subspaces of R”

Definition 3 Let V be a set of vectors in R", not the empty set. V is a
subspace of R" if

(7) au + bv is in V for all w and v in V' and real a, b.

We call the property (7) the closure property .

The set consisting of 0 alone is a subspace. We call it the zero subspace.
We write 0 for this subspace. This is not good ‘grammar’ since 0 is a vector
rather than a set of vectors, but it is convenient.

A subspace in general turns out to be the linear span of some set.

Proposition 3 Let V' be a set of vectors in R*. The following two assertions
are equivalent.

(1) V is a subspace of R™.
(1)) V = Span{vy,... ,v} for some vy,... v in R".

Proof. Suppose that (i) holds. If V' is the zero subspace, then V' = Span{0}
and we get (ii). If V' is not the zero subspace, pick v; # 0 in V. Of course
Span{wv; } is a subset of V' because of (7) (with v; = u, vy = 0). If there are
vectors in V', not in Span{w;}, pick vy in V', v5 not in Span{w }.

We continue this game in the following way. Once we have got k vectors
V1, ...,V in V, pick vgyy in V but not in Span{wvy, ..., vi} if possible. If
this is not possible, stop the game. The game must stop after at most n steps,
because Proposition 1 shows that vy, ... , v, are independent, which is impos-
sible with k = n+ 1. When we stop with v, ..., v, then Span{vy,... ,v;}
is a subset of V' because of (7). Span{wi,...,v,} is, in fact, equal to V,
otherwise the game would continue. Thus (ii) holds.

Now suppose that (ii) holds. Take any w and v in V" and real a,b. Then

u:a1v1+---+akvk,v:b1v1+---—|—bkvk
for some real a; and b;;
au + bv = (aa; + bby)vy + - - - + (aay + bbg)vy.

So au + bv is in V, and (i) holds.
For the subspace in the following example, the closure property is easier
to perceive than the property (ii) of Proposition 3.
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Example 11 The solution set U of a homogeneous linear system with m xn
coefficient matrix A,

anri+---+apx, =0

Am1T1+ -+ ATy = 0

is a subspace of R”. We say that U is the null space of A, and write,

U = Nul A.

To see that U is a subspace, take @ and y in U. Then a; - =0 = a; -y,
where a; = (a1, ... ,a;,). Consequently a; - (ax + by) = 0. Here ¢ is any of
1,...,m. This shows that ax + by is in U, and U is a subspace.

We do, in fact, know how to write down wvy,... ,v; in U which satisfy

U = Span{v;,...,v;}. In Chapter 2 we gave the general solution of the
system in the form

Tm(1)U1 + -+ T (k) Uk

where (1), ... , Tm@) are free variables. This is equivalent to
U = Span{vy, ..., v}

For example, just after Proposition 4 we noted that with A as in Example
10, the general solution of Ax = 0 is

T3V + T4V2, V] = (—5, ]_, 1,0,0),’02 = (2,3,0, ].,0)

Here the null space is U = Span{v;, v,}.

The only subspaces of R?® are the zero subspace, lines through 0, planes
through 0, and R? itself. The last three alternatives correspond to the game
in Proposition 3 stopping when £ = 1,2, 3 respectively.

The game we used in the proof of Proposition 3 generates a set vy,... , v
that is a basis, as defined below.

Definition 4 Let V be a subspace of R", not the zero subspace. A basis of
V' is a linearly independent set vy, ..., v such that

V = Span{vy,... ,v;}.
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For any nonzero subspace V' of R*, the set vy, ... , v, obtained in the proof
of Proposition 3 is linearly independent. This follows from Proposition 1,
since v; is not a combination of vy, ... ,v;_;. Accordingly this set vq,... , v}

is a basis of V.

Of course, there are infinitely many choices of basis. For example, if V' is
a plane in R?, the last paragraph assures us that any nonproportional pair
of vectors v, vy in V could be chosen as a basis of V.

A crucial observation is that any two bases of V' have the same number
of vectors. (‘Bases,” pronounced bayseas, is the plural of basis.)

Proposition 4 Let V' be a subspace of R". Any two bases of V' have the
same number of vectors.

Proof. Let wy,... ,u; and vy,... ,v; be two bases of V. We have j linearly
independent elements vq,...,v; in V = Span{u,,...,u;}. Proposition 2
assures us that j < k. Reversing roles, we get k < j. So k = j.

Proposition 4 enables us to define dimension.

Definition 5 The dimension of a subspace V of R” is the number of vectors
in any basis of V. We write dim V' for the dimension of V.

Naturally dim V' < n, since R" cannot contain n+ 1 linearly independent
vectors.

For completeness, the zero subspace is assigned dimension 0. The zero
subspace does not have a basis.

We can now deduce that the dimension of R" is n. For the set eq,... ,e,
in Example 4 is independent. The vector equation ze; + --- + z,e, = 0
reads r1 = 0,2, =0,...,2, =0. So ey, ... ,e, is one basis of R”; we call it

the standard basis . Now we know, of course, that
dimR" = n.

The dimension of a plane V through 0 in R? is 2; we noted a few para-
graphs ago that we can find (many) bases of V' with 2 elements. The dimen-
sion of a line through 0 in R” is 1.

It seems reasonable that the dimension of a hyperplane W in R", with
equation

(8) a1T1 + asxy + - - - + a,x, =0,
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should be n — 1. The easiest demonstration is to provide a basis. Suppose,
for instance, that a; # 0. The general solution of the linear system (8) is

a a
g;1:<__2> x2_|_..._|_<__”> Ty,
431 ai

or
[ —ay/ay | [ —a,/a ]
1 0
9) T =1 0 i : = ToVs + -+ + T, Uy,
: 0
0 1
say. Here zo,...,z, are free. The hyperplane W is Span{vs, ... ,v,}. Now
vy, ..., v, are independent. To see this, set zovy+- -+ 2,v, = 0in (9). We
get a linear system which includes the equations zo = 0,23 =0,... ,z, = 0.
Therefore vq, ... ,v, is a basis of W, and
dimW =n—1.

This suggests a general result on the dimension of the space Nul A. The
general solution to

Az =0
is
(10) V = Typ(1)V1 + - + T(k) Vk (:L'm(l), oo s Tm(k) free)
as we recalled in Example 5. Now k of the coordinates of v are actually
Tm(1)s - - - > Tm(k)- FOr instance, let n = 5, and suppose that the general solu-
tion is
—23?2 — 33?3 — XI5
X2
vV = T3 = X2V + T3V2 + T5V3
4xy + 623 + 275
Ty

(wo, x3, x5 free). Here v, = (—2,1,0,4,0), v, = (—3,0,1,6,0),v3 = (—1,0,0,2,1).
Three coordinates of v are xo, w3, v5. If ov1+23vV9+ 2503 is 0, then x4, 23, x5
are 0. In the general case, if we set v equal to 0 in (10), then z,,1),. .. , T
are 0. It follows that vy, ..., v, not only have span equal to Nul A, but are
linearly independent. Since vy,..., v, is a basis of Nul A, we have estab-

lished:
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Proposition 5 dim(Nul A) is the number of non-pivot columns of A.

Here we use the simple fact that there is a free variable for each non-pivot
column.
The nullity of A, or nullity A, is another expression used for dim(Nul A).

Example 12 Find a basis of Nul A, and determine the nullity of A, where

1 0 1 2 0 0
4= -4 1 1 —-11 0 -1
-7 0 =7 =14 1 -2
6 0 6 12 0 1

Solution. You will find that the reduced echelon form of A is

101 2 00
015 -300
B= 000 O 10
000 0 01

The general solution of Az = 0, in which z3 and x4 are free variables, is

—T5 — 224 | [—1] -2
—5x3 + 314 -5 3
XT3 1 0
2 = I3 0 + X4 1 = T3V1 + T4V2, Say.
0 0 0
i 0 ] | 0] | 0]

Now w1, v, is a basis of Nul A. The linear independence of vy, vy is obvious.
By definition, the nullity of A is 2.

4 General propositions about bases

The following propositions are very general and useful.

Proposition 6 Let vy,...,v; be linearly independent vectors in a subspace
V of R*. Suppose dimV =r. We can find r —j vectors vji1,...v, to obtain
a basis vi,...,Vj,Vj41,...,0, of V.



